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Mirror Descent and Convex Optimization
Problems With Non-Smooth Inequality
Constraints
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Abstract We consider the problem of minimization of a convex function on a sim-
ple set with convex non-smooth inequality constraint and describe first-order meth-
ods to solve such problems in different situations: smooth or non-smooth objec-
tive function; convex or strongly convex objective and constraint; deterministic or
randomized information about the objective and constraint. Described methods are
based on Mirror Descent algorithm and switching subgradient scheme. One of our
focus is to propose, for the listed different settings, a Mirror Descent with adaptive
stepsizes and adaptive stopping rule. We also construct Mirror Descent for problems
with objective function, which is not Lipschitz, e.g. is a quadratic function. Besides
that, we address the question of recovering the dual solution in the considered prob-
lem.
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1 Introduction

We consider the problem of minimization of a convex function on a simple set with
convex non-smooth inequality constraint and describe first-order methods to solve
such problems in different situations: smooth or non-smooth objective function;
convex or strongly convex objective and constraint; deterministic or randomized in-
formation about the objective and constraint. The reason for considering first-order
methods is potential large (more than 10°) number of decision variables.

Because of the non-smoothness presented in the problem, we consider subgra-
dient methods. These methods have a long history starting with the method for
deterministic unconstrained problems and Euclidean setting in [28]] and the gen-
eralization for constrained problems in [26]], where the idea of steps switching be-
tween the direction of subgradient of the objective and the direction of subgradient
of the constraint was suggested. Non-Euclidean extension, usually referred to as
Mirror Descent, originated in and later analyzed in [6]]. An extension for
constrained problems was proposed in [19], see also recent version in [3]. Mirror
Descent for unconstrained stochastic optimization problems was introduced in [16],
see also [[12 [13], and extended for stochastic optimization problems with expec-
tation constraints in [14]]. To prove faster convergence rate of Mirror Descent for
strongly convex objective in unconstrained case, the restart technique [[18|
was used in [12]]. An alternative approach for strongly convex stochastic optimiza-
tion problems with strongly convex expectation constraints is used in .

Usually, the stepsize and stopping rule for Mirror Descent requires to know the
Lipschitz constant of the objective function and constraint, if any. Adaptive step-
sizes, which do not require this information, are considered in for problems
without inequality constraints, and in [3]] for constrained problems. Nevertheless,
the stopping criterion, expressed in the number of steps, still requires knowledge of
Lipschitz constants. One of our focus in this chapter is to propose, for constrained
problems, a Mirror Descent with adaptive stepsizes and adaptive stopping rule. We
also adopt the ideas of [21 24]] to construct Mirror Descent for problems with ob-
jective function, which is not Lipschitz, e.g. a quadratic function. Another important
issue, we address, is recovering the dual solution of the considered problem, which
was considered in different contexts in 23]).

Formally speaking, we consider the following convex constrained minimization
problem

min{f(x): x€XCE, g(x) <0}, (1)

where X is a convex closed subset of a finite-dimensional real vector space E, f :
X — R, g: E — R are convex functions.

We assume g to be a non-smooth Lipschitz-continuous function and the problem
(@ to be regular. The last means that there exists a point & in relative interior of the
set X, such that g(x) < 0.

Note that, despite problem (d) contains only one inequality constraint, consid-
ered algorithms allow to solve more general problems with a number of constraints
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given as {gi(x) <0,i = 1,...,m}. The reason is that these constraints can be ag-
gregated and represented as an equivalent constraint given by {g(x) < 0}, where
g(x) = max;=y,___m&i(x).

The the rest of the chapter is divided in three parts. In Section 2] we describe
some basic facts about Mirror Descent, namely, we define the notion of proximal
setup, the Mirror Descent step, and provide the main lemma about the progress
on each iteration of this method. Section Blis devoted to deterministic constrained
problems, among which we consider convex non-smooth problems, strongly con-
vex non-smooth problems and convex problems with smooth objective. The last,
Section ] considers randomized setting with available stochastic subgradients for
the objective and constraint and possibility to calculate the constraint function. We
consider methods for convex and strongly convex problems and provide complexity
guarantees in terms of expectation of the objective residual and constraint infeasi-
bility, as long as in terms of large deviation probability for these two quantities.

Notation: Given a subset / of natural numbers, we denote |/| the number of its
elements.

2 Mirror Descent Basics

We consider algorithms, which are based on Mirror Descent method. Thus, we start
with the description of proximal setup and basic properties of Mirror Descent step.
Let E be a finite-dimensional real vector space and E* be its dual. We denote the
value of a linear function g € E* at x € E by (g,x). Let || - || be some norm on E,
| - le.« be its dual, defined by ||g|| .. = msx{(g,x), x|l < 1}. We use V£(x) to

denote any subgradient of a function f at a point x € domf.
We choose a prox-function d(x), which is continuous, convex on X and

1. admits a continuous in x € X selection of subgradients Vd(x), where X 0CXis
the set of all x, where Vd(x) exists;
2. d(x) is 1-strongly convex on X with respect to || - ||, i.e., for any x € X?,y € X
d(y) = d(x) = (Vd(x),y = x) > 5 [ly = xlZ.
Without loss of generality, we assume that mi}r{ld(x) =0.
xe

We define also the corresponding Bregman divergence V[z](x) = d(x) —d(z) —
(Vd(z),x — z), x € X,z € X°. Standard proximal setups, i.e. Euclidean, entropy,
£y /4,, simplex, nuclear norm, spectahedron can be found in [§]].

Given a vector x € X°, and a vector p € E*, the Mirror Descent step is defined as

x; = Mirelx(p) 1= argmip { (p,u)+ V[ (u)} = argmin { (p, ) +d ()~ (Ve () }.
(2)

We make the simplicity assumption, which means that Mirr[x](p) is easily com-
putable. The following lemma describes the main property of the Mirror De-
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scent step. We prove it here for the reader convenience and to make the chapter
self-contained.

