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Abstract. In this paper, we analyze gradient-free methods with one-
point feedback for stochastic saddle point problems min, maxy ¢(z,y).
For non-smooth and smooth cases, we present an analysis in a general
geometric setup with arbitrary Bregman divergence. For problems with
higher order smoothness, the analysis is carried out only in the Euclidean
case. The estimates we have obtained repeat the best currently known
estimates of gradient-free methods with one-point feedback for problems
of imagining a convex or strongly convex function. The paper uses three
main approaches to recovering the gradient through finite differences:
standard with a random direction, as well as its modifications with ker-
nels and residual feedback. We also provide experiments to compare these
approaches for the matrix game.
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1 Introduction

This paper is devoted to solving the saddle-point problem:

min max (z, y). (1)
It has many practical applications. These are the already well-known and classic
matrix game and Nash equilibrium, as well as modern machine learning prob-
lems: Generative Adversarial Networks (GANs) [11] and Reinforcement Learning
(RL) [12]. We assume that only zeroth-order information about the function is
available, i.e. only its values, not a gradient, hessian, etc. This concept is called
a Black-Box and arises in optimization [13], adversarial training [7], RL [9]. To
make the problem statement more complex, but close to practice, it is natural
to assume that we have access inexact values of function ¢(z,y,£), for exam-
ple, with some random noise £&. But even with the help of such an oracle, it is
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possible to recover some estimate of the gradient of a function in terms of finite
differences.

Let us highlight two main approaches to such gradient estimates. The first
approach is more well researched in the literature and is called a two-point
feedback:

(0l + 70yt 70,,6) = ol rery — e, ) (2 ).
T €y

An important feature of this approach is that it is assumed that we were able to
obtain the values of the function in points (z+7e, y+7e,) and (x—7e,, y—Tey)
with the same realization of the noise £. From the point of view of theoretical
analysis, such an assumption is strong and gives good guarantees of convergence
[SITOUT3]. But from a practical point of view, this is a very idealistic assumption.
Therefore, it is proposed to consider the concept of one-point feedback (which
this paper is about):

n _ e
e (pla + 70y + 70y, €) — ol — Ty e, € (52 ).
In general £ # €. As far as we know, the use of methods with one-point
approximation for saddle-point problems has not been studied at all in the lit-
erature. This is the main goal of our work.

1.1 Related works

Since the use of one-point feedback for saddle-point problems is new in the
literature, we present related papers in two categories: two-point gradient-free
methods for saddle-point problems, and one-point methods for minimization
problems. Partially the results of these works are transferred to Table

Two-point for saddle-point problems. Here, we first highlight work for
non-smooth saddle-point problems [5], as well as work for smooth ones [15]. Note
that in these papers an optimal estimate was obtained in the non-smooth case,
and in the smooth case only for a special class of ”firmly smooth” saddle-point
problems. Also note the work devoted to coordinated methods for matrix games
[6], which is also close to our topic.

One-point for minimization problems. First of all, we present works
that analyze functions with higher order smoothness: [2/TIT4]. These works are
united by the technique of special random kernels, which allow you to use the
smoothness of higher orders. Note that there is an error in work [2], therefore
Table 1 shows the corrected result (according to the note from [I]). The special
case of higher order smoothness is also interesting — the ordinary smoothness, it
is also analyzed in [2I1/T4], in addition we note the papers [I0JI7]. A nonsmooth
analysis is presented in [I0JI7]. Note that in paper [10], not only the Euclidean
setup is analyzed, but also the general case with an arbitrary Bregman diver-
gence, which gives additional advantages in the estimates of the convergence (see

Table .
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1.2 Owur contribution

In the nonsmooth case, we consider convex-concave and strongly-convex-strongly-
concave problems with bounded V,¢(z,y), Vyp(x,y) on the optimization set.
Our algorithm is modofocation of Mirror Descent with arbitrary Bregman di-
vergence. The estimates we obtained coincide with the estimates for convex op-
timization with one-pointed feedback [I0/I7]. Using the correct geometry helps
to reduce the contribution of the problem dimension to the final convergence
estimate. In particular, in the entropy setting, convergence depends on the di-
mension of the problem linearly (see Table [1| for more details in convex-concave
case and Table [2| - in strongly-convex-strongly-concave).

In the smooth case we obtained the estimates of the convergence rate with
arbitrary Bregman divergence for convex-concave case and in Euclidean setup
for strongly-convex-strongly-concave case. These estimates also coincide with the
estimates for convex optimization with one-point feedback [10].

To the best of our knowledge this is the first time when exploiting higher-
order smoothness helps to improve performance in saddle-point problems in both
strongly-convex-strongly-concave and convex-concave cases. The results also co-
incide with the estimates for minimization [I4/T].

