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Abstract — In this paper, we study the black box optimization problem under the Polyak—Lojasiewicz (PL)
condition, assuming that the objective function is not just smooth, but has higher smoothness. By using
"kernel-based” approximations instead of the exact gradient in the Stochastic Gradient Descent method,
we improve the best-known results of convergence in the class of gradient-free algorithms solving problems
under the PL condition. We generalize our results to the case where a zeroth-order oracle returns a function
value at a point with some adversarial noise. We verify our theoretical results on the example of solving a
system of nonlinear equations.
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1. INTRODUCTION

The black box problem is a fundamental optimization problem when the objective function has
only a zero-order oracle [1]. Recently, this problem has received significant attention in the setting
of reinforcement learning [2; 3|, federated learning [4; 5], and deep learning [6; 7|. Particularly in
applied problems of multi-armed bandit [8; 9], online optimization [10-12|, huge-scale optimiza-
tion [13; 14], and hyperparameter tuning [15; 16|. In addition, the black box problem arises if the
information about the derivatives is too expensive or not available [17].

To solve such problems in the convex case, there are various techniques for developing optimal
gradient-free algorithms based on first-order optimization algorithms, optimal by three criteria at
once: oracle complexity, iteration complexity, and maximum level of admissible noise still allowing
to guarantee certain accuracy [18]. The main idea of which is to calculate the gradient approx-
imation instead of an exact gradient [19]. For example, L, and Ly randomized approximations
[8; 12; 20-22| and "kernel-based" approximation [11; 23-25| are usually used for the smooth case.
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Table 1: Comparison of convergence results of Zero-Order Mini-batch SGD method via Kernel-based
approximation, "Kernel approx." (This work) with the existing counterpart via Gaussian approximation,
"Gaus. approx." [36]. Notation: d = dimension, §(z) = adversarial deterministic noise, { = adversarial
stochastic noise, A = level noise, = smoothness order parameter.

Case Zero-order oracle Error floor Stochastic? Adversarial noise
Gaussian approx. Kernel approx. ADN?  ASN?
deterministic f(z) = f(z) +d(x) O (?A) O <d2A2(ﬁ/;l)) X v X
two-point f(x,6) = f(x,6) +6(x) O (d?A) o (dQAz(ﬁﬂ;l)) v v X
onepomt @O = @) +¢ e e % x v
B 2(6-1)
f@.6) = f@) +6+5(x)  O(dA) O (a™) v v v

Where the "kernel-based" approximation takes advantage of higher-order smoothness as opposed
to the L, and L; randomized approximations. For the non-smooth case, there are smoothing
techniques via L; and L randomized approximation [5; 26].

In contrast to the convex case, where algorithms have been intensively appearing and being
studied in theory and practice in recent years [e.g., 27, and see above|, the analysis of the black box
problem in the nonconvex case is just beginning to be actively studied [28-30]. One such problem
that is frequently common in the literature lately is the smooth (nonconvex) optimization problem
under the Polyak-Lojasiewicz condition [31-35|. In this formulation of the problem, [36] studied the
biased Stochastic Gradient Descent (SGD) method and also proposed its gradient-free counterpart.

We focus on solving the smooth black-box optimization problem (in particular, the nonconvex
optimization) under the Polyak—Lojasiewicz condition. We propose an optimal zero-order algo-
rithm (see Algorithm 1) based on Mini-batch SGD (added batching to biased Stochastic Gradient
Descent [36] to improve iteration complexity). Using kernel approximation as a technique for de-
veloping a gradient-free algorithm, we show in theory and in practice a significant improvement in
convergence rate estimates. We provide an extended analysis of Algorithm 1, namely we consider
a (close to reality) stochastic formulation of the problem with adversarial noise [37-39].

1.1.  Contribution

e We present a Zero-Order Mini-batch SGD method that significantly improves existing esti-
mates of the convergence results (in particular, estimates of the error floor, see the "determin-
istic" case of the zero-order oracle (first line) in Table 1 and Table 2) in a class of gradient-free
algorithms for solving smooth nonconvex problems under the PL condition.

e We provide an extended theoretical analysis of the Zero-Order Mini-batch SGD algorithm by
considering a stochastic setting using a gradient approximation with one-point and two-point
feedback, when the zero-order oracle is corrupted by an bounded adversarial determinis-
tic ("ADN") and stochastic ("ASN") noise. We show that also in the stochastic setting a
Zero-Order Mini-batch Stochastic Gradient Descent method is superior to the existing coun-
terpart [36] (see stochastic cases of the zero-order oracle f(z,€) in Table 1 and Table 2).



Table 2: Comparison of iteration complexity # N oracle complexity, #7T and maximum noise level #A of the
algorithm with the following approaches: Kernel and Gaussian approximations for zero-order oracle cases
©: ) = f(2) +6(x), @ : f(2,6) = f(2.6) +8(x), ® : f(2,6) = f(x) + & @ : f(2,6) = fla) +E+
0(x). In both approaches, the dependence of the estimates on the batch size B is presented. Notation:
B = order of smoothness, ¢ = accuracy of the solution to the problem, d = dimension, ¢ = Polyak—
Lojasiewicz condition constant.

Case Batch Gaussian approximation Kernel approximation
Size # N #T # A # N #T # A
0,00 BELAd 0@ O (dp™) A < ped™? O (f1) O (du) A < ped 2
@, - - - - - : — i
B>pd O max{Ou'B),0(45)}  A<ped? O ) max {o (u'B),0 ( e )} A< @D
" BTy p1 T
® Be[l,8d O(Lu™) O (dp™) A < ped™! O (du) O (du™) A < ped™!
) ) 2 ? z = =)
B>@d 0w max{@(u’lB) .0 (diAj)} A < ped B2 O max {O(;F]B) 0 ( 42;3,25%21 )} A < @0 pip
- eB-1uB-T dB-1

e We empirically verify our theoretical results by comparing the Zero-Order Mini-batch Stochas-
tic Gradient Descent method with the existing algorithm using a typical example for problems
under the Polyak—Lojasiewicz condition: solving a system of nonlinear equations.

e We demonstrate the effectiveness of the randomized approximation in practice by compar-
ing it to the Gaussian approximation from [36] and show the advantages of "kernel-based"
approximation in experiments by additionally comparing it to the Lo approximation.

1.2.  Paper organization

This article has the following structure. In Section 2 we provide related works. We describe
the statement of the problem in Section 3. We present the optimal gradient-free Algorithm 1 in
Section 4. In Section 5, we extend our analysis of the Algorithm 1 to a stochastic setting with
different models of adversarial noise. In Section 7, we discuss the results. While in Section 8 we
analyze the effectiveness of our approach on a practical experiment. Section 9 concludes the paper.
We give a detailed proof of the Theorems and Lemmas in the Appendix (Supplementary Materials).

2. RELATED WORK

Polyak—Lojasiewicz condition. The field of research on the nonconvex problem under the
Polyak-Lojasiewicz condition can be traced back to [31], where it is shown that this condition is
sufficient for the gradient descent to achieve a global linear convergence rate. Recently, problems
with Polyak-Lojasiewicz condition have been actively investigated. For instance, [35] proposed
a new formulation of the problem under the Polyak—Lojasiewicz condition, including a compro-
mise and an early stopping rule to guarantee its achievement. Already in the new statement of
the problem, [40] proposed a fully adaptive gradient algorithm (with respect to the Lipschitz con-
stant of the gradient and the noise level in the gradient) for solving problems with this condition.
However, in this work we consider the standard statement of the problem under the Polyak—
Lojasiewicz condition [e.g. see 33; 41]. Also, it is shown in [41] that non-accelerated algorithms are
optimal for smooth problems under the Polyak-Lojasiewicz condition. Therefore, in this paper,



we consider non-accelerated first-order optimization algorithms as a base for developing optimal
gradient-free methods.