Lemma 1. Let f be some convex function over a set X, h > 0 be a stepsize, x € X°.
Let the point x. be defined by x = Mirr|x|(h- (Vf(x)+A)), where A € E*. Then,
foranyuc X,

he (f(x) = f(u) +(Ax—u)) <h-(Vf(x)+A,x—u)
2
< %I\Vf(XHAH%,ﬁV[X](M) — Vi), G)

Proof. By optimality condition in (@), we have that there exists a subgradient
Vd(x4), such that, for all u € X,
(h-(Vf(x)+A)+Vd(xy)—Vd(x),u—x4) >0

Hence, forall u € X,

(h-(VF() + A)x— 1) < (- (Vf() + A)x—x;) + (Vd(x;) — Vd(x),u—x,)
= (- (V) + A)x =) + (d() — d(x) — (Vd(x),u—x))
— (d(w) = d(xs) — (Vd(xs)ou—xy))
— (d(xs) —d(x) - (Vd(x),x: )
< (0 (VA +4) x4 VI ()~ Ve 1) — 5 s~

2
<VI(W) VI ) + (V700 +A) .

where we used the fact that, for any g € E*,

LTI ST
By convexity of f, we obtain the left inequality in (3). O

3 Deterministic Constrained Problems

In this section, we consider problem () in two different settings, namely, non-
smooth Lipschitz-continuous objective function f and general objective function
f, which is not necessarily Lipschitz-continuous, e.g. a quadratic function. In both
cases, we assume that g is non-smooth and is Lipschitz-continuous

lg(x) —gW)| < Mgllx—ylle, x,y€X. “4)

Let x, be a solution to (I)). We say that a point X € X is an &-solution to () if
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fR)-fl) <e g <e )

The methods we describe are based on the of Polyak’s switching subgradient
method for constrained convex problems, also analyzed in [21]], and Mirror
Descent method originated in [19]); see also [7].

3.1 Convex Non-Smooth Objective Function

In this subsection, we assume that f is a non-smooth Lipschitz-continuous function

f() = fO < Mpllx—yle, xyeX. (6)
Let x, be a solution to (1)) and assume that we know a constant @, > 0 such that
d(x.) < @3. ©)

For example, if X is a compact set, one can choose @g = maxyey d(x). We further
develop line of research [T}, [4]], but we should also mention close works [} 23]. In
comparison to known algorithms in the literature, the main advantage of our method
for solving () is that the stopping criterion does not require the knowledge of con-
stants My, My, and, in this sense, the method is adaptive. Mirror Descent with step-
sizes not requiring knowledge of Lipschitz constants can be found, e.g., in [7] for
problems without inequality constraints, and, for constrained problems, in [3].The
algorithm is similar to the one in [2], but, for the sake of consistency with other parts
of the chapter, we use slightly different proof.

Theorem 1. Assume that inequalities @) and (@) hold and a known constant @y > 0
is such that d(x,) < ©3. Then, Algorithm[Il stops after not more than

L Fmax{Mz,Mg}@g—‘

®)

g2

iterations and 3 is an €-solution to (@) in the sense of ().
Proof. First, let us prove that the inequality in the stopping criterion holds for
k defined in ®). By @) and (@), we have that, for any i € {0,....k — 1}, M; <

k=1 2

1> k52

maX{Mf7Mg}' Hence, by (lgb’ jgo MJZ = max{M%,Mg} = -
Denote [k] = {i € {0,...,k—1}},J = [k] \ I. From Lemma[f]with A = 0, we have,

forallielandallu € X,

S

hi- (f&) = () < IV + V@) = VR )

and, forallie Jandall u € X,
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Algorithm 1 Adaptive Mirror Descent (Non-Smooth Objective)

Input: accuracy € > 0; 0y s.t. d(x.) < 2.
1 X0 = argmmd( X).

2: Initialize the set / as empty set.

3: Setk=0.

4: repeat

5. if g(x*) < & then

6: My = [|VF ()l s

7: hk = ML%

8: K = Mirr[x¥] (e V. f (x¥)) (productive step”)
9: Add kto 1.

10: else

11 HVg( e«
12: /’lk
13: = err[x/‘] I Vg(x*)) ("non-productive step™)
14:  endif

15:  Setk=k+1.

k—1 2
16: until ) # > %
Jj=0"J
L iyl
Output: i~ := ’ei—hl

icl

2
hi- (3(x') — g(u)) < };—il\Vg(xi)II%,* V() = VI ().

Summing up these inequalities for i from O to k — 1, using the definition of 4;, i €
{0,...,k— 1}, and taking u = x,,, we obtain

WIGCEFESIES WACCORTER)
IS thz hZMZIE

S A Y Z — VR ()

iel icJ

<Z Y h+6t ©)
ic[k]

We also used that, by definition of K0 and @,
V%) (x,) = d(x) —d(x°) — (Vd(x°),x. —x°) < d(x.) < OF.

Since, for i € J, g(x') — g(x.) > g(x') > &, by convexity of f and the definition of

¥, we have
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(m) (F@) = 10x)) < T (F&) = f(0) < 5 X hi—e L hi+ 05

icl i€l iclk] icJ
&2 1 )
:e;hi—?z WJF@O geZhi, (10)
i le[k] i icl

where in the last inequality, the stopping criterion is used. As long as the inequality

is strict, the case of the empty I is impossible. Thus, the point & is correctly defined.

Dividing both parts of the inequality by ¥ /;, we obtain the left inequality in (&).
i€l

For i € I, it holds that g(x) < €. Then, by the definition of & and the convexity
of g,

-1
g(#) < <Zhi> Y hige') <e.

icl icl
O

Let us now show that Algorithm[I] allows to reconstruct an approximate solution
to the problem, which is dual to (I). We consider a special type of problem (1) with
g given by

X) = max i(x) . 11
g(x) ie{lwm}{g( )} (11

Then, the dual problem to (@) is

m
l:min{ x)+ /'Liix}—> max A), 12
o) =mip (/0 + L ais} = max o) (12)
where A; > 0,i = 1,...,m are Lagrange multipliers.

We slightly modify the assumption (Z) and assume that the set X is bounded and
that we know a constant &, > 0 such that

2
r)?e%?d (x) <06y.

As before, denote [k] = {j € {0,...,k—1}},J = [k] \I. Let j € J. Then a subgra-
dient of g(x) is used to make the j-th step of Algorithm[I] To find this subgradient,
it is natural to find an active constraint i € 1,...,m such that g(x/) = g;(x/) and use
Vg(x/) = Vgi(x/) to make a step. Denote i(j) € 1,...,m the number of active con-
straint, whose subgradient is used to make a non-productive step at iteration j € J.
In other words, g(x/) = g ;) (x/) and Vg(x/) = Vg;;)(x/). We define an approximate
dual solution on a step k > 0 as

- 1
Ak = o Y hoie{l,..m}. (13)
B jetit=i

and modify Algorithm[Ito return a pair (&, 1%).
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Theorem 2. Assume that the set X is bounded, the inequalities (@) and (@) hold and
a known constant ©y > 0 is such that d(x,) < @g. Then, modified Algorithm[l stops

after not more than
L Fmax{Mz,Mé}@g_‘

82

iterations and the pair (3, ik) returned by this algorithm satisfies

fE@) —p(A) <e, g(@) <e. (14)
Proof. From Lemmal[Ilwith A = 0, we have, forall j € I and all u € X,

:-
<o

hi(f(&) = () < SHIVFEIE .+ V) =V ()

|

and, forall j € Jand all u € X,
(/)% — )

hj (i) () = gijy () < hj(Vey)
=h;(Vg(x/),x/ — u)
h? . . .
< 7’ V(). + V] () = VI (w).