In Tables [I] and [2] one can find a comparison of the oracle complexity of
known results with zeroth-order methods for saddle-point problems in related
works. Factor ¢ depends on geometric setup of our problem and gives a benefit
when we work in the Hoélder, but non-Euclidean case (use non-Euclidean prox),
ie. ||l =1-ll, and p € [1;2], then |||« = ||-|l4, where 1/p+1/q = 1. Then ¢ takes
values from 2 to oo, in particular, in the Euclidean case ¢ = 2, but when the
optimization set is a simplex, ¢ = co. In higher-order smooth case we consider
functions satisfying so called generalized Holder condition with parameter 8 > 2
(see inequality below). Note that it is prefer to use higher-order smooth
methods rather than smooth methods only if 5 > 3.

2 Preliminaries

To begin with, we introduce some notation and definitions that we use in the
work.

2.1 Notation

We use (z,y) def >, x;y; to denote inner product of z,y € R™ where z; is

the i-th component of = in the standard basis in R™. Then it induces ¢>-norm

in R” in the following way ||z 2 def V{(z,z). We define ¢,-norms as ||z||, Lef

>or, |xi|p)1/p for p € (1,00) and for p = co we use ||z Lef maxj<;<n |Ti|-
The dual norm || - ||, for the norm | - ||, is denoted in the following way:

lyllg e max {(z,y) | ||z, < 1}. Operator E[-] is full mathematical expectation

and operator E¢[-] express conditional mathematical expectation.
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Case Oracle Prob. Complexity Reference
two-point SP O (n§ : 572) 5]
non-smooth Min 10) (nl‘*‘% . 5—4) [10]
one-point 5
SP O (n'*7. ) this paper
two-point SP (@] ([ng or nj - 6_2) [15]
smooth . Min O(n® %) [10]
one-point —
SP @) (n2 . 573) this paper
Min O (n2+ﬁ . 8_2_%> [14i1]
higher order smooth  one-point

~ 2 2
Sp o(n“m.e”vﬁ) this paper

Table 1. Comparison of oracle complexity of one-point/two-point Oth-order methods
for non-smooth/smooth convex minimization (Min) and convex-concave saddle-
point (SP) problems under different assumptions. € means the accuracy of the solution,
n — dimension of the problem, ¢ = 2 for the Euclidean case and ¢ = oo for setup of

| - ||1-norm.
Case Oracle  Prob. Complexity Reference
' Min O (n*-e7®) [10]
non-smooth one-point —
SP @) (n2 . 573) this paper
two-point SP O(n-et) [15]
smooth ) Min O (n*-e7?) [10]
one-point —
SP @) (n2 . 572) this paper
~ B
Min O (n2+ = ~s‘ﬁ) [T41]
higher order smooth  one-point

5 (75 1) this
SP O(n""B-T.g F this paper

Table 2. Comparison of oracle complexity of one-point/two-point Oth-order methods
for non-smooth/smooth strongly-convex minimization (Min) and strongly-convex-
strongly-concave saddle-point (SP) problems under different assumptions.

Definition 1 (u-strong convexity). Function f(x) is p-strongly convez w.r.t.
I-lI-rorm on X C R™ when it is continuously differentiable and there is a constant
> 0 such that the following inequality holds:

) = f@) +(Vi()y =)+ Gly—al’. Yayex.

Definition 2 (Prox-function). Function d(z) : £ — R is called prox-function
if d(z) is 1-strongly conver w.r.t. || - ||-norm and differentiable on Z.
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Definition 3 (Bregman divergence). Let d(z) : Z — R is proz-function.
For any two points z,w € Z we define Bregman divergence V,(w) associated
with d(z) as follows:

Vi(w) = d(z) — d(w) — (Vd(w), z — w).

We denote the Bregman-diameter 2z of Z w.r.t. V., (22) as
= d:ef max{ 2‘/21 (2’2) ‘ 21,22 € Z}

Definition 4 (Prox-operator). Let V,(w) Bregman divergence. For all x € Z
define proz-operator of &:

prox, (§) = arg ggg (Va(y) + (&) -

Now we are ready to formally describe the problem statement, as well as the
necessary assumptions.

2.2 Settings and assumptions

As mentioned earlier, we consider the saddle-point problem , where ¢(-,y)
is convex function defined on compact convex set X C R™, ¢(z,-) is concave
function defined on compact convex set J C R™v. For convenience, we denote
Z = X x )Y and then z € Z means z def (z,y), where x € X, y € Y. When we
use p(z), we mean ¢(z) = ¢(x,y).