SGD type algorithms. Many works [42-47| investigated Stochastic Gradient Descent in various
settings. For black-box problems, this algorithm and its modifications are the basis for developing
gradient-free algorithms. For instance, [5] used the following first-order optimization algorithms as
a basis for developing gradient-free algorithms in the federated learning setting: Minibatch Accel-
erated SGD and Single-Machine Accelerated SGD [from 48|, and Federated Accelerated Stochastic
Gradient Descent [from 49|, which are accelerated modifications of the SGD, namely the AC-SA [50].
In a nonconvex optimization problem with a Polyak—Lojasiewicz condition, [36] studied a biased
Stochastic Gradient Descent, where the oracle has access to biased and noisy gradient estimates,
and showed that Stochastic Gradient Descent methods can generally converge only to the neighbor-
hood of the solution. In this paper, we use the biased Stochastic Gradient Descent algorithm [36] as
a basis for developing an optimal zero-order method for solving a smooth nonconvex optimization
problem, assuming that the Polyak-Lojasiewicz condition is satisfied.

Kernel approximation. The works [11; 23-25] investigated and used kernel approximation as
a technique for creating gradient-free algorithms. In the survey [18| showed that the significant
difference of this approximation from others is taking into account the advantages of the high
order of smoothness of the objective function, i.e. satisfying the Holder condition. All these works
[11; 24; 25] used the central finite difference (CFD) scheme instead of the forward finite difference
scheme (FFD) in kernel approximation. It turns out there is an explanation, [51] showed that in a
smooth case, one should use CFD, not FFD. In this paper, we use the kernel approximation since
we assume that our function has higher smoothness, in contrast to [36], where only smoothness is
assumed.

Stochastic optimization. Stochastic optimization problems have received special attention in
the literature [46; 52-56]. For example, [57| investigated a stochastic problem with non-sub-
Gaussian (heavy-tailed) noise in the convex case, and [56| investigated in the convex-concave case.
For black-box problems, [24; 25| studied a one-point gradient approximation with additive stochas-
tic noise. [58] studied a two-point gradient approximation corrupted by an adversarial deterministic
noise, and [5] studied a one-point gradient approximation with the same adversarial deterministic
noise. In this paper, we generalize our analysis to the stochastic optimization problem and consider
gradient approximation with one-point and two-point feedback obtained via function realizations.
We consider two cases of noise: noise as defined in [12; 24; 25| and noise as defined in [26; 58].

To the best of our knowledge for the moment there are lack of results around gradient-free
methods for problems with Polyak-Lojasiewicz condition. The known results [59-61| are dominated
by [36] as we consider to be state of the art results.

3. SETUP

We study black-box optimization problems of the form:
f i 1
Jr= min f (2), (1)



where f : R? — R is a function that we want to minimize over a closed convex subset @ of R%. The
problem (1) is a general statement problem in the field of optimization. In order to narrow down
the class of problems to be solved, let us define the function class using the following assumptions.

3.1. Notation

We use (z,y) := Zle z;y; to denote standard inner product of x,y € RY We denote I, -
1/p
norms (p > 1) in R? as ||z, := (Zle |:1c2-|p> . Particularly, for ly-norm in R? it follows

|zl = +/(z,x). We denote l,-sphere as SI(r) := {x € R?: |lz||, = r}. Operator E[-] denotes
full mathematical expectation. We use the notation O(-) to hide logarithmic factors.

3.2.  Assumptions on the objective function

For all our theoretical results we assume that f is not just smooth, but has a high order of smooth-
ness.

Assumption 1 (Higher order smoothness) Let [ denote the mazximal integer number strictly
less than (. Let Fg(L) denote the set of all functions f : R* — R which are differentiable | times
and for all x,z € Q) the Holder-type condition holds:

f) = 3 D (@) — o) < Loll= ol

0<|n|<l
where Lg > 0, the sum is over multi-indexn = (ny,...,ng) € N, we used the notationn! = ny!---ng!,
In| =ny + -+ +ng, and Vv = (vy, ...,v4) € R? we defined
ol f(x
D" f(x)v" = /() vyt

o anlml e 8ndmd
Also we assume the Polyak-Lojasiewicz condition (u-PL) with parameter p > 0.

Assumption 2 (u-PL) The function is differentiable and there exists constant p > 0 s.t. Vo € R?

IV f(@)I3 = 2u(f(x) = f). (2)

Assumption 1 is quite common in the literature [e.g. 11; 24; 25]. We introduced this assumption
in order to take advantage of the properties of higher smoothness. As far as we know Assump-
tion 2 was introduced by [31]|. Functions satisfying this assumption are called gradient-dominated
functions [62].

3.83.  Assumptions on the biased gradient oracle

We now formulate the standard assumptions about the gradient oracle for the biased SGD method
[36]. To do this, we start by introducing the following definition.



Definition 1 (Biased Gradient Oracle) A mapg : R? x D — R? s.t.

g(z, &) = Vf(z) + b(z) + n(z,{) (3)
for a bias b : R — R? and zero-mean noise n : R4 x D — R?, that is E¢n(z,£) = 0,Vz € R%.

We assume that this gradient oracle has bias and noise, and they are bounded.

Assumption 3 ((M,o?)-bounded noise) There exists constants M, 0? > 0 such that Vz € R?
Ec|ln(z, §)|3 < M|V f(z) +b(z)|3 + o*. (4)
Assumption 4 (Bounded bias) There erists constants 0 < m < 1, and ¢*> > 0 s.t. Vo € R?
Ib(2)llz < mlVF(@)3 + ¢ ()

Many prior work in the context stochastic optimization often assumed the bounded noise and
bounded bias. For example, the Assumption 3 is similar as in [46]. In the case without bias,
Assumption 3 is referred to as the strong growth condition [e.g. 63]. Also the Assumption 4 was
used by [64].

The assumptions introduced in this subsection are necessary to use the following auxiliary
lemma, since our approach to creating a gradient-free method is based on the SGD algorithm [36]
(see Appendix C).

Lemma 1 Let {x}}r>0 denote the iterates of Algorithm SGD [36] with batching, function f satisfy
Assumptions 1-2 with = 2, and the gradient oracle (3) satisfy Assumptions 3-4. Then there exists
step sizen < such that it holds for all N > 0 and an arbitrary batch size B

1
(M+1)L2

B (o)) = £ < (1= (1= m))(fan) = 1)+ g+ 52T

4. ZERO-ORDER MINI-BATCH SGD

In this section, we present our approach to solving problem (1) when the gradient oracle (3) has
no information about the derivatives of the objective function. The main idea of our approach
is to create an optimal (on oracle complexity, iteration complexity, and maximum level of noise)
gradient-free algorithm based on the first-order method (namely, Stochastic Gradient Descent). To
begin, we introduce an approximation of the gradient oracle (3) via a zero-order oracle (value of
the objective function f(x) with some adversarial deterministic noise §(z) such that [§(z)] < A
and A > 0):

fl@) = f) +6(w), (6)
which take advantage of the higher smoothness of the function [11; 24; 25|. Such approximation is
referred to as "kernel-based" approximation of gradient and has the following form

f(m + yre) — f(x — re)

K(r)e, (7)



where v > 0 is smoothing parameter, e is uniformly distributed in S¢(1), r is uniformly distributed
in [—1,1], e and r are independent, K : [—1,1] — R is a kernel function that satisfies

E[K(u)] =0, EuK(u)]=1 E[WKu)]=0, j=2 .1, E]u’K(u)]< occ.

Now we can present Algorithm 1. This algorithm is a modification of SGD method. Instead of
calculating the first-order gradient oracle from Definition 1, we calculate an approximation of the
gradient (7). Also, to achieve an optimal iteration complexity, we add a batch size B.

Algorithm 1 Zero-Order Mini-batch Stochastic Gradient Descent (ZO-MB-SGD)

Input: step size 7, iteration number N, batch size B, Kernel K : [—1,1] — R, smoothing
parameter v, o, € R?
for k=0to N —1do
1. Sample vectors ey, €,..., eg uniformly distributed on the unit sphere S§(1) and scalars
1,79, ..., uniformly distributed on the interval [-1, 1]

2. Define g(xy, e;) = dﬂxﬁ%ei);j(mk_mei)K(ri)ei using (6)

3. Calculate g, = & S gk, e)
4. Tpyr < Tk — N8k

end for

Return: zy

The next theorem presents the convergence result of ZO-MB-SGD method in terms of the
expectation.