Summing up these inequalities for j from O to k — 1, using the definition of #;,
j€{0,....,k— 1}, we obtain, forall u € X,

Y ni (D) = )+ Y gy () — i) (w)

JEI jeJ
h2M> hAM? 4 4
<YLY L4 Y (VY () - VI ()
e 2 jes 2 jelk]
S
JEK]

Since, for j € J, g;(;) (x/) = g(x/) > €, by convexity of f and the definition of ¥, we
have, forall u € X,
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<Zh)(ﬂﬁlﬁﬂw%52hﬁﬂﬂ%<ﬂW)
jel jel

<3 Zh +@0_Zh 8i(j gl()( ))

jeJ

<= Z hi+65—€Y hi+ Y higij(

jeJ jeJ

=€) hj— + 602+ hjgi)
jze;l ZZ[Z]MZ 0 jZG;,/ )

<eY hi+ Y hjgiju), (15)

jel jer

where in the last inequality, the stopping criterion is used. At the same time, by (13)),
forallu € X,

Y i) = Y. Z) hjgi((u) = <Z hj) ii,l‘gf(u)-

jed i=1 jel,i(j)=
This and (13) give, for all u € X,

<}Z€1h ) (}Eh ) < +e+i_ilii"gi(u)> .

Since the inequality is strict and holds for all # € X, we have ( Y h j) # 0 and
Jel

fx )<8+m1n{ i }
=e+(Ab). (16)

Second inequality in (T4} follows from Theorem[Il 0

3.2 Strongly Convex Non-smooth Objective Function

In this subsection, we consider problem (1) with assumption (&) and additional as-
sumption of strong convexity of f and g with the same parameter U, i.e.,

FO) 2 F0) + (VI @)y =x) + Sy =}, xyex

and the same holds for g. For example, f(x) = x*> + |x| is a Lipschitz-continuous and
strongly convex function on X = [—1;1] C R. We also slightly modify assumptions
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on prox-function d(x). Namely, we assume that 0 = argmin,cx d(x) and that d is
bounded on the unit ball in the chosen norm || - ||, that is

d(x) < % VxeX: |xle <1, (17)
where Q is some known number. Finally, we assume that we are given a starting
point xo € X and a number Ry > 0 such that ||xo —x.||% < R3.

To construct a method for solving problem (I) under stated assumptions, we
use the idea of restarting Algorithm Il The idea of restarting a method for convex
problems to obtain faster rate of convergence for strongly convex problems dates
back to 1980’s, see [20]. The algorithm is similar to the one in [2], but, for
the sake of consistency with other parts of the chapter, we use slightly different
proof. To show that restarting algorithm is also possible for problems with inequality
constraints, we rely on the following lemma.

Lemma 2. Let f and g be strongly convex functions with the same parameter L and
X« be a solution of the problem ([@. If, for some % € X,

fR)—fl) <e g(¥)<e,

then
Cle-xlt<e.

Proof. Since problem (I)) is regular, by necessary optimality condition [9] at the
point x,, there exist Ap,A > 0 not equal to 0 simultaneously, and subgradients
Vf(x:), Vg(xs), such that

(MVSf(xs) +AVg(xe),x—x) >0, VxeX, Ag(x.)=0.
Since Ag and A are not equal to 0 simultaneously, three cases are possible.

1.Ap=0and A > 0. Then, by optimality conditions, g(x.) = 0and (AVg(x,),%¥—
x.) > 0. Thus, by the Lemma assumption and strong convexity,

- i . T
e 2 g(%) > g(x.) + (Va(r). i) + Sl —wl} = B —x .

2. Ay > 0 and A = 0. Then, by optimality conditions, (A)V f(x,),¥ —x.) > 0.
Thus, by the Lemma assumption and strong convexity,

Fe) &2 F(R) = fle) + V() 8= ) + SE=wllf 2 £ () + Sl —xl
3. A4 > 0, A > 0. Then, by optimality conditions, g(x.) = 0 and (AVf(x.) +

AVg(x.),X—x) > 0. Thus, either (Vg(x,),¥—x.) > 0 and the proof is the same as
in the item 1, or (Vf(x,),% —x,) > 0 and the proof is the same as in the item 2. O

Theorem 3. Assume that inequalities @) and (@) hold and f, g are strongly convex
with the same parameter [L. Also assume that the prox function d(x) satisfies (I7)
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Algorithm 2 Adaptive Mirror Descent (Non-Smooth Strongly Convex Objective)

Input: accuracy € > 0; strong convexity parameter [; Q s.t. d(x) < % VxeX:|xllg <1,
starting point xo and number Ry s.t. [[xo —x.||2 < RZ.
1: Setdo(x) =d (*;j@ )
2: Setp=1.
3: repeat
4. Set R%, = R% :27P,

_ bR}
Set Ep =5

5

6:  Setx, as the output of Algorithm[Ilwith accuracy &, prox-function d,,_(-) and % as @g.
. %
T ) d ().
8.
9:

Setp=p+1.
until p > log, 5.
Output: x,.

and the starting point xo € X and a number Ry > 0 are such that ||xo — x.||% < R.
Then, the point x, returned by AlgorithmRlis an &-solution to (1)) in the sense of ()
and ||xp — x.||% < 2“—8 At the same time, the total number of iterations of Algorithm
[Mdoes not exceed

R? 32Q max{M?,M?
u o-‘+ { ; g}_ (18)

1 v
{ 982 79¢ pe

Proof. Observe that, for all p > 0, the function d),(x) defined in Algorithm [2is 1-
strongly convex w.r.t. the norm || - ||z /R,,. The conjugate of this norm is R, || - || £ .
This means that, at each step k of inner Algorithm[I] My changes to MyR,,_|, where
p > 1 is the number of outer iteration.