Assumption 1 (Diameter of Z) Let the compact set Z have diameter (2.

Assumption 2 (M-Lipschitz continuity) Function ¢(z) is M -Lipschitz con-
tinuous in certain neighbourhood of Z with M > 0 w.r.t. norm || - |2 when

p(2) = ()| < M|z =22, V2,2 € Z.
One can prove that for all z € Z we have

IVe(2)]l2 < M. (2)

Assumption 3 (u-strong convexity—strong concavity) Function ¢(z) is u-
strongly-convez-strongly-concave in Z with p > 0 w.r.t. norm || - |2 when ¢(-,y)
is p-strongly-convex for all y and ¢(x,-) is p-strongly-concave for all x w.r.t.

-2

Hereinafter, by Vi(z) we mean a block vector consisting of two vectors
Vee(z,y) and —Vy(z, y). Recall that we do not have access to oracles Vyo(z, y)
or Vyp(x,y). We only can use an inexact stochastic zeroth-order oracle ¢(z,y, &, 0)
at each iteration. Our model corresponds to the case when the oracle gives an
inexact noisy function value. We have stochastic unbiased noise, depending on
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the random variable ¢ and biased deterministic noise §. One can write it the
following way:

@(m,y,é) znp(ﬂc,y)—&-ﬁ—i-é(ac,y) (3)

Note that 6 depends on point (z,y), and ¢ is generated randomly regardless of
this point.

Assumption 4 (Noise restrictions) Stochastic noise £ is unbiased with bounded
variance, § is bounded, i.e. there exists A,o > 0 such that

E¢=0, E[&]<o® |5 <A (4)

3 Theoretical results

Since we do not have access to V,p(z,y) or Vyp(x,y), it is proposed to replace
them with finite differences. We present two variants: using a random euclidean
direction [I6/10] in non-smooth case and a kernel approximation [IIT4] in smooth.
These two concepts will be discussed in more detail later in the respective sec-
tions. As mentioned earlier, we work with one-point feedback. We use Mirror
Descent as the basic algorithm, but with approximations instead of gradient.

3.1 Non-smooth case

Random euclidean direction. For e € RS5(1) (a random vector uniformly
distributed on the Euclidean unit sphere) and some constant 7 let @(z+7e, £) &f
O(x + Tey, y + Tey, £), where e, is the first part of e size of dimension n,, and
e, is the second part of dimension n,. Then define estimation of the gradient

through the difference of functions:

n(gz+7e, ") —g(z—7e,{7)) [ €=

g(z0,m,6%) = - NG

—e,
where n = ng + ny. It is important
that £ and £~ are different variables
Algorithm 1 zoopMD — this corresponds to the one-point
Input: 20, N, ~, 7. concept. Next, we present Algorithm
for k=0,1,2,...,N do [[ - a modification of Mirror Descent
Ze+1 = prox,, (Ve - 9(zk, €k, T, &) with . Note that any Bregman di-
end for vergence can be used in the prox op-
Output: Zy. erator. This allows us to take into ac-

count the geometric setup of the problem. e and f;ﬁ are generated independently
of the previous iterations and of each other. Here Zy = ﬁ Zi]\io z;. Below we
give technical facts about . Note that we do not provide proofs in the main
part of the paper, they are all in the Appendix.
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Lemma 1 (see Lemma 2 from [4] or Lemma 1 from [5]). For g(z,e,7, &%)
defined in under Assumptions 2 and 4 the following inequality holds:

n?(o? + AQ)) 7 (©)

E [llg(z e 7 5)3] < 3a (3nM2 + i

T

where a? is determined by E[lle[|2] < \/E[|le]|4] < a2 and the following statement

s true

ag = min{2q — 1,32logn — S}n%_l, Vn > 3. (7)

Next we define an important object for further theoretical discussion — a
smoothed version of the function ¢ (see [I3I16]).

Definition 5. Function ¢(z) defines on set Z satisfies:

¢(2) = Ee [p(z + Te)]. (8)

To define smoothed version correctly it is important that the function ¢ is
specified not only on an admissible set Z, but in a certain neighborhood of it.
This is due to the fact that for any point z belonging to the set, the point z + Te
can be outside it.