Theorem 1 Let function f(x) satisfy Assumptions 1 - 2 and the gradient approximation (7) satisfy

Assumptions 3 - 4 then by choosing the step size n < m, there exists parameters
3BA2L2A2  233d2A2 A2
M<opd, ot < LI 2 e L <L§ﬂ2<ﬁ-1> T 7)

such that Algorithm 1 with smoothing parameter v < O (Al/ﬂ) achieves the following error floor

2(8-1)

Ef(ay) - f* = max {e,0 (2275 )},
where f* is the solution to problem (1), Ly is the Lipschitz gradient constant with respect to 2-norm.

The convergence result of Theorem 1 shows that Algorithm 1 with gradient approximation
2(8-1)
(7) achieves the error floor O (dzA E
due to the accumulation of adversarial noise in the bias b(z). To achieve e-accuracy of Problem

(1), the maximum level of noise can be defined as A < O <€2ﬁﬁﬂfl>dﬁ;—ﬁ). This result significantly

with linear convergence rate. This asymptote arises

improves the approach described in [36]. Namely, using the same concept of the zero-order oracle (6)
Algorithm 1 via Gaussian approximation achieves the error floor O (d?A), respectively, with the
following maximum level of noise A < O (ed~2). For a detailed proof of Theorem 1, see Appendix D.
Also see Appendix H for details on estimates for Gaussian smoothing approximation.



Note that the results of Theorem 1 were obtained by using the deterministic setting of the
zero-order oracle (6). However, if we reformulate problem (1) to a stochastic setting, specifying
that f(z) := E¢f(2,§) and we use a gradient approximation (7) with two-point feedback, replacing
in the zero-order oracle (6) the calculation of objective function value f(z) with the calculation of
objective function value on realizations f(x, &), then it is not difficult to show that the convergence
results of Theorem 1 also hold for Algorithm 1, which uses the gradient approximation with two-
point feedback, where the term two-point feedback implies that it is possible to get the value of the
objective function at two points on one realization. See Appendix E and I for a detailed proof of
the case where Algorithm 1 uses a gradient approximation with two-point feedback, applying the
"kernel-based" approximation and Gaussian approximation approaches, respectively. The concepts
of a stochastic zero-order oracle when two-point feedback is not available are explored in the
Section 5.

Remark 1 [t should be noted that Algorithm 1 has a linear convergence rate (see Theorem 1).
Then, since the ZO-MB-SGD method uses a randomized scheme (randomization on the Lo sphere),
we can obtain exact estimates of the large deviation probabilities using Markov’s inequality [65]:

E [f(xN(sw)] - f*

EW

P(f(xN(ew))_f*zg)Sw < w.

5. EXTENDED ANALYSIS OF CONVERGENCE VIA STOCHASTIC
ZERO-ORDER ORACLE

In this section, we continue our study of gradient-free methods for solving Problem (1) with the
p-PL condition (see Assumption 2). We want to extend the analysis of Algorithm 1. Specifically,
for cases where the zero-order oracle has a stochastic setting f (x,€). To do this, we consider the
concept of gradient approximation when only one-point feedback is available [see, e.g. 66] with two
types of adversarial noise: adversarial stochastic noise, which is quite common in the following works
[12; 24; 25|, and adversarial deterministic noise, which is actively used in [5; 26; 58|. To introduce
stochastic, let us rewrite the initial problem (1), where zero-order oracle returns an unbiased noisy
stochastic function value f(x,&):

min {f(x) = Ecf(2,)}. (8)

TEQCRA

5.1.  Stochastic zero-order oracle with additive adversarial stochastic noise

If for some reason two-point feedback is not available, you can use Zero-Order Mini-batch Stochas-
tic Gradient Descent method (see Algorithm 1) with one-point feedback. Then using the concept
of additive stochastic noise, the "kernel-based" approximation of the gradient (7) takes the follow-
ing form:

B(r.€.0) = g tore) +& ;Yf(x —re) — €2K(r)e7 (9)
where the zero-order oracle in this case is defined in the following form:
fla,&) = f(z)+¢, (10)



and & # & are adversarial stochastic noises such that E[¢?] < A% and E[¢2] < A%, A > 0, and
the random variables &; and &, are independent from e and r. Also, this concept does not require
the assumption of zero-mean &; and &,. It is enough that E[¢;e] = 0 and E[¢,e] = 0. The gradient
approximation (9) has some similarities with the two-point gradient approximation (see discussion
following Theorem 1), but it is a one-point gradient approximation because it is impossible to obtain
the value of the objective function on one realization twice. The following theorem provides the
convergence results of ZO-MB-SGD method (see Algorithm 1) with the gradient approximation (9).

Theorem 2 Let function f(x) satisfy Assumptions 1 - 2 and the gradient approximation (9) satisfy

Assumptions 3 - J then by choosing the step size n < m there exists parameters

2722 2 A2
2§3dL2’y+2dA
4 ~?

M < 186%d, , m=0, (<8FPLEH Y

such that Algorithm 1 with approzimation of the gradient (9) has the following convergence rate

Ef(zy) = f*= O ((1=nu(l = m))™(f(zo) — f7))
where f* is the solution to problem (8).

The results of Theorem 2 show that Algorithm 1 with gradient approximation (9) has a lin-
ear convergence rate. Also, in contrast to previous Theorem 1, it does not have a pronounced
asymptote. This effect is observed because the concept of zero-order oracle (10) does not imply
an accumulation of adversarial stochastic noise in the bias, and also reduces the variance by the
large batch size B. It is worth noting that the same convergence results of ZO-MB-SGD method
(see Algorithm 1) are obtained using the approach of Gaussian approximation with a zero-order
oracle concept (10). The proof of Theorem 2 for the kernel approximation approach can be found
in more detail in Appendix F. Also see Appendix J for a detailed proof of the convergence rate of
Algorithm 1, using a Gaussian gradient approximation with one-point feedback via the zero-order
oracle concept (10).

5.2.  Stochastic zero-order oracle with mized adversarial noise

Another concept with one-point feedback is combining the gradient approximation (9) (from Sub-
section 5.1, adversarial stochastic noise) with adversarial deterministic noise (e.g., from zero-order
oracle (6)). Then the gradient approximation (7) with one-point feedback takes the following form:

.f('r + ’7Te,§1) — f(l’ — fyre)§2>
2y

g(z,¢e) =d K(r)e, (11)

where the zero-order oracle

flx,&) = f(x) + &+ d(a), (12)
and & # & are adversarial stochastic noises such that E[¢?] < A? and E[¢2] < A%, A > 0, and
d(z) is adversarial deterministic noise, |0(x)] < A, A > 0 is a level of noise. The random variables
& and & are independent from e and r. Also, this concept does not require the assumption of
zero-mean & and &. It is enough that E[¢e] = 0 and E[ée] = 0. It is worth noting that the



approximation of gradient (11) is also a gradient approximation with one-point feedback as in
Subsection 5.1. This approximation implies calculating the value of objective function on different
realizations & # &. In the case when & = & we can say that the gradient approximations
considered in this subsection and in the discussion of Theorem 1 are identical. The following
theorem presents the convergence results of ZO-MB-SGD method with the gradient approximation
(11) via a zero-order oracle (12).

Theorem 3 Let function f(z) satisfy Assumptions 1 - 2 and the gradient approximation (11)
satisfy Assumptions 3 - J then by choosing the step size n < m there exists parameters
ﬂ3d2( A? + A2)

¥ ’

52d2A2
72

M < pd,  o® <ALy + m=0, (*<BELY +
such that Algorithm 1 with gradient approximation (11) andy < O (Al/ﬁ) achieves the following
error floor

Ef(zy) — f* = max {g, O (d?AL%’ )>} ,
where f* is the solution to problem (8).

The results of Theorem 3 show that the Algorithm 1 with gradient approximation (11), which

is corrupted by adversarial deterministic and stochastic noises, converges to the following asymp-
2(B—1)
tote O (d2A B ) with linear rate. This result can be restated: the maximum permissible level

of adversarial deterministic noise to achieve e-accuracy is A < O <€2<B*1)dﬁfl>. As a result, we

indicate exactly adversarial deterministic noise, because the adversarial stochastic noise does not
accumulate in the bias as well as in the variance (if the batch size is large enough). In contrast
to stochastic noise, it is the adversarial deterministic noise that defines the level of asymptote
(since it accumulates in the bias). Note that in this zero-order oracle concept, too, gradient ap-
proximation with "kernel-based" approach achieves a better error floor than Gaussian approach
O (d*A). See Appendix G and K for a proof of convergence results through kernel and Gaussian
approximation approaches, respectively.