We show, by induction, that, for all p > 0, |lx, —x.|% < Rf,. For p = 0 it holds
by the assumption on xy and Ry. Let us assume that this inequality holds for some
p and show that it holds for p + 1. By (I7), we have d,(x.) < % Thus, on the outer
iteration p + 1, by Theorem[Iland (3), after at most

Qmax{M7,M;}R?,

2
8p+1

kpi1 = (19)

inner iterations, x,41 = o+l satisfies

JGpa1) = f(x) S €pir, 8(xpa1) < Epy,

uR?
where €, = —4*. Then, by Lemma[2]

28p+l _Rz
— ol

Pp1 = x| <

Thus, we proved that, for all p > 0, ||x, —x. % < R,Z, = R3-277. At the same time,
we have, forall p > 1,
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2

KRG 5
2

flxp) = flx) < 2770 glxp) < “TRO P,

)

. R2 . . .
Thus, if p > log, %, x,, is an g-solution to () in the sense of (&) and

2e
xp—x.||E <RG-277 < o

Let us now estimate the total number N of inner iterations, i.e. the iterations of
. ~ R% .
Algorithm[I] Let us denote p = [logz %] . According to (19), we have

P L4 Q max{M?% M?}R> L4 16Q max{M?% M?2}2P
e (1B ¢, st
p=1 p=1 &t p=1 KRG
32Q max{Mz,Mé}Zﬁ — 32Q max{Mz,Mé}
<p+ .

W2RG ue

<p+
O

Similarly to Section 3] let us consider a special type of problem () with
strongly convex g given by

g =_ max {gi(x)}. (20)

and corresponding dual problem
p(2) = min {f(x)+;ligi(x)} - max ().

On each outer iteration p of Algorithm[J] there is the last inner iteration &, of Algo-
rithm [Tl We define approximate dual solution as A, = A%r, where A% is defined in
(@3D. We modify Algorithm[Plto return a pair (x,,4,).

Combining Theorem [2and Theorem[3] we obtain the following result.

Theorem 4. Assume that g is given by RQ), inequalities @) and (@) hold and f, g
are strongly convex with the same parameter [L. Also assume that the prox function
d(x) satisfies () and the starting point xo € X and a number Ry > 0 are such that
l|xo — x«||% < R3. Then, the pair (x,,A,) returned by Algorithm[2 satisfies

fop)—0(Ap) <&, glx) <e.

and ||x, —x.||% < %’9 At the same time, the total number of inner iterations of Algo-
rithm[Il does not exceed

| R} 32Q max{M7,M;}
0% e | T ue
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3.3 General Convex Objective Function

In this subsection, we assume that the objective function f in (I) might not sat-
isfy (6) and, hence, its subgradients could be unbounded. One of the examples is a
quadratic function. We also assume that inequality () holds.

We further develop ideas in and adapt them for problem (I, in a way that
our algorithm allows to use non-Euclidean proximal setup, as does Mirror Descent,
and does not require to know the constant M,. Following [21], given a function f
for each subgradient V f(x) at a point y € X, we define

V()
<||Vf<x>|E,*”“‘y>’ Vi) #0

0 Vfx)=0

vl (x) = , xeX. (2D

Algorithm 3 Adaptive Mirror Descent (General Convex Objective)

Input: accuracy € > 0; 6 s.t. d(x,) < OF.
1 X0 = argmi)?d(x).
xe

2: Initialize the set / as empty set.

3: Setk=0.
4: repeat
5:  if g(x*) < & then
€
6 = (e
7: K = Mirr[x¥] (V. f (x¥)) (’productive step”)
8 Add kto 1.
9:  else
. — £
10 = e
11: K = Mirr[x¥] (hy Vg(x*)) ("non-productive step”)
12: end if
13 Setk=k+1.
. 1 202
4: until|I|+ Y ——~n > 32

B VeE, = @

Output: & :=argmin; ;. f(x/)

The following result gives complexity estimate for Algorithm [3] in terms of
vr[x:](x). Below we use this theorem to establish complexity result for smooth ob-
jective f.

Theorem 5. Assume that inequality @) holds and a known constant ®y > 0 is such
that d(x..) < ©F. Then, AlgorithmBlstops after not more than

2 1 2 2
. {ww )

iterations and it holds that minje; v ¢[x.](x) < € and g(¥) < €.



14 A. Bayandina, P. Dvurechensky, A. Gasnikov, F. Stonyakin, A. Titov

Proof. First, let us prove that the inequality in the stopping criterion holds for k
defined in (22). Denote [k] = {i € {0,...,k—1}}, J = [k] \ 1. By @), we have that,
forany j € J, |Vg(x/)||g« < M,. Hence, since ||+ |J| = k, by (22)), we obtain

|| k 2@5

I B S ()
= |+M2 ~ max{1,M2} ~

1+ L s

jeJ ||E*

From Lemma[dl with u = x, and A = 0, by the definition of h;, i € I, we have, for
alliel,

i Vf(xi) xi_x — 7. xi xi_x
ev ) = g ) =S =)

h? . ) .
< —’I\Vf(X’)II%,* + VI (x) = VI ()
g2 ‘
=5 +VI]0r) = VR (). (23)
Similarly, by the definition of 4;, i € J, we have, for all i € J,

e@) —g(r)) _, oo oy o h TR
IVe() 2., hi(g(x') = 8(x:)) < Z- V()| + V] (re) = V™ (x:)

\S]

&2

= VeI F V() = VIR (x).

Whence, using that, for all i € J, g(x') — g(x,) > g(x') > €, we have

82

2[Ve(x)|Z..

Summing up inequalities (23) for i € I and applying @4) for i € J, we obtain

+ V() = VX () > 0. (24)

2 2
elfjminvyle] () < e Durlel(?) < M1+ 08~ F o
where we also used that, by definition of X and @,
VI (x) = d(x,) —d(x°) — (Vd(x°),x, —x°) < d(x,) < 6.
If the stopping criterion in Algorithm[3is fulfilled, we get

8|I|n_1i1nvf[x*](xi) < &I
S

Since the inequality is strict, the set I is not empty and the output point ¥ is cor-
rectly defined. Dividing both sides of the last inequality by €|I|, we obtain the first
statement of the Theorem. By definition of ¥, it is obvious that g(&) < €. ad
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To obtain the complexity of our algorithm in terms of the values of the objective
function f, we define non-decreasing function

{max{f(X)—f(x*):Ix—x*IEST} T>0,
CO(T) — xeX
0 T <O0.

(25)

and use the following lemma from [21]].