Lemma 2 (see Lemma 8 from [16]). Let ¢(2) is p-strongly-convez-strongly-
concave (convex-concave with = 0) and e be from RS4(1). Then function ¢(z)
18 p-strongly-convez-strongly-concave and under Assumption 2 satisfies:

sup [(2) — ¢(2)] < 7M. (9)
z€Z

Lemma 3 (see Lemma 10 from [16] and Lemma 2 from [4]). Under
Assumption 4 it holds that

(10)

Anayg

[Ee.elg(z,e,7,65)] = V@(2)|lq < (11)
Now we are ready to present the main results of this section. Let begin with
convex-concave case (Assumption 3 with p = 0)

Theorem 1. Let problem with function p(x,y) be solved using Algorithm
with the oracle . Assume, that the set Z, the convex-concave function ¢(x,y)
and its inexact modification o(x,y) satisfy Assumptions 1, 2, 4. Denote by N
the number of iterations and v, = v = const. Then the rate of convergence is
given by the following expression:

3022 n 3y M2, n Aflna,

E [esaa(2n)] < 279(N + 1) 2

+ 27M.
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2 2 2
2 is a diameter of Z, M2, =3 (?mM2 + anijA)) a2 and

sad(Z = TN, ") — i /77 . 12
€sad(2N) = maxp(Zy,y') — min o(z', gv) (12)

Let analyze the results:

Corollary 1. Under the assumptions of the Theorem 1 let € be accuracy of the
solution of the problem obtained using Algorithm . Assume that

2 (o ni+2%1 ET
! Q(ni+21qMNi>’ ’ Q<M Ni ) O(Qnaq)’ 19)

then the number of iterations to find e-solution

i
N=0O [C*(n, q)M* 2" + o] |,

c4

2 o n? ET
—of__° — 9. A=
! 9<néMNi>7 ! 9<M Ni)’ O<Qnaq>’

n%C"l(n q) n?
N=0O 74’M4Q4+—404 )
€ €

where C(n,q) = min{2q — 1,32logn — 8}.

Analyse separately cases with p =1 and p = 2.

p, (1<p<2)|gq (2<¢g< )| N, Number of iterations

p=2 qg=2 O (n?c™")

p=1 q = o0 O(nlog4n~5_4)
Table 3. Summary of convergence estimation for non-smooth case: p =2 and p = 1.

Next we consider pu-strongly-convex-strongly-concave. Here we work
with V. (w) = 3|z — w3

Theorem 2. Let problem (1)) with function ¢(x,y) be solved using Algorithm
with V.(w) = 1|z — w3 and the oracle (§)). Assume, that the set Z, the
function (x,y) and its inexact modification ¢(x,y) satisfy Assumptions 1, 2,



One-Point Gradient-Free Methods for Saddle-Point Problems 9

8, 4. Denote by N the number of iterations and vy, = ﬁ Then the rate of

convergence is given by the following expression:

M2, log(N +1)  Anf2
2u(N +1)

E[p(Zn,y") — p(a*, gn)] < +2rM

2 is a diameter of Z, M?, =3 (3nM2 M)

From here one can get

Corollary 2. Under the assumptions of the Theorem 2 let € be accuracy of the
solution of the problem (1 ) obtamed using Algorzthml Assume that

T_<\/:T\24\/7>A0 o)

then the number of iterations to find e-solution

2 2,2 2
N = O(nM Mn3a>.
UE LUE

Random euclidean direction with residual feedback. In this part of
the work we use the technique from [I7]. In more detail, in Algorithm [1] we
replace g(zk, ek, T, E,:Ct) with

G(Zky Zk—1, €k, €6—1, &y Ep—1)

_n (P(zr + 7€y, &) — Pl2r—1 + 7€, —1,k—1)) (er)s . (14)

T —(ex)y

The main advantage of this technique is that it requires only one call to the
oracle per iteration.

We consider only convex-concave case in the Eulidean setup, i.e. V,(w) =
]|z — w||3. Let us carry out reasoning similar to the analysis of Theorem

Lemma 4. For g e (2K, 2k—1, €k, €k—1, &k, Ek—1) defined in under As-
sumptions 2 and 4 the following inequalities holds:

~ iy 12n%(0? + A?) 1

B (1) < o*E [laold] + (2T iz ) (o a9
where o = 672:# < 1.
Lemma 5. Under Assumption 4 it holds that

- ) — _ €i)x

v@(Zk) — ]Eek n ((P(Zk + Tek) SD(Z + Teg 1)) ( k’) , (16)

T —(er)y
An

IEe, 3] — V(20)]l2 < — - (7



10 A. Beznosikov, V. Novitskii, A. Gasnikov

Theorem 3. Let problem with function p(x,y) be solved using Algorithm
with V. (w) = $||z—wl|3 and the oracle (14)). Assume, that the set Z, the convex-
concave function p(x,y) and its inexact modification ¢(x,y) satisfy Assumptions
1, 2, 4. Denote by N the number of iterations and vy, = v = const. Then the
rate of convergence is given by the following expression:

302° 3y

+ E [Ilgoll3]

E [esaa(2n)] < 279N +1)  2(N+1)(1-a)

3 12n2(02 + A? A
N PO+ AT ozt 4 o2rar 4 29

2(1 — ) 72 T
2 is a diameter of Z, a = 672:# < 1.