6. IMPROVED ESTIMATES OF TABLE 2

In this section, we show how the estimates obtained in this paper on the oracle 7' complexity, as
well as on the maximum noise level A, change using an improved analysis (presented in [67]) of the
bias and second moment estimates of the Kernel approximation of the gradient, see e.g., (7).
Chronologically speaking, this paper was submitted to arXiv in May 2023 and is the first paper in
which a gradient-free algorithm (via Kernel approximation) is proposed for solving including non-
convex optimization problems satisfying the Polyak—Lojasiewicz condition. However, we believe
that it is not correct not to mention the work [67], which appeared on arXiv in June 2023, in which
the authors proposed an improved analysis for the Kernel approximation and showed an improved
estimate on the total number of oracle calls. Despite the superiority in terms of oracle complexity,
the results of this paper are independently interesting and partially state of the art, at least in
terms of iteration complexity (since we achieve optimal estimates in the case 5 = 2, as well as the

10



Table 3: Comparison of iteration complexity # N oracle complexity, #7T and maximum noise level #A of the
algorithm with the following approaches: Kernel and Gaussian approximations for zero-order oracle cases
©: f(z) = f(x) +8(x), @ : f(2,6) = f(2,6) +b(x), @ : f(a,€) = f(a) + & @: f(a,6) = fla) +€+
0(x). In both approaches, the dependence of the estimates on the batch size B is presented. Notation:
B = order of smoothness, ¢ = accuracy of the solution to the problem, d = dimension, ¢ = Polyak—
Lojasiewicz condition constant. Updated Table 2 with new analysis from paper [67]

Case Batch Gaussian approximation Kernel approximation
Size # N # T # A # N #T # A
oo @ BE [L,8%d] O (&u™) O (du™) A < ped™? O (4p) O (dp™) A < ped™t
, @, 5
B> 3% O(p™") max {@ (u'B),0 (’gAf)} A < ped™? O(p™") max {@ (u~'B),0 ( LA )} A < @270
I3 BT BT
® Bell,pd O(&u™) O (dp™) A < ped™'/? O (4u) O (dp™) A < ped1?
B> 3%d O™ max{@(u'lB),@ (’i;ﬁf)} A < ped~'BY? O (™) lnax{@(u_lB):@ ( ,;‘iZA;A)} A< %Bl/z
BT BT

best we know in the case § > 2), as well as in terms of maximum noise (since we explicitly derive
A > 0, at which we can still guarantee «good» convergence).
But applying the improved estimates on the bias

. T
(-1 d+g—-1 "

IE[g(x, &, e)] = VF(@)ll, < kg

and second moment

~ 2 2 22 rd* A

E[lIg(x,& e)lls] < 4dE [|Vf(2)ll3] +4drL*T* + —5—.

from [67] (here the authors consider the case of a zero-order oracle (10) with stochastic noise
E [¢2] < A%, which is generalized to deterministic noise [§(z)| < A (see, for example, Appendix D))
to the analysis of the gradient-free algorithm proposed in this paper we obtain the following results
(see Table 3, changes are highlighted). It is not difficult to see that the changes are mainly in
the dimensionality of the problem d, namely the problem dimensionality in the obtained estimates
does not depend on the order of smoothness 5. Thus, at this point it is safe to say that Table 3
represents the state-of-the-art results.

7. DISCUSSION

To create optimal algorithms for three criteria: oracle complexity, iteration complexity, and max-
imum level of admissible noise still allowing to guarantee certain accuracy usually use accelerated
batched algorithms as a base. This way, optimal iterative and oracle complexities are achieved.
However, for a smooth optimization problem with a PL condition [41| showed that the non-
accelerated algorithms are optimal. That is why we chose the stochastic gradient descent method
(the batched version), which is frequently used in almost all fields of machine learning. By doing
so, we guaranteed the optimal oracle and iteration complexity. Also using known techniques from
[18], we obtained an estimate for the maximum allowable adversarial noise level, which is the best
among the estimates we know. Thus, the proposed Algorithm 1 can highly likely be considered
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optimal by three criteria at once: the iteration number [41], the oracle complexity [20], and the
maximum adversarial noise level [37].

Our theoretical results show that in the presence of adversarial noise, Algorithm 1 or its analog
(e.g., from [36]) converges only to an asymptote (error floor). Since adaptive to adversarial noise is
an important property of zero-order algorithm |[see, e.g., 14|, we considered two models of adversarial
noise: deterministic and stochastic. From Theorems 2 and 3, we can see that adversarial stochastic
noise does not accumulate in the bias. This is an essential difference between the two noise models.

The theoretical results show the advantage of our approach over the approach that used approx-
imation with forward finite difference via Gaussian smoothing from [36]. They studied a SGD with
biased gradient in an optimization problem under PL condition. But there exists for the smooth
case a randomized approximation [18], e.g., via Ly-randomization, which was not considered in [36].
A natural question arises: Is Algorithm 1 superior to the gradient-free counterpart of Algorithm
with approximation of the gradient via Lo-randomization in optimization problems under the PL
condition? After all, the only difference between these approaches is that our approach (kernel ap-
proximation) uses increased smoothness information. We explore this question in the experiments.
And it turns out the answer to that question is positive (see more details Section 8). Thus, the
Zero-Order Mini-batch Stochastic Gradient Descent method (see Algorithm 1) is robust for solving
the problem under the PL condition.

8. EXPERIMENTS

In this section, we focus on verifying whether our theoretical bounds are aligned with the numerical
performance of the Zero-Order Mini-batch SGD method. In particular, we compare Algorithm 1
with the gradient-free counterpart from [36] which uses Gaussian smoothing approximation instead
of the exact gradient. In all tests we understand adversarial noise as a computational error (man-
tissa).

We consider a standard problem satisfying the Polyak—Lojasiewicz condition. Namely, the
solution of a system of p nonlinear equations [40]. The optimization problem (1) have the following
form:

. - 2
min f(z) = [lg(@)ll2,
where g(z) = 0 is a system of p nonlinear equations such that p < d,
g(z) = Csin(z) + D cos(z) — b,

r €RY C,D € RP* and b € RP. We use the weighted sums of the Legendre polynomials as
the kernel K (r). For example, we have the following values for 5 = {1,2,3,4,5,6} [11]:

Kg(r)=3r B8=1,2;
15

Ky(r) = =6 - 7r") B=34
195

Ks(r) = 64T(9974 — 12612 + 35) 8 =5,6.

In Figure 1, we compare Algorithm 1 ("Kernel" approximation) with the gradient-free coun-
terpart of the algorithm from [36] ("Gaussian" approximation). We observe that Algorithm 1
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significantly surpasses its counterpart in terms of convergence rate and error floor. We also see
that when we increase batch size (e.g., from B = 1 to B = 10) convergence neighborhood of the
Z0O-MB-SGD method decreases.

107 "Kernel" approximation (B =1)
= —— "Kernel" approximation (B =10) 107t
10 - "Gaussian" approximaticn
:; 10-% _ 107
T !
- 10 T 1077
= F
E_ 10°# E’ 10-10
1019 3 1013
10—12
ID—PJ
0 2500 5000 7500 10000 12500 15000 17500 20000 i i i i i i . i .
fterations 0 5000 10000 15000 20000 25000 30000 35000 40000
lterations
Figure 1: Comparing AlgOI‘lthHl 1 with gradient— "Kernel" approximation (y=0.1) "Gaussian" approximation (y=0.1)
free Algorlthm from [36] and effect Of the param_ = "Kernel" approximation (y=0.001) — "Gaussian" approximation (y= 0.001)
eter B (batch size) on the convergence neighbor-
hood of Zero-Order Mini-batch Stochastic Gra- Figure 2: Effect of the parameter y (smoothing pa-
dient Descent. Here we optimize f(z) with the rameter) on the error floor. Here we optimize f(x)
parameters: d = 16 (dimensional of problem), with parameters: d = 128 (d1m§n31onal of prob—
p = 5 (number of nonlinear equations), v = 0.01 lem), p = 16 (number of nonlinear equations),

(smoothing parameter), n = 0.01 (fixed step T= {0'1’0'091} (smoothing parameter), n = 0.01
size), B = {1,10} (batch size), 8 = 3 (order of (fixed step size), B = 2 (batch size), 8 = 3 (or-

smoothness). der of smoothness).