Lemma 3. Assume that f is a convex function. Then, for any x € X,

) = f(x) < @(vylx](x)). (26)

Corollary 1. Assume that the objective function f in (I is given as f(x) = maXje(y . ) fi(%),
where fi(x), i = 1,...,m are differentiable with Lipschitz-continuous gradient

IVfi(x) = ViWles <Lllx—yle Yx,yeX, ie{l,..m}. 27)

Then 3~ is €-solution to (@) in the sense of @), where

Proof. As it was shown in Theorem[3] g(#) < &. It follows from (27) that
1
Filx) < i) (Vi) x —x) + S Lil = x|

< filx) + [V filx)|

1 .
Eqllx—xl|E + ELi||x—x*||%, i=1,..,m.

2 max; :
Whence, @(7) < tmax—i__n||Vfilx)|Egs + Tmax‘%l’”L’ By Lemma [3] non-

decreasing property of @ and Theorem[3] we obtain

FE) = fle) = min () = f(x.) < minw(ve[x.] ()

iel
< o(minv[x.](x) < o(e)

2
£“max;— L;
<& max |Vfi(x)||gs + ——tem

i=1,...,m 2

4 Randomization for Constrained Problems

In this section, we consider randomized version of problem (I). This means that
we still can use the value of the function g(x) in an algorithm, but, instead of sub-
gradients of f and g, we use their stochastic approximations. We combine the idea
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of switching subgradient method [26] and Stochastic Mirror Descent method intro-
duced in [16]. More general case of stochastic optimization problems with expecta-
tion constraints is studied in [14]]. We consider convex problems as long as strongly
convex and, for each case, we have two types of algorithms. The first one allows to
control expectation of the objective residual f(X) — f(x.) and inequality infeasibil-
ity g(%), where ¥ is the output of the algorithm. The second one allows to control
probability of large deviation for these two quantities.

We introduce the following new assumptions. Given a point x € X, we can cal-
culate stochastic subgradients Vf(x,&),Vg(x,{), where &,{ are random vectors.
These stochastic subgradients satisfy

E[Vf(x.£)] =V/(x) €df(x), E[Vg(r,{)] =Vg(x)€dglx),  (28)

and
||Vf(xa€)”E‘* SMf’ ||Vg(x7C)HE‘* SMgv a.s. lnévg (29)

To motivate these assumptions, we consider the following example.

Example 1. [3]] Consider Problem (1)) with

1
f('x) = §<Axvx>u
where A is given n x n matrix, X = S(1) being standard unit simplex, i.e.
X={xeR:Y" x;=1} and

8 = _ max {{ci,x)},

m . .
where {¢;} | are given vectors in R".

Even if the matrix A is sparse, the gradient V f(x) = Ax is usually not. The exact
computation of the gradient takes O(n?) arithmetic operations, which is expensive
when 7 is large. In this setting, it is natural to use randomization to construct a
stochastic approximation for Vf(x). Let & be a random variable taking its values in
{1,...,n} with probabilities (x1,...,x,) respectively. Let A% denote the i-th column
of the matrix A. Since x € S,(1),

E[AS] =ADP(E=1)+- + AW P(E =n)
N—— N——

X1 Xn

:A<1>X1+"'+A<n>xn = Ax.

Thus, we can use A€} as stochastic subgradient, which can be calculated in O(n)
arithmetic operations.
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4.1 Convex Objective Function, Control of Expectation

In this subsection, we consider convex optimization problem (I) in randomized set-
ting described above. In this setting the output of the algorithm is random. Thus, we
need to change the notion of approximate solution. Let x, be a solution to (I}). We
say that a (random) point £ € X is an expected €-solution to () if

Ef(%)— f(x:) <€, and g(¥) <€ as. (30)

We also introduce a stronger assumption than (7). Namely, we assume that we
know a constant &, > 0 such that

sup V[x](y) < 6;. (31)
x,yeX

The main difference between the method, which we describe below, and the method
in [14] is the adaptivity of our method both in terms of stepsize and stopping rule,
which means that we do not need to know the constants My, M, in advance. We
assume that on each iteration of the algorithm independent realizations of & and
{ are generated. The algorithm is similar to the one in [3], but, for the sake of
consistency with other parts of the chapter, we use slightly different proof.

Algorithm 4 Adaptive Stochastic Mirror Descent

Input: accuracy € > 0; @y s.t. V[x](y) <OF, Vx,y€X.

1: x0 = argmind(x).
xeX
2: Initialize the set / as empty set.
3: Setk=0.
4: repeat
5. if g(x*) < e. then
6: My = [V f(H,E) s
k ~1/2
7: hk:(aO(zM,?) .
i=0
8: KL = Mire[x¥] (e V.f (%, EF)) (“productive step™).
9: Add kto 1.
10:  else
11: My = ||Vg(x*, £)|g
k -1/2
12: hk:@0(2M2> .
i=0
13: K = Mirr[x¥] (h Vg (x*, £¥)) ("non-productive step™).
14:  endif

15:  Setk=k+1.
k=1 1/2
. 20,
16: until k> 22 ( §0M12> .
K.

i
el

Output: & =1 Y
P
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Theorem 6. Let equalities 28) and inequalities @29) hold. Assume that a known
constant Oy > 0 is such that V[x|(y) < @2, Vx,y € X. Then, Algorithm H stops
after not more than

(32)

B {4max{M2,M§}®§_‘
= 2

iterations and ¥ is an expected €-solution to @) in the sense of (B0).
Proof. First, let us prove that the inequality in the stopping criterion holds for k

defined in (32)). By (29), we have that, for any i € {0,....,k— 1}, M; < max{My, M, }.
1/2

Hence, by (32), 260 ): M2 < @max{Mf,Mg}\/lzgk.

Denote [k] = {i € {O, wk—1}},J=[k]\ T and

5 {<Vf<xl‘,5"> V(). ), i€ 1 .

(Vg(x',§') = Vg(x'),x. —x'), if i € J.

From Lemma[Qlwith u = x, and A = Vf(x', &) — Vf(x'), we have, for all i € I,

b‘

hi(f() = fx) < 5 HVf( LR A+ VI () = VI () + i

and, from Lemma[Q with u = x, and A = Vg(x/, {!) — Vg(x), for all i € J,
i hi i pivi2 i i+1
hi(g() = g(x.)) < Ve, §) [+ V] (x) = VI (x.) + hidi.