Next we analyze the results:

Corollary 3. Under the assumptions of the Theorem 3 let € be accuracy of the
solution of the problem obtained using Algom'thm with . Assume that

07 o n: T
— _ — —_— A: _—
! <6nMNé> 0 7=0 <M Ni> ’ © <Qn)

then the number of iterations to find e-solution

n’ 404 4

3.2 Smooth case

Assumption 5 (Gradient’s Lipschitz continuity) The gradient Vo(z) of
the function ¢ is L-Lipschitz continuous in certain neighbourhood of Z with
L >0 w.r.t. norm || - |2 when

[Vo(z) = V()| < Lz =22, V2,2 €Z.

Lemma 6 (see Lemma A.3 from [1I]]). Let ©(z) be convez-concave (or -
strongly-convex-strongly-concave) and e be from RS (1). Then function $(z) is
convez-concave (u-strongly-convez-strongly-concave) too and under Assumption

[3] satisfies:

2
sup [(2) — ()| < “-. (18)
z€EZ
Theorem 4. Let problem with function p(x,y) be solved using Algorithm
with the oracle . Assume, that the set Z, the convex-concave function ¢(x,y)
and its inexact modification ¢(x,y) satisfy Assumptions 1,4,5. Denote by N the
number of iterations and vy, = v = const. Then the rate of convergence is given
by the following expression.:

3022 n 3y M?Z, n Af2nag

L2,
2N 2 ;T

E [Esad(gN)] <
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2 is a diameter of Z, M2, =3 (?mM2 + M) az.

Let’s analyze the results:

Corollary 4. Under the assumptions of the Theorem[]] let ¢ be accuracy of the
solution of the problem obtained using Algorithm . Assume that

[0 o notia eT
v Q(n +32QMN§>’ T @<M N& >’ O(Qnaq>’ (19)

then the number of iterations to find e-solution

142 3.3
B n'a 3,3 L°0
NO<§{MQ+M3]>.

=

Theorem 5. Let problem with function o(x,y) be solved using Algorithm
with V.(w) = 3|z — w||3 and the oracle ([f)). Assume, that the set Z, the
function ¢(x,y) and its inezact modification ¢(x,y) satisfy Assumptions 1, 3,
4, 5. Denote by N the number of iterations and vy, = ﬁ Then the rate of
convergence is given by the following expression:

M2, log(N +1)  Anf2

L2,
2u(N +1) * T T

Efp(Zn,y") — p(z*,un)] <

2 is a diameter of Z, M2, =3 (3nM2 + M)
Let’s analyze the results:

Corollary 5. Under the assumptions of the Theorem[] let & be accuracy of the
solution of the problem obtained using Algorithm . Assume that

2 1
.o n2 ET
= Z . A= i
i 9( uL Ni)’ O(Qn)’

then the number of iterations to find e-solution

N=0 ("M2 n Ln2§2) .
e e

3.3 Higher-order smooth case

In this paragraph we study higher-order smooth functions ¢ functions satisfying
so called generalized Holder condition with parameter 8 > 2 (see inequality
below).
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Higher order smoothness Let [ denote maximal integer number strictly less
than 8. Let F3(Lg) denote the set of all functions ¢ : R” — R which are
differentiable [ times and for all z, zy € U,,(Z) satisfy Holder condition:

1 m m
POEEDY P e(z0)(z = z0)™ | < Lz — 20’ (20)
0<|m|<l
where Lg > 0, the sum is over multi-index m = (my,...,m,) € N, we use the
notation m! =mq!-----myl, |m| =my +--- 4+ m, and we defined

Im|
8 @(20) Zml

D™ m_ _ Y F\0)
#(z0)2 Omizy ... 0m"z, !

..... Z"l", Vz = (Z]_’ .. .,Zn) S R™.

Let F,, g(Lg) denote the set of pu-strongly-convex-strongly-concave functions
p € Fa(Lp).

To use the higher-order smoothness we propose smoothing kernel though
this is not the only way. We propose to use Algorithm [2| which uses the kernel
smoothing technique. In fact the Algorithm [2] arises from Algorithm [I] in the

1

Euclidean setting (V. (w) = &z — wl|3).