Figure 2 shows the effect of the smoothing parameter v on the error floor. We can observe that
the parameter v directly affects the error floor. We also note that with different parameters v the
Zero-Order Mini-batch SGD (see Algorithm 1) retains its significant superiority over its counterpart.

To validate the robustness of our Algorithm (1), we now introduce the following gradient ap-
proximation via Ls randomization which is well considered e.g. in [26]:

[z +~e) — f(z —~e)
2y

g(r,e) =d e, (13)

where e is uniformly distributed on S¢(1). Then Figure 3 demonstrates the effect of the smooth-
ness order parameter on the convergence rate and the error floor, where "L, approximation" is
a gradient-free counterpart of algorithm [36] with (13). We see that L, approximation has the
same convergence rate as "Gaussian" approximation, but has a better error floor (i.e. shows effi-
ciency of the randomization). We also observe that the advantages of the high order of smoothness
improve the error floor of Algorithm 1. By comparing the L, approximation with Algorithm 1, we
see the efficiency of the "Kernel" (in terms of the error floor), which uses information about highly
smoothness. See Appendix A for the effect of the parameters d and p on the convergence rate and
the error floor.
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Figure 3: Effect of the parameter 8 on the convergence rate and the error floor. Here we optimize f(x)
with the parameters: d = 256 (dimensional of problem), p = 32 (number of nonlinear equations), v = 0.1
(smoothing parameter), n = 0.01 (fixed step size), B = 10 (batch size), 5 = {3,5} (order of smoothness).

9. CONCLUSIONS

We proposed a Zero-Order Minibatch SGD method for solving smooth nonconvex optimization
problems under the Polyak-Lojasiewicz condition. We generalized our results to stochastic prob-
lems under adversarial noise, considering the possible options: when two-point feedback is available
and when only one-point feedback is available. Our algorithm showed efficiency on the standard
(for problems under the Polyak—Lojasiewicz condition) example of solving a system of nonlin-
ear equations.
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A. ANALYZING EFFECT OF PROBLEM PARAMETERS ON ALGORITHMS

In Figure 4 we show the effect of the parameters d and p on the convergence rate and error floor.
We can observe the behavior of the algorithms via the following approaches of approximating the
gradient oracle (see Definition 1): "Kernel" approximation, "Gaussian" approximation and Ly ap-
proximation at different parameters of the dimensional of the problem and the number of nonlinear
equations. When increasing the number of nonlinear equations, we see that all algorithms worsen
the convergence rate, but do not change the error floor. And when increasing the dimensional of the
problem, we observe that only the "Kernel" approximation and the L, approximation improve the
error floor (i.e. shows the efficiency of the randomization). We note that Algorithm 1 surpasses its
counterparts in all the above cases (at different parameters), thereby confirming that the Algorithm
1 is robust for solving the problem under the Polyak—Lojasiewicz condition in general.
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Figure 4: Effect of the parameters d (dimensional of problem) and p (number of nonlinear equations)
on the convergence rate and the error floor. Here we optimize f(x) with the following parameters: d =
{128,256, 512} (dimensional of problem), p = {8, 16,32, 64,128} (number of nonlinear equations), v = 0.1
(smoothing parameter), n = 0.01 (fixed step size), B = 10 (batch size), 8 = 3 (order of smoothness).

20



B. AUXILIARY FACTS AND RESULTS

In this section we list the auxiliary facts and results that we use several times in our proofs.
B.1.  Squared norm of the sum
For all ay, ..., a, € RY, where n = {2,3}
lar + -+ anll3 < nflar|l3 + ... + nllan]3. (14)

B.2.  Fuact from concentration of the measure

Let e is uniformly distributed on the Euclidean unit sphere, then, for d > 8, Vs € R¢

Eo ((s.)2) < IS8 (15)

B.3.  Gaussian smoothing. Upper bounds for the moments
(Proved in Lemma 1, [21]). Let u ~ AN(0,1) is a random Gaussian vector, then we have

for p € [0,2] : E,[||ull5] < &% (16)
for p > 2 E.[[lull5] < (p+d)"2. (17)

B.4. Fact from Gaussian approximation

(Proved in Theorem 3, [21]). Let f is differentiable at z € R? and u ~ N/(0, 1) is normally
distributed random Gaussian vector, then we have

E(Vf(z),u)*[lull3] < (d+ D[V f(@)]5 (18)

B.5.  Taylor expansion
Using the Taylor expansion we have
) Inl
flatare) = f(2) 4 (TF@)re) + 3 LD f@)et + Riyre), (19)
2<|n|<I ’
whereby assumption
|R(yre)| < Liyrells = Lir|’y". (20)
B.6. Kernel property

If e is uniformly distributed on unit sphere we have Elee™| = (1/d)I x4, where I .4 is the identity
matrix. Therefore, using the facts E[rK(r)] = 1 and E[r™ K (r)] = 0 for 2 < |n| < I we have

)

E % (Vf(x),yre) + Z SL=DO f(a)e | K(r)e| = V(). (21)

21



B.7.  Bounds of the Weighted Sum of Legendre Polynomials

Let kg = [ |u|’|K(u)|du and set £ = [ K?(u)du. Then if K be a weighted sum of Legendre
polynomials, then it is proved in (see Appendix A.3, [11]) that k3 and x do not depend on d,
they depend only on 3, such that for 5 > 1:

rg < 2V2(8 - 1), (22)

k< 363 (23)

C. THE CONVERGENCE RATE OF SGD WITH BIASED GRADIENT

Lemma 2 (Lemma 1) Let {xy}r>0 denote the iterates of Algorithm Mini-batch SGD, function f
satisfy Assumptions 1-2 with = 2, and the gradient oracle (3) satisfy Assumptions 3-/. Then

there exists step sizen < o7 Jrll) o such that it hold VN > 0 and an arbitrary batch size B

CQ 77L202

E[f(zn)] = f* < (1= nu(t = m)¥(f(zo) = ) + 241(1 —m) * 2Bu(l—m)’

(24)

where Lg is constant of the Lipschitz gradient such that ||V f(x) — V f(y)|l2 < La||lz — y||2-

Proof By the Ly-smoothness of f and choice of the step size n < we have

1

(M+1)L2
L

Elf(zr11)] < flog) +(Vf(2r), Thor — 1) + 72|!37k+1 — i ll3

2

< Fla) — iV o) Eliel) + T2 (B [l — Blal 2] +E [IElge]13))
D fan) — 0(V F(oe), 1) + b)) + T2 (B [ )13 + & [V () + b))

2 Flan) = (Y Flan), V() + b)) + 22

(M + DE [[IV £ (x) + b(ai) 3] + 0?)
n°Ly
2

2
= f(an) + 5 (EIVS @) = 2V F@r), Tf (i) + @) + [V () + bl [3) + 5207
2L
= f(on) + 5 (=IVS @l + Ib@l) + 57
(2),05) n  n’Ls

< (=t —m)(f(a) — 1) + B+ D20t (25)

02

N3

Applying recursion to (25) and adding batching (with batch size B) we obtain

¢? i nLao®
2u(1 —m)  2Bu(l—m)

E[f(zn)] = f* < (1= nu(l = m)™ (f(0) = /%) +

Further structure of the appendix has close to block form. In particular, the first block
(Appendices D-G) describes in detail the obtaining results for the approach proposed in this article
to develop a gradient-free algorithm. Namely, the approach that implied using the "kernel-based"
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approximation (Kernel approximation) instead of the gradient oracle (3). While the second block
(AppendicesH-K) provides a detailed description of obtaining results for the competing approach of
developing gradient-free algorithms. In particular, the approach that uses Gaussian approximation
instead of the gradient oracle (3). Each block considers different cases of a zero-order oracle.
For instance, Appendix D and H consider zero-order oracle with adversarial deterministic noise
described in Section 4. The stochastic case with the same concept of adversarial noise in a zero-order
oracle generating a gradient approximation with two-point feedback, which is briefly described in the
discussion of the results of Theorem 1, is discussed in Appendix E and I. Also in Appendix F and J,
the case of a zero-order oracle with adversarial stochastic noise, described in Subsection 5.1, is
considered in detail. The final case in each block (Appendix G and K) is a zero-order oracle case,
combining adversarial deterministic and stochastic noise considered in Subsection 5.2. Note that
the last two considered cases of zero-order oracle generate a gradient approximation with one-point
feedback (see Section 5).