Dividing each inequality by %; and summing up these inequalities for i from 0O to
k— 1, using the definition of A;, i € {0, ...,k — 1}, we obtain

Z; (f@&) = fe)) + ZJ, (8() =

Z +Z D =VENE) + ) 8 (34)

Using (B1)), we get

k711 .

(VI () = VI ()
=0 "

1 G ; 1
—h—OV[x°]<x*>+i (,W—hl) ) = VI (x)
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Whence, by the definition of stepsizes A;,

: : h,-M,‘2
Y (G = f)) + ) (8() —g(x) h + Z 6
il icJ k=1
k-1 2 12
XYM a(Tm) ixa
i—0 2 ( i M) ic[K]
j=0
k-1 12
§2@0<2Mi2> +Y s,
i=0 ic[k]
. . k=l M2 k—1 2,2\ 1/2 .
where we used inequality ¥ ————; < 2(Xi—y M?)"'", which can be proved
=0 (i 0MJ>

by induction. Since, for i € J, g(x') — g(x,) > g(x') > &, by convexity of f, the
definition of #, and the stopping criterion, we get

k=1 12 k=1 k=1
() = F(x)) <elll —ek+200( ¥ M2) "+ Y & <ell|+ Y & (35
i=0 i=0 i=0

Taking the expectation and using (28), as long as the inequality is strict and the case
of I = () is impossible, we obtain

Ef(#) = f(x.) <e. (36)

At the same time, for i € I it holds that g(x') < &. Then, by the definition of ¥ and
the convexity of g,

4.2 Convex Objective Function, Control of Large Deviation

In this subsection, we consider the same setting as in previous subsection, but
change the notion of approximate solution. Let x, be a solution to (I). Given € > 0
and o € (0,1), we say that a point ¥ € X is an (g, 6)-solution to () if

P{f(%)—f(x.) <€, gF)<e}>1-o. (37

As in the previous subsection, we use an assumption expressed by inequality (3I).
We assume additionally to (29) that inequalities (#) and (€) hold. Unfortunately, it is
not clear, how to obtain large deviation guarantee for an adaptive method. Thus, in
this section, we assume that the constants My, M, are known and use a simplified al-
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gorithm. We assume that on each iteration of the algorithm independent realizations
of £ and { are generated.

Algorithm 5 Stochastic Mirror Descent

Input: accuracy € > 0; maximum number of iterations N; My, M, s.t. @), (6), 29) hold.
1: 20 = argmi}r(ld(x).
xXe

2: Seth= ijgz} .

3: Setk=0.

4: repeat

5 if g(x*) < e. then

6: A = Mirr [ (hV £ (x*, EX)) ("productive step™).

7: Add kto 1.

8:  else

9: K = Mirr[x¥] (hVg(x*, £¥)) ("non-productive step”).
10:  endif

11: Setk=k+1.
12: until k > N.

Output: If ] # 0, then & = ‘—}‘ Y. x*. Otherwise & = NULL.
kel

To analyze Algorithm[3in terms of large deviation bound, we need the following
known result, see, e.g. [10].

Lemma 4 (Azuma-Hoeffding Inequality). Ler n',..., 0" be a sequence of inde-
pendent random variables taking their values in some set E, andletZ=¢(n',...,n")
for some function ¢ : E" — R. Suppose that a. s.

‘E[Zh]la"'vni]_E[Z|n15"'7ni71” SC,’, = 15"'3”3

where c;, i € {1,...,n} are deterministic. Then, for eacht >0

2
]P’(Z—EZZt)Sexp{— ! }

n
2y cl-2
i=1

Theorem 7. Let equalities @8) and inequalities @), @), @9) hold. Assume that a
known constant ©y > 0 is such that V[x|(y) < 62, ¥x,y € X, and the confidence
level satisfies © € (0,0.5). Then, if in Algorithm[3

max{M2,M*}®?
N = {mwln— , (38)
)
i is an (g,0)-solution to (I)) in the sense of 7).

Proof. Let us denote M = max{My,M,}. In the same way as we obtained (34) in
the proof of Theorem[6] we obtain
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Ry, (f(') = f(x)) +h Y (8l
i€l icJ
2242 k—1
M k+V[x0](x*)+h25,-,

=0

where &;,i =0, ...,k — 1 are defined in (33). Since, fori € J, g(x') — g(x,) > g(x') >
€, by convexity of f, the definition of ¥ and &, we get

k—

| (f(&) = f(x.)) < ehll| — +@0 +h Z 5. (39)

2M 2M2
Using Cauchy-Schwarz inequality, @), (&), @9), (31), we have

h|&| < 2hM||x' —x*|

< 2hM )2V [xi](x*) < 2V2hM O, = 2f8@°.

k-1 k-1
Now we use Lemmallwith Z = ¥ h§;. Clearly, EZ = E[ Yy hS,} =0 and we can
i=0 i=0

take ¢; = 2\/587@0. Then, by Lemmal] for each ¢t > 0,

k—1 2 2212

' M
P Eh5i>t <exp| — =exp| ——— |.
{,.0 = }— i p< 1682@gk>

2y cl.2
i=0

In other words, for each o € (0,1)

{Zlhs >48@°\/Ti)} <o.

Applying this inequality to (39), we obtain, for any ¢ € (0,1),

P{h|1|(f<x’<>—f<x*>)<eh|1| L ep KO kln(é)}y—a.

Then, by (38) , we have
_ﬂ+®§+@ kln(é)<@§(——l( )+1+4ln(6)\/ﬂ>

I M
<&} —éln(l)—i-l (40)
'\ 2 \o '

Since 6 < 0.5 < exp(—2/3), we have —31n (é) +1<0and
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P {h|1| (F) = £(x*) < h|1|e} >1-o.

Thus, with probability at least 1 — o, the inequality is strict, the case of I = 0 is
impossible, and ¥ is correctly defined. Dividing the both sides of it by & - |I|, we
obtain that P { f(&*) — f(x*) < &} > 1 — 6. At the same time, for i € it holds that
g(x") < &. Then, by the definition of ¥ and the convexity of g, again with probability
atleast 1 — o

8@ < el <e
U=
Thus, & is an (&, 5)-solution to (@) in the sense of (37). O

4.3 Strongly Convex Objective Function, Control of Expectation

In this subsection, we consider the setting of Subsection [£.1] but, as in Subsection
make the following additional assumptions. First, we assume that functions
f and g are strongly convex. Second, without loss of generality, we assume that
0 = argmin,ey d(x). Third, we assume that we are given a starting point xy € X
and a number Ry > 0 such that ||xg — x.||% < R3. Finally, we make the following
assumption (cf. (I7)) that d is bounded in the following sense. Assume that x, is
some fixed point and x is a random point such that E,[||x — x,[|z] < R?, then

()] <2

where Q is some known number and E, denotes the expectation with respect to
random vector x. For example, this assumption holds for Euclidean proximal setup.
Unlike the method introduced in for strongly convex problems, we present a
method, which is based on the restart of Algorithm[3 Unfortunately, it is not clear,
whether the restart technique can be combined with adaptivity to constants Mz, M,.
Thus, we assume that these constants are known.