Algorithm 2 Zero-order Stochastic Projected Gradient
Requires: Kernel K : [—1,1] — R, step size y% > 0, parameters 7.
Initialization: Generate scalars r1,...,rny uniformly on [—1,1] and vectors
e1,...,en uniformly on the Euclidean unit sphere S, = {e € R" : ||e|| = 1}.
for k=1,...,N do
L G o= p(zn + Terrer) + &5, & = p(zn — Twrrer) + &

—(ex)
3. Update zk11 := g (2 — Yugk)
end for
Output: {zk}szl.

_ S B CT P
2. Define g, := H(@Z - &x) K(rg)
y

To use the higher-order smoothness we propose we need to introduce addi-
tional noise assumption:

Assumption 6 For all k=1,2,..., N it holds that

1. E[¢}?] < 0? and E[¢;,%] < 02 where 0 > 0;
2. the random variables f,j and &, are independent from ey, and ry,, the random
variables ey and ry, are independent.

In other words we assume that d(x,y) in is equal to zero. We do not
assume here neither zero-mean of & and &, nor i.i.d of {&}Y | and {& Y,
as item [2] from Assumption [6] allows to avoid that.



One-Point Gradient-Free Methods for Saddle-Point Problems 13

Kernel For gradient estimator g we use the kernel
K:[-1,1] - R,
satisfying

E[K(r)] =0, E[rK(r)] = 1, ElK(r)] =0, j = 2,... .1, E|r|’| K (r)[] < o0,
(21)
where r is a uniformly distributed on [—1,1] random variable. This helps us
to get better bounds on the gradient bias ||gr — V f(2x)|| (see Theorem [g] for
details). The examples of possible kernels are presented in Appendix [E|
For Theorem [6] and Theorem [7] we need to introduce the constants

/me'\m (22)

K= /K2(u) du. (23)

It is proved in [2] that x5 and x do not depend on n, they depend only on 3:

and

Kp < 2V2(8 - 1), (24)
k< V/3B°2. (25)

Theorem 6. Let ¢ € F, g(L) with u, L > 0 and § > 2. Let Assumption @
hold and let Z be a convexr compact subset of R™. Let ¢ be M -Lipschitz on the
Euclidean T -neighborhood of Z (see 11, below).

Then the rate of convergence is given by Algorithm [3 with parameters

_ 3ko?n 35 1 _ 2
”‘(mﬁ—nwww)

satisfies

Elp(@n,y") — p(z*,7n)] < maffE (TN, y)] — ggj{}E [p(z, YN )]

ye
<L (nQ‘}féll 14, N HnN)) ,
% N7 N
N -
where Zy = % Y. 2k, A1 = 3B(ko? ) N (HﬂL) Ay = 9kG?, kg and K are

k=1
constants depending only on (3, see and .

We emphasize that the usage of kernel smoothing technique, measure con-
centration inequalities and the assumption that £, is independent from ej or
7, (Assumption [6) lead to the results better than the state-of-the-art ones for
B > 2. The last assumption also allows us not to assume neither zero-mean of

&5 and & nor i.i.d of {& 1Y, and {& 1Y,



14 A. Beznosikov, V. Novitskii, A. Gasnikov

Theorem 7. Let ¢ € Fg(L) with L > 0 and § > 2. Let Assumption [6 hold
and let Z be a convexr compact subset of R™. Let @ be M-Lipschitz on the Eu-
clidean 1 -neighborhood of Z (7, is parameter from Theorem@ for the regulam'zed

function ¢, (z) whose description is given below). Let Zy denote Z 2k

Let’s define N(¢g):

B
B—

N(e) = max{(R\/E) (RM) nl:rpp)}

where Ay = 33(ko?) & (HBL) Ay = 9kG? — constants from Theorem@ p>0
— arbitrarily small positive number, ¢ — constant which depends on p.
Then the rate of convergence is given by the following expression:

Elp@y.y") —¢(@”9y)] < maxElp(zy, y)l - minElp(z,gy)) <e (26)
after N (e) steps of Algom'thm with settings from Theorem@for the regularized

Junction: ¢, (z) = ¢(2)+ §llz—zol>~ §lly—yoll?, where p < 7, R = [l20— 2",
zo € Z — arbitrary point.

4 Experiments

In our experiments we consider the classical bilinear problem on a probability
simplex:

. T
iy, s v Cal )
This problem has many different applications and interpretations, one of the
main ones is a matrix game (see Part 5 in [3]), i.e. the element ¢;; of the matrix
are interpreted as a winning, provided that player X has chosen the ¢th strategy
and player Y has chosen the jth strategy, the task of one of the players is to
maximize the gain, and the opponent’s task — to minimize.
The step of our algorithms can be written as follows (see [5]):

[yx]i exp(vk[gyli)
;1 [Wk)j exp(Yrlgyl;)

[2]: exp(—=7k[gz]:)
; [2k]; exp(—7k[gz]5)

[Tk+1]i = N

)

where under g,, g, we mean parts of g which are responsible for x and for y. Note
that we do not present a generalization of Algorithm [2]in an arbitrary Bregman
setup, but we want to check in practice.