D. PROOF OF THEOREM 1

D.1. Kernel approrimation

The "kernel-based" approximation of gradient has the following form (7):

f(a+qre) = f(z —qre)
2y

g(xae) =d K(T)ev

where f(z) is defined in (6).

D.2. Bias square
By definition (7) we have

IE&(z.0)] - Vf(2)]l> = ||%E [(Fla+are) = f(z = re)) eK(r)| = V(@2

9 | BI(fo +7e) = fo = yre) + 8z + 7€) - 5z — yre)) eK ()] - VF(o)]

19 I _R(—

R R B
2<|n|<l odd

N d(x +yre) ; d(x — ~yre)

= ||%IE [(R(yre) — R(—re) + d(z + yre) — 6(x — yre)) eK(r)] |2

JeK(r)] =V f(x)]2

< %E [|[R(yre) — R(—vre) + d(x + yre) — 6(z — yre)||K(r)|]

A
< kpd (Lgvﬁ_l + —) : / * the distribution of e is symmetric * /
v
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Then, we can find bias square

Ib(@) 2 = IE[g(e, )] — V()3 < 2630213070 + Wfly—A (26)
D.3. Second moment
By definition (7) we have
B (I8 lE] = A (1 (e +97) = S =) + 6w+ ) = 6 = 7)) K r)el]
= DRI+ r0) — £l —re) + 250 + 7)) K20l
< % (E [(f(x +yre) — f(z —yre)? K2(r)] + 4rA?). (27)

Using fact 4/E [|le[|4] <min{g—1,16Ind — 8} d**~" to the first multiplier (27) we get

A E(F 4 76) = o = ) = 3B (o + ) = fla = ) & () £ 2V (2), 7rel)]
3R ((Fatyre) — F&) — (V(a),yre))?

2,2
+ (f@ —are) = f(2) = (Vf(2), —re))* + KV f(2),77¢)’]

< g [t + 49 @), re)? 28)
= 272 e 2 7 2 77
W 3 (L 219
< E, [|lef}] + Y002
< 5 (e ey + 2
3d?L2~?
< 6d|V @)+ = (29)
where (28) we obtained by applying the property of the Lipschitz continuous gradient.
By substituting (29) into (27) and using independence of e and r we obtain
- 3d2L2y? 2d%A?
B [l lf] < x (0l + 2520 + 20, (30)
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D.4. Convergence rate

From the inequalities (26) and (30) we can conclude that Assumption 3 holds with the choice

. S22
2o (63d2L§72 + 2 iz ) . M=0(p4d). (31)

and that Assumption 4 also holds with the choice

(32)

‘ 22 \2
m =0, ) O (ﬁ2d2L%72(51) + P ) )

2
Now to find the asymptote to which the Algorithm 1 converges with the gradient approximation
(7), substitute the parameters (31), (32) into the second and third terms (24) with n = O (1/M):

¢ nLyo?
(1 —m) * 2Bu(1 —m)

E[f(zn)] — f* < o

2 72 \2 242 2
=0 (BQCFL;V?(B—” LA ey, 48 ) :

72 B BP}/Q

Since B can be taken as large, the first two terms are responsible for the asymptote. We find
the optimal smoothing parameter + that minimizes the first two terms:

Elf(on)] - f* < B0 4 % —o (@A™, (33)

where v = A'/# is optimal smoothing parameter. Then from (33) we can find the maximum noise
level, assuming that d?A < ¢, for € > 0 then we have

A=0O (a%dﬂ;—ﬁl) .

E. PROOF OF CONVERGENCE OF ALGORITHM 1 WITH TWO-POINT
FEEDBACK

E.1. Kernel approximation

The "kernel-based" approximation of gradient has the following form:

f(x+'yre,§)—f(x—”yre,£)K( )

g(xr,&e)=d o re, (34)

where the zero-order oracle f(x,€) is defined as follows:

fl2,8) = [, &) + (), (35)

d(x) is adversarial deterministic noise, |§(z)| < A is a level of noise.
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E.2.  Bias square
By definition (34) we have
d _ By
IEl&(x.& 0] = V@)l = 5 E | (f(z +77e.&) = f(r —1re,)) eK ()] = Vi (@)l

O B (7€) — o = 9re) + 3o+ 77e) = B ~ 97)) oK ()] = VS (@)

R(yre) — R(—~re)
2

19 rA)nl
O v+ Y D e+

2<|n|<l odd

4 Qo) O AT )] - W ()
2 5B l(RGre) - R(=re) + 3(o + y7e) = 3(o — yre)) ek ()]

< %E [R(yre) — R(—yre) + 6(x + yre) — 3z — yre)|[K (1)]]

A
< Kgd (Lm/ﬁ_l + ;) . / * the distribution of e is symmetric * /

Then, we can find bias square

(L3 + A%, (36)

/gﬁdA)Q (19 2r5d”

Ib@)I2 = [EE (. £ )] - V@I < (ﬁﬂdLmﬁ‘l .

E.3. Second moment

By definition (34) we have

E[||g(z. & €)|3] = 4d—,y2E [l (f(z+~re, &) — flz —yre,&) + 6(x + yre) — 6(x — yre)) K(r)el3)
= 4d—72E [(f(z +yre, &) — flx—re, &) +26(x + yre)) K2(r)||e||3]
= % (E [(f(x +yre, €) — f(z — yre, €)2 K2(r)] + 4rA?) (37)
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Using fact 4/E [|le[|4] < min{q—1,16Ind — 8} d*9~* to the first multiplier (37) we get

d2

2_/.}/2]Ee[(f(x +re, f) - f(ill' —re, 6))2]

d2
= 2—72Ee [((f(x +yre, &) = flw —re, &) + f(x,€) £ 2V f(2,€),vre))’]
(14) 32 9
< 2_72]E6 [(f(l’ + 77“675) - f(x7§> - <Vf($, 5)7*}/7“6»

+ (f(x —re, 5) - f(l’, 5) - <Vf(l', §>7 —’77"6>)2 + 4<Vf<l', 5)7 7T6>2}

3d? L2
< 5B [Shreld V6. e (38)
(15) 3d2 L2 4 4 2 \V4 , 2
S 2_’72 < 227 Ee [||6H421] + i || ];(l‘ 6)”2)

27242
< 6|V o+ AT (39)
where (38) we obtained by applying the property of the Lipschitz continuous gradient.
By substituting (39) into (37) and using independence of e and r we obtain
~ 3Ly 2d*A?
E [l o] < x (017 Ol + 2720 + 202 (10)

E.4.  Convergence rate

From the inequalities (36) and (40) we can conclude that Assumption 3 holds with the choice

3 2A2
2o (5%1%3% + 2 iQ > . M=0(3d). (41)
and that Assumption 4 also holds with the choice
2 2 \2
m=0¢"%20 (ﬁ%%éfw—” 42 e ) : (42)

Now to find the asymptote to which the Algorithm 1 converges with the gradient approximation
(34), substitute the parameters (41), (42) into the second and third terms (24) with n = O (1/M):

¢? i nLao®
(1—m) 2Bu(l—m

E[f(zn)] = f* < o0

2 72 \2 242 2
7=0 (5%[%;72(5—1) L OdA | ey, 48 ) :

72 B B,}/Q

Since B can be taken as large, the first two terms are responsible for the asymptote. We find
the optimal smoothing parameter + that minimizes the first two terms:

Elf(on)] - f* < BP0 + % =0 (¢a™5), (43)
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where v = A'/# is optimal smoothing parameter. Then from (43) we can find the maximum noise
level, assuming that d?A < ¢, for € > 0 then we have

A=0O (g%d%) .

F. PROOF OF THEOREM 2

F.1.  Kernel approximation

The "kernel-based" approximation of gradient has the following form (9):

f(.Z' + ,}/Teafl) — ]E(x B ")/7"6752)

& &) =d - K(re,
where f(z,£) is defined in (10).
F.2.  Bias square
By definition (9) we have
d _ _
[El&(r € )l = VI@le = 5 E |(F+are.6) = flw—re.0)) eK(r)] = V()]

1 ||%E (f( +yre) — f(x — yre) + & — &) eK ()] — V(@)
)il
DR Sare+ Y D0 e

2<|n|<l odd
R(yre) — R(—~re)
+ 9

JeK (r)] - V(2]
d ||%E (Riyre) — R(—yre)) eK (r)] |

< %E [R(yre) — R(—yre)||K(r)]

S IigdLg’Yﬁ_l.