The following lemma can be proved in the same way as Lemmal[2]

Lemma 5. Let f and g be strongly convex functions with the same parameter |1 and
X, be a solution of problem (. Assume that, for some random X € X,

Ef(%)—flx) <€, g(¥) <e.

Then u
EEH)E—x*H% <e.

Theorem 8. Let equalities @8) and inequalities @9) hold and f, g be strongly con-
vex with the same parameter [L. Also assume that the prox function d(x) satisfies (1)
and the starting point xo € X and a number Ry > 0 are such that ||xo — x.||% < R3.
Then, the point x,, returned by Algorithm [0 is an expected €-solution to () in the
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Algorithm 6 Stochastic Mirror Descent (Strongly Convex Objective, Expectation
Control)

Input: accuracy € > 0; strong convexity parameter i; € s.t. [E, [d (%)] < % if

E[|lx —x.[[2] < R?; starting point xo and number Ry s.t. ||xo —x.[|3 < R3.

1: Setdy(x) =d (X;g(').
2: Setp=1.
3: repeat
4:  SetR,=R}-2°7.

2
5:  Setg,= @.
6 san,— | me0EARIR

&

7:  Setx, as the output of Algorithm[B]with accuracy €,, number of iterations N, prox-function

dy_1(-) and % as 67.
8 dple) < d(T2).
9: Setp=p+1.

LR}
2e

10: until p > log,
Output: x,.

sense of (B0) and E|x, —x. ||z < 2”—8 At the same time, the total number of inner
iterations of AlgorithmRldoes not exceed

R? 32Q max{M?,M?
a OW + { g}. (42)

1 v
[ 982 7¢ UE

Proof. Let us denote M = max{My, M, }. Observe that, for all p > 0, the function
dp(x) defined in Algorithm [@ is 1-strongly convex w.r.t. the norm || - ||z /R,. The
conjugate of this norm is R,|| - ||z «. This means that, at each outer iteration p, M
changes to MR,,_1, where p is the number of outer iteration. We show by induction
that, for all p >0, E||x, —x.||3 < R3. For p = 0 it holds by the definition of xo and
Ro.

Let us assume that this inequality holds for some p — 1 and show that it holds
for p. At iteration p, we start Algorithm [5] with starting point x,_; and stepsize
hp = #"Iz’l. Using the same steps as in the proof of Theorem[]] after N, iterations

of Algorithm[3 (see (39)), we obtain

£N, Np—1
pllp| (f (%) = f(x2)) < &hpllp| = S r— +Vipalipal(e) +hp Y, &) (43)
p—1 i=0

where V,,_1[z](x) is the Bregman divergence corresponding to d,,_ (x) and I, is the
set of “productive steps”. Using the definition of d),_ 1, we have

Vo1lxp—1](xe) = dp—1(x:) = dp-1(xp—1) = (Vdp-1(xp—1), % = Xp—1) < dp_1(xs).
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Taking expectation with respect to x,_; in (43) and using inductive assumption
Ellxp—1 —x:|% < R?Fl and (@J), we obtain, substituting N,,,

e2N, 0 Np—1 Np—1
ollp| (F(55) = £ 0)) < el = o id—+ 5y ¥ &< eghyliyl+hy Y

p—1 i=0 i=0

(44)

Taking the expectation and using (28), as long as the inequality is strict and the case
of I;, = ( is impossible, we obtain

Ef(%) — f(x.) <& (45)

At the same time, for i € I, it holds that g(x) < €p. Then, by the definition of )E’l‘, and
the convexity of g,

gy < -

L ARG

i€l,
Thus, we can apply Lemma[3 and obtain

2¢
2 2
Ellx, — x.|% < —u” =R).

Thus, we proved that, for all p > 0, E||x, —x.||% < R?, = R}-27P. At the same time,
we have, forall p > 1,

WR3
Ef(xp)— fe) < BR0. 20 o) < 50 5p
2
Thus, if p > log, “2—120, x,, is an e-solution to () in the sense of (30) and
2¢e

Ellx, —x.||z <R§-277 < I

Let us now estimate the total number N of inner iterations, i.e. the iterations of
2
Algorithm[I] Let us denote p = {logz ”Z—IZO] . We have

P P ! P
N:ZNPSZ<1+ ==Y
p=1 =1 p=1

P
32Q max{Mz,Mg}Zﬁ <ps 32Q max{Mz,Mg}
U2R} - ue '

Qmax{M3,M?}R> ) (1 16Q max{M?, M2}2P )

3 1R2
& KRG

<p+
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4.4 Strongly Convex Objective Function, Control of Large
Deviation

In this subsection, we consider the setting of Subsection[£.2] but make the following
additional assumptions. First, we assume that functions f and g are strongly convex.
Second, without loss of generality, we assume that 0 = argminyex d(x). Third, we
assume that we are given a starting point xo € X and a number Ry > 0 such that
[[xo — x+||% < R3. Finally, instead of (31), we assume that the Bregman divergence
satisfies quadratic growth condition

Q
Vi) < Slle=zllz, xzeX. (46)

where Q is some known number. For example, this assumption holds for Euclidean
proximal setup. Unlike the method introduced in [14] for strongly convex problems,
we present a method, which is based on the restart of Algorithm[5] Unfortunately,
it is not clear, whether the restart technique can be combined with adaptivity to
constants My, M,. Thus, we assume that these constants are known.

Algorithm 7 Stochastic Mirror Descent (Strongly Convex Objective, Control of
Large Deviation)

Input: accuracy € > 0; strong convexity parameter i; Q2 s.t. V[x](y) < %Hx—y“i—, X,y €X;
starting point xo and number Ry s.t. [[xo — x.||% < R3.

. _ X—Xxo
1: Set do(x) = d( - )
2: Setp=1.

3: repeat
4 SetR,=Rj-277.