We take matrix 50 x 50. All elements of the matrix are generated from the
uniform distribution from 0 to 1. Next, we select one row of the matrix and
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generate its elements from the uniform from 5 to 10. Finally, we take one element
from this row and generate it uniformly from 1 to 5. Finally, the matrix is
normalized. Further, with each call of the function value y” Cx we add stochastic
noise with constant variance (which is on average 5% or 10% of the function
value).

The main goal of our experiments is to compare three gradient-free ap-
proaches: Algorithm (1| with and approximations, as well as Algorithm
We also added a first order method for comparison. Parameters v and 7 are
selected with the help of grid-search so that the convergence is the fastest, but
stable. See Figure [I] for results.

Comparison of FO and ZO in the stochastic case Comparison of ZO algorithms in the stochastic case
10° 10°
o o
107! 10—
N W\ 107
| 1072 !
< < 102
=107 —A— ZO Std =
o, ~ 107
=10 »— ZORF = —&— Std
N L N 10-4
1 105 —m— ZO Ker I RF
= =
N6 —+— FO TTRY— N1 —m— Ker L
-7
1075 10000 20000 30000 40000 0 106000 20000 30000 40000 50000
Iteration number, N Iteration number, N
(a) noise 5% (b) noise 10%

Fig. 1. Algorithmwith (ZO Std) and (ZO RF) approximations, Algorithm
(ZO Ker) and Mirror Descent (FO) applied to solve saddle-problem with noise
level: (a) 5%, (b) 10%.

Based on the results of the experiments, we note that the gradient-free meth-
ods converge more slowly than the first-order method — which is predictable. The
convergence of zeroth-order methods is approximately the same, the only thing
that can be noted is that the method with a kernel is subject to larger fluctua-
tions.
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A General facts

Lemma 7 (see inequality 5.3.18 from [3]). Let d(z) : Z — R is proz-
function and V,(w) define Bregman divergence associated with d(z). The follow-
ing equation holds for r,y,u € X:

(Vd(z) = Vd(y),u — ) = Vy(u) = Va(u) = Vy(2). (28)

Lemma 8 (Fact 5.3.2 from [3]). Given norm | - | on space Z and proz-
function d(z), let z € Z, w € R™ and z4 = prox,(w). Then for allu € Z

(w, 2 —u) < Vz(u) = Ve (u) = Val(zy). (29)
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Lemma 9. For arbitrary integer n > 1 and arbitrary set of positive numbers
ai,...,a, we have

(Z al-) < mZa?. (30)
i=1 i=1

Lemma 10 (Lemma 9 from [16]). For any function g which is M-Lipschitz
with respect to the o-norm, it holds that if e is uniformly distributed on the
Fuclidean unit sphere, then

3M?
p_—

VE[(g(e) —Eg(e))1] <

B Proofs for Section [3.1]

Lemma 11. For g(z,e,7,£%) defined in under Assumptions 2 and 4 the
following inequality holds:

2 2 A2
E [Hg(z,e,T, §i)||§] < 3(13 (37”LM2 + TL(O'Jr)) )

T2

2 : 2 / 2 :
where ag is determined by Ele||;] < \/E[lle]|7] < ag and the following statement

s true
ag = min{2q — 1,32logn — 8}71%717 Vn > 3.

Proof. Using a simple fact , we obtain the following inequalities:

E[Hg(z,e,ﬂg )H {HQn 5(z+Te,&T) — @(Z—Te,f_))eHQ]

q

=E [H; (o(z+7e) + £ + (2 + 7€) — p(z — 7€) =& — (2 — Te)) eHj

< 4 TS Iz + 7€) — (= — re)) efl2] + %E [liter &) el]

2 (160 + re) — 8z — re)yel]
3n?

< 3 [l 4+ 7e.9) — ol — e, €) el + S [((€9)2 + (€7 llel]
—i—%E [((6(2+Te))2+(6(z—7e) le]] }
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By independence of £+ and e, we have

3n?
p
3n?
ﬁ
3n?

E[llg(z e, 5)7] <

+

272

3n?

3n?