Then, we can find bias square

Ib@)Il3 = [E[&(x. & e)] = V(@) < (rpdLsy” )" = k3 L3070, (44)
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F.5.  Second moment

By definition (9) we have

E[|g(z,¢e)3] = 4d—72E [l (f(z+~re) = fla —re) + & — &) K(r)ell3]
= 4d—72E [(f(x—l—w‘e) — flx —qre) + & —52)2}(2(7’)”@”%}
< o (Ut — fa - )+ ed?). (43)

Using fact |/E [[le[|4] <min{g—1,16Ind — 8} d*/4~* to the first multiplier (37) we get

d2
g3 [+ 3me) = f(a = yre))’]
d2
= B (U@ +7re) = flo = re) £ f(2) £ AV f(2), yre))’]
(14) 32 5
< 2—72Ee [(f(z +re) — fz) = (Vf(z),7re))
+ (f(x —re) = f(z) = (Vf(x), —yre))® + 4V f(2), yre)?]
3d? L2
< 5B | Rhrel + 41w el (46)
2y 2
(19 3d® (L3y* q, PIVI@)3
D 5 (B 1 VS
3d%L2~?
< 6d|VF@)3+ = (47)
where (46) we obtained by applying the property of the Lipschitz continuous gradient.
By substituting (47) into (45) and using independence of e and r we obtain
. 3d°L3y°  2d2A?
E[llg(z. & e)l3] < # (6dHVf(:v)H§ + 427 L ) : (48)

F.4.  Convergence rate

From the inequalities (44) and (48) we can conclude that Assumption 3 holds with the choice

. 3 2&2
2o (63d2L§72+ 0 flyz > . M=0(5). (49)

and that Assumption 4 also holds with the choice

22 —
m =0, % 0 (Bd2L220D) . (50)
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Now to find the asymptote to which the Algorithm 1 converges with the gradient approximation
(9), substitute the parameters (49), (50) into the second and third terms (24) with n = O (1/M):

dL3~? N dA?
B By? |-

¢? n nLyo®
(1—m) 2Bup(l—m

Elf(ex)] = /" < 5 ;=0 (ﬁdeLfﬂM_l) "

Since the batch size B can be taken large enough, there are no restrictions on the smoothing
parameter y. Therefore, using the concept of the zero-order oracle (10) Zero-order Mini-batch SGD
(see Algorithm 1) with gradient approximation (9) can achieve the desired accuracy.

G. PROOF OF THEOREM 3

G.1. Kernel approximation

The "kernel-based" approximation of gradient has the following form (11):

f(l‘ + ’77"9,61) — f(l’ _ 7T67€2>

= K(r)e,

g(x7 g? e) = d

where f(z,£) is defined in (12).

G.2. Bias square
By definition (11) we have

EE(6.0) - Vi@l = 15 [(Fo +1re.6) = flz = re.)) ek ()] - V(@)

(®),12) ||%E [(f(z +~re) — f(xz —yre) + 6(x +yre) — 6(x — yre)) eK (r)] — Vf(z)|

1 r~) 7! re) — R(—~re
O CE(VI@ e+ T pager o HTE SR
2<|n|<l odd '
4 ARl = o) 9 fa)
@ H%E (R(yre) — R(—re) + 6(x + yre) — 6 — yre)) ek ()] ||
< %E [|R(yre) — R(—yre) + 0(x + yre) — 6(x — yre)||K(r)]]

(20) A
< Kgd <L5VB_1 + —) . / * the distribution of e is symmetric * /
v

Then, we can find bias square
2 12 A2
Kad*A
~2

(14)
Ib@)|I3 = [EE(x,& )] = Vf(@)ll3 < 2r5d° L5y~ +2 : (51)

30



G.3. Second moment

By definition (11) we have

E [[|&(z,¢, )||]_—E[||( (€ +re) — flo —re) +(x +yre) — 3z —re) + & — &) K(r)el)3]
= 4d — B [(f(z+re) — f(x —yre) + 20(zx +re) + & — &)° K2 (r)||e|l3]
< o (B U@+ re) = flo = 3re) K20)] + 46? + 4647). (52)

Using fact |/E [[le[|4] <min{g—1,16Ind — 8} d*/¢~* to the first multiplier (52) we get

%Eeuﬂx +are) = fla —yre))’]
- %E [((F( +7re) = flo = re) + f(2) £ AV f(x). 7re))’]

7 %E [(f(x+yre) — f(2) — (Vf(x), 7re)?

+ (fl@ —qre) = f(2) = (Vf(z), —yre))* + AV f(2),yre)’]

3d2 L2
< 2 [ el 49, ey (53)
(15)  3d* [ L3y 43V f(2)|3
< (B, [y + IV
27y d
3d? L2
< 6|V + 2T (54)
where (53) we obtained by applying the property of the Lipschitz continuous gradient.
By substituting (54) into (52) and using independence of e and r we obtain
- 3d2L3y*  2d*(A? + A?
E (& ¢, )l3] < s (6duw<x,a>u§ L2 2 >) | (55)

G.4. Convergence rate

From the inequalities (51) and (55) we can conclude that Assumption 3 holds with the choice

‘ 392/ A2 A2
o (2)0<53d2L§72+6 d(AwM))a M =0 (5d). (56)

and that Assumption 4 also holds with the choice

o 2d2A2
m=0,2%20 (62d2L§72(51) n 57> . (57)
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Now to find the asymptote to which the Algorithm 1 converges with the gradient approximation
(11), substitute the parameters (56), (57) into the second and third terms (24) with n = O (1/M):

PN LRy | (A + A?)
2 B B'72 ’

¢? nLyo®
(1 —m) +ZBM(1 —m)

E[f(zn)]—f" < o -0 <62d2L§72(5—1) +

Since B can be taken as large, the first two terms are responsible for the asymptote. We find
the optimal smoothing parameter + that minimizes the first two terms:

Elf(ay)] — f* < g2 4 202 QizN —o(#a™5), (58)

where v = A'/# is optimal smoothing parameter. Then from (58) we can find the maximum noise
level, assuming that d?A < ¢, for € > 0 then we have

A=0O @ﬁd%) .

H. GAUSSIAN SMOOTHING APPROACH FOR THEOREM 1

H.1.  Definition Gaussian approzimation

Let u ~ N(0,1) is a random Gaussian vector, 7 > 0 is smoothing parameter then Gaussian
smoothing approximation has the following form:

fla+u) - f@)
Y

, (59)

gz, u) =
where f is defined in (6).

H.2. Bias square

By definition Gaussian approximation (59) we have

[Elg(r, w)] - V@), = HEKJ;(CUJWU)—JF(@) u| = V()

- H%E ((F(+7w) = f(&) + 8+ 7u) = 3()) u] = V()

2

2

- H%Eu [(f(x +~u) = f(z) =V f(z),u) + 0(xr +~yu) — (z)) u]

2

A
LovEy ]|} + =Ey |ul, / * the distribution of u is symmetric * /
Y

(16),(17)
S L27d3/2 + édl/Q.
Y

Then we can find the bias square:

_ A 2 (14) A2
Ib(@)]2 = [E&(x, w)] — V()2 < (Lwdi”/u;dlﬂ) <o S (o)
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H.3. Second moment

By definition (59) we have

Bl wlp = B |12 (fo+ ) - o) ulf
S SE[UG )~ o)+ 0l 4w - 5) ]
< [+ ) = £@) £ (T (@), w) + 8o+ 7w) = 5()° fulf]
< Sl + 9 (VS i) + 2R [l

(16),(17),(18) 3dA?