) MRS

5: Set Ep = Tp

max{M?,M2}QR> R}
6 SetN, = [707HE T In (Llog, 52 )
7: SetXp:{xeX:||x—xp_1||%§R§_1}.
8:  Setx, as the output of Algorithm[B]with accuracy €,, number of iteration N, prox-function
dp—1(-), 2 as ©F and X,, as the feasible set.

9 dy(x) «d (%)

10: Setp=p+1.

— KR
11: until p > log, >;*.
Output: x,.

Theorem 9. Let equalities 28) and inequalities @), (@), @9) hold. Let f, g be
strongly convex with the same parameter . Also assume that the Bregman diver-
gence V[Z)(x) satisfies @8) and the starting point xo € X and a number Ry > 0 are
such that ||xo — x.||% < R3. Then, the point x,, returned by Algorithm[is an (&,0)-
solution to () in the sense of BT and ||x, — x. ||z < % with probability at least
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1 — 0. At the same time, the total number of inner iterations of Algorithm[Q does not
exceed

R3] 2240Qmax{M7 M3}
{logzu2 -‘—i- e LA (1 —+In logzu 0).

Proof. Let us denote M = max{My, M, }. Observe that, for all p > 0, the function
dy(x) defined in Algorithm [7]is 1-strongly convex w.r.t. the norm || - ||z/R,. The
conjugate of this norm is R|| - || £,«. This means that, at each outer iteration p, M
changes to MR, |, where p is the number of outer iteration.

LetA,, p >0 be the event A, = {||x, —x.||% < R2} and A, be its complement.
Note that, by the definition of xy and Ry, Ag holds w1th probablhty 1. Denote p =

[logz “RO] .
We now show by induction that, for all p > 1, P{A,|A,_} > 1 — %. By induc-

tive assumption, A,_; holds and we have ||x,_; — x.||2 5 < R2 |- At iteration p, we
start Algorithm[3] Wlth starting point x,_1, feasible set X, and Bregman divergence
V,—1[z](x) corresponding to d,,_;(x). Thus, by @6), we have

max V,_[z](x) = maxd<x_xp1> —d(z_x”1>

x,26Xp x,26Xp p—1 Rp,1

_{vua z—x,,,l X — x,, 1_z—x,,,1
R, R,
_maxV{Z p- 1} (x xp 1)
x,2€X)p
<Q

< 2l
X,ZGXP 2R -1

Hence, by Theorem[7] with 6, = %, after N, iterations of Algorithm[5] we have

(o)
P{f(xp) = f(x) <&, 8(xp) <A1} 21— 7

Whence, by Lemma[2]
P{ApAp-1} =P{|lx, — x|z <R3|A,_ 1}>1—;

which finishes the induction proof.
At the same time,
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]P’{f(xﬁ —flxs) > or glxs >8,a}

) )
= f(xl; —f(x*) > g or g(xl;) > Eﬁ‘Aﬁ,1 UAﬁ,I}
=P{f(xp) = f(x:) > or glxp)>ep|Ap 1} P{As 1}
—l—]P’{f(x,a)—f(x*) > € oOr g(x,a) >8ﬁ‘Aﬁ,1}P{Aﬁ,1}
e} _ ) o
< 3 +P{Ap_1} < 5 FP{f(xp1) = flx) > g1 or glxp1)>e 1}
<294 PApat <. < oo Pl 47
P p
where (x) follows from Lemma 2l Using that P{A;} = P{A|Ao} > 1 — 5 and,

hence, P{A;} < %, we obtain

P{f(xp) = fx) <€, glxp)<e}>1-o0.
Hence,

2
P{lp-rlp <2} 21—,

Let us now estimate the total number N of inner iterations, i.e. the iterations of
Algorithm[3l We have

b i Qmax{M?,M?}R>_ 1 R}
YN, <Y (1470 { - IRy 1111(—1og2M>
ot} | £; (o} 2e

P Qmax{M? M?}27 1 R2
_Z<1+1120 M7, M} 1n(—1g“ 0)
p=1

og, H0
u2R2 o %2

N

Qmax{M? M?}2°P 1 R?
< p+2240 (M My} ln< H 0)

~log, =0
U2R? o 82 ¢
.Qmax{M?,M(,?}( 1 uR(z))
&€

< p+2240 In — +1Inlog, —
<p+ nG—l—nogz e

5 Discussion

We conclude with several remarks concerning possible extensions of the described
results.

Obtained results can be easily extended for composite optimization problems of
the form

min{f(x)+c(x):x€X CE,g(x)+c(x) <0}, (48)



28 A. Bayandina, P. Dvurechensky, A. Gasnikov, F. Stonyakin, A. Titov

where X is a convex closed subset of finite-dimensional real vector space E, f: X —
R, g:E — R, c: X — R are convex functions. Mirror Descent for unconstrained
composite problems was proposed in [[11]], see also for corresponding version
of Dual Averaging [22]]. To deal with composite problems #8), the Mirror Descent
step should be changed to

x4 = Mirr[x](p) = argglei)rfl{<p,u> +d(u)+c(u) — (Vd(x),u)} VxeX°,

where X" is defined in Section2l The counterpart of Lemma[Ilis as follows.

Lemma 6. Let f be some convex function over a convex closed set X, h > 0 be a
stepsize, x € X°. Let the point x be defined by x, = Mirt[x](h- (Vf(x)+A)), where
A € E*. Then, for any u € X,

he (f) = f () +e(xe) —e(u) +(A,x —u))
<h-(Vf(x)+A,x—u)—h-(Ve(xy),u—xg)

2
< BNV + AR+ VI )~ Vi ).

We considered restarting Mirror Descent only in the case of strongly convex
functions. A possible extension can be in applying the restart technique to the case
of uniformly convex functions f and g introduced in [23] and satisfying

FO) = F0)+ (VS () y =)+ Sy =g xyeX,

where p > 2, and the same holds for g. Restarting Dual Averaging [22] to obtain
subgradient methods for minimizing such functions without functional constraints,
both in deterministic and stochastic setting, was suggested in [13]]. Another option
is, as it was done in for deterministic unconstrained problems, to use sharpness
condition of f and g

p
[,L(min |x—x*|E> <fx)—fi, VxeXx,
X5 €Xy

where f, is the minimum value of f, X, is the set of minimizers of f in Problem (1)),
and the same holds for g.

In stochastic setting, motivated by randomization for deterministic problems, we
considered only problems with available values of g. As it was done in , one
can consider more general problems of minimizing an expectation of a function
under inequality constraint given by EG(x, ) < 0, where 7 is random vector. In this
setting one can deal only with stochastic approximation of this inequality constraint.
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