< 3L22d® + 3d||V f (z)||2 + " (61)

H.4. Convergence rate

From the inequalities (60) and (61) we can conclude that Assumption 3 holds with the choice

02:(9<72d3+d—A2>, M =0(d). (62)

~2
and that Assumption 4 also holds with the choice
A2
m=0,>=0 (72d3 + ?d) . (63)

Now to find the asymptote to which the counterpart of Algorithm 1 converges with the approx-
imation (59), substitute the parameters (62), (63) into the second and third terms (24) with n =
O (1/M):

CQ 77L202
(—m)  2Bu(l—m)

+_

Elf(an)] - ' < 5 RN

A2 2d2 AQ
:0(72d3+?d+7 )

Since B can be taken as large, the first two terms are responsible for the asymptote. We find
the optimal smoothing parameter + that minimizes the first two terms:

2

Elf(ew)] - < 770 + S = 0 (Ad), (64

where v = A/2d~1/2 is optimal smoothing parameter.
Then from (64) we can find the maximum noise level, assuming that Ad? < e, for ¢ >

0 then we have .
2=0(z)-
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[. GAUSSIAN SMOOTHING APPROACH WITH TWO-POINT FEEDBACK

I.1.  Definition Gaussian approximation

Let u ~ N(0,1) is a random Gaussian vector, v > 0 is smoothing parameter then Gaussian
smoothing approximation has the following form:

fla+yu,8) - f.0)

5 (2, € u) = , 65
g(z, & u) > (65)
where f is defined in (35).
1.2.  Bias square
By definition Gaussian approximation (65) we have
Ib(x)l2 = [E[g(z,&w)] = V()]
1 _ _
- ] “E|(f@+y,6) = f(z.8)) u| = V()
Y 2
35 1
D | B e+ .80~ Be 1109+ e +9) — 5] - V1)
2
1
207 9w = )+ 80a + ) - 30 u] - V1)
2
1
= [ FEatre w0 - s) + 6e  ) - S
2
< LoyBy |[ull} + %Eu |all, / * the distribution of u is symmetric * /
16),(17
( )g( : Loyd®? + A
Y
Then we can find the bias square:
A 2 (1) A2
bl = IElE(e: )] = V@I < (Lard® + Za) 'S ongrat 1250 (o0
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1.3.  Second moment

By definition (65) we have

Elge 6 wlf = E[I2 (e + w8 - fe.0) ulf

< LR+ 9 — 509 il + o) — 5) ul]
< %E [(f(x + 7w, €) = f(a,€) £V f(2,6),0) + 6(z + yu) = 6(x))* ||ull3]
< Sl + 95 (B (970 0] + 25 [l

(16),(17),(18) 3dA?

< 3L272d® 4 3d||V f (z)]|2 + " (67)

1.4. Convergence rate

From the inequalities (66) and (67) we can conclude that Assumption 3 holds with the choice

2
02:(9<72d3+£>, M =0(d), (68)

~2
and that Assumption 4 also holds with the choice
A2
m=0,>=0 (72d3 + ?d) . (69)

Now to find the asymptote to which the counterpart of Algorithm 1 converges with the approx-
imation (65), substitute the parameters (68), (69) into the second and third terms (24) with n =
O (1/M):

CQ 77L202
(—m)  2Bu(l—m)

+_

Elf(an)] - ' < 5 RN

A2 2d2 AQ
:0(72d3+?d+7 )

Since B can be taken as large, the first two terms are responsible for the asymptote. We find
the optimal smoothing parameter + that minimizes the first two terms:

2

Elf(ex)] - £ <+ 5d = O (ad?), (70)

where v = A/2d~1/2 is optimal smoothing parameter.
Then from (70) we can find the maximum noise level, assuming that Ad? < e, for ¢ >

0 then we have .
2=0(z)-
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J. GAUSSIAN SMOOTHING APPROACH FOR THEOREM 2

J.1.  Definition Gaussian approximation

Let u ~ N(0,1) is a random Gaussian vector, 7 > 0 is smoothing parameter then Gaussian
smoothing approximation has the following form:

flz+yu,&) - f(%fQ)u

) _ 7
gz, & u) S : (71)
where f is defined in (10).
J.2.  Bias square
By definition Gaussian approximation (71) we have
IElg (. & W] = V@), = ' B[ (fe +yu,6) - f.6) u] - V()
v 2
D Bl - )+ - &) ul - Vi)
2
~ Rttt - s - VS - )
2
< LyyEy ulf; (72)
(16)§,(17) Lyl
where we receive (72) using that E[{;u] = 0 and E[{u] = 0.
Then we can find the bias square:
Ib(@)[13 = [E[&(x, & w)] - VF@)|l} < (Lyd*?)" = L37%d". (73)
J.3.  Second moment
By definition (71) we have
Blge el = B I3 (7ot w60 - o) ult]
(10) 1 o s
= 5E [(f(@+ ) = f(2) + & — &) [ullz]
< SB[+ — f@) (V@) + 6~ )l
w3 3A?
< ;LgﬁEu [lall3] + 3Eu [(V£(2), w)?[[ul3] + PR [llulf?]
LY sz s saie sl + 25 (74
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J.4. Convergence rate
From the inequalities (73) and (74) we can conclude that Assumption 3 holds with the choice
dA?
02:(9<72d3+—2), M=0(d). (75)
f')/
and that Assumption 4 also holds with the choice
m=0,0>=0 (y’d). (76)

Now to find the asymptote to which the counterpart of Algorithm 1 converges with the approx-
imation (71), substitute the parameters (75), (76) into the second and third terms (24) with n =
O (1/M):

2d2 AQ
— pe 1 L 2 )
] @ (7 + Iz + B2

¢? N nLy0?
(1—=m) 2Bup(l—m

Elf(en)] — /< 5

Since the batch size B can be taken large enough, there are no restrictions on the smoothing
parameter . Therefore, using the concept of the zero-order oracle (10) the gradient-free counter-
part of ZO-MB-SGD (see Algorithm 1) with gradient approximation (71) can achieve the desired
accuracy.

K. GAUSSIAN SMOOTHING APPROACH FOR THEOREM 3

K.1. Definition Gaussian approximation

Let u ~ N(0,1) is a random Gaussian vector, v > 0 is smoothing parameter then Gaussian
smoothing approximation has the following form:

flz+yu,&) - f(%fQ)u
Y

g(r, & u) = : (77)

where f is defined in (12).
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K.2. Bias square

By definition Gaussian approximation (77) we have
b(x)lle = [[E[g(z, &, w)] = VF ()],
H x+w1@—f@f0u}—Vﬂm

e H;E [(F( 4 70) = F(2) + 8z + 7u) — 8(2) + & — &) u] — V()

— [Fea e 0 = 10 20900 + 0w~ 60

2

2
A

< LoyyEy [ul + =Eqy |jull, / * the distribution of u is symmetric * /
Y

) P2+ 242,
g

Then we can find the bias square:
_ A 2 (14) A2
Ib@) 2 = [EE(, € w)] - V(@)% < (Lwd?’” i ;W) <arppeaSa ()

K.3. Second moment

By definition (77) we have

g2, )
1 -
— B |12 (9 - f0) ult]
< S — )+ 0o+ 9) —8(a) + 6 - 6)° ul]
1
< -

E [(f(z +7u) — f(2) £ 1(VF (@), 1) + 8z + yu) — 8(z) + & — &) [ull2]
< SRl + 3B (970, ), 03] + 3 A )

(16),(17),(18) 3d(A? + A2
< 3L§72d3 + 3d||Vf(a:)H§ + % (79)

K.4. Convergence rate

From the inequalities (78) and (79) we can conclude that Assumption 3 holds with the choice

02:(9<72d3+%>, M =0(d). (80)
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and that Assumption 4 also holds with the choice
AQ
m=0,>=0 (%di"’ + —2d) . (81)
v

Now to find the asymptote to which the counterpart of Algorithm 1 converges with the approx-
imation (77), substitute the parameters (80), (81) into the second and third terms (24) with n =
O ((1/M):

E[f(xN)] _ f* < 2'u CQ 7’]112(7'2 —0 ( A2 72d2 n A? + A2> .

— 2d3 d=
(1—m) i 2Bu(1 —m) e V2 - B B~?

Since B can be taken as large, the first two terms are responsible for the asymptote. We find
the optimal smoothing parameter + that minimizes the first two terms:

Bl ()] - f* <270+ = 0 (&#4), (52)

where v = AY2d71/2 is optimal smoothing parameter.
Then from (82) we can find the maximum noise level, assuming that Ad? < e, for ¢ >

0 then we have .
A=0(z)
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