T

Taking into account the symmetric distribution of e and Cauchy—Schwarz in-

equality:
E lo(z. e, 6512 < 2B [Ba [(6( + re) — 0)? el2]] + 22
2B (6 + 7)) + 00z — 7)) el
< Ik |yfEe [(ole + 7e.6) — o)) ﬁ [neué]l
ﬁ;”E [Ee [((69)2 + (7)) llell?]]
FI B [((00: + 7))+ (3(z - 7e))?) el
< Sriag Ee \/Ee (= +7e,6) - a)‘*” J Sta(0”+ &%)

In the last inequalities we use and (7). Substituting a = E [¢(z + Te)], ap-
plying Lemma with the fact that p(z + 7e) is 7M-Lipschitz w.r.t. e in terms

of the || - ||2-norm we get

E [Jlg(z,e,7,6%)|2] < 342 (3an N

Lemma 12. Let p(2) is p-strongly-convez-strongly-concave (convex-concave with
w=0) and e be from RS5(1). Then function $(z) is u-strongly-convez-strongly-

Ee [Ee [((€9)2 + (€)%) llell?]]

2

)

< 2B [Be [ (oo + 70) — 0" + (6~ 70) ~ @) el

E[((6(z+ 7€) + (5( = 7))%) [lell2]

Ee [Ee [((69)2+(57)?) llel

E¢ [Ee {(w(z +7e) —a—p(z—7e) +a)’ ”eHEH
Ee |E¢ |((€7) +(67)°) llelly]

+E (5= + 7€) + (5= — 7¢))?) le]2

concave and under Assumption 2 satisfies:

sup [¢(z) — (2)] < 7M.

zZEZ

T

2

n2(02+A2)>.

2
q

/]
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Proof. Using definition of ¢:

¢(2) = 9(2)| = [Eelp(z + 7€)] — p(2)| = [Ee [p(z + Te) — p(2)]]-
Since ¢(z) is M-Lipschitz, we get

[Ee [p(z + 7€) — ¢(2)]] < [Ee [M||Te|l2]| < M.

Lemma 13. Under Assumption 4 it holds that

- n(p(z + 7€) — p(z — Te)) €
2T ’

Anayg

IEelg(z e, 7,65)] = Vi(2)q < ~

Proof. The proof of is given in [16] and follows from the Stokes’ theorem.
Then

n(d(z+7e)—d(z—7e)) [ €

Ee,é[g(zvevTv gi)] - @927(2) =Ee 2

7ey

Using inequalities and definition of a, completes the proof.
O

Theorem 1. Let problem (1]) with function ¢(x, y) be solved using Algorithm
[1]with the oracle (5]). Assume, that the set Z, the convex-concave function ¢(z, y)
and its inexact modification @(x,y) satisfy Assumptions 1, 2, 4. Denote by N
the number of iterations and v, = v = const. Then the rate of convergence is
given by the following expression:

3022 n 3vM?2, L Af2na,

< 27 M.
= 2y(N +1) 2 +er

E [Esad(ZN)]

2 is a diameter of Z, M2, =3 <3nM2 + M) az and
= _ —_ / _ . / —
€sad(ZN) = max PN, y') — min p(a’, gn).

Proof. We divided the proof into three steps.

Step 1. Let g def v9(zk, €k, T, f,f) By the step of Algorithm Zpy1 =
prox_, (gx). Taking into account , we get that for all u € Z

(ks k41 — w) = (Gr, 241 — 2 + 25 — u) < Vo (u) = Vo (w) — Vi (241)-
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By simple transformations:
(grs 2k — w) < (ghs 26 — 2rt1) + Vo (u) = Vi, (u) = Va, (2k41)
1
< grs 20 = 20t1) F+ Vo (W) = Vi (@) = Sllzig — 2

In last inequality we use the property of the Bregman divergence: V,(y) > 3|z —
yl|2. Using Holder’s inequality and the fact: ab — ¥°/2 < @*/2, we have

1
(gh, 2k = u) < llgkllallzr = 2rsillp + Ve (w) = Ve (w) = Sz = EA
1
< ‘/Zk (u) - ‘/Zk+1<u) + 5”ng3 (32)

Summing over all k from 0 to N and by the definitions of g; and {2 (diameter
of Z):Vue Z

N N
22 72
72(9(Zk7ek5755ki)a S 7 ?ZHQ Z]ﬁek?aTag]:ct)Hg' (33)
k=0 k=0

Let Ay % g(zr, ex, 7 ,s,n V(zy,) and D(u) &

szo Y{Ak,u— zp). Substitut-
ing the definition of D(u) in . we have for all u €

Z

N 022 42
7YY (Vak), 2k —u) < - + 5Z||g 2,0, &0l + D). (34)
k=

By V(z) we mean a block vector consisting of two vectors V,¢(z,y) and
—Vy<,27(x7y)
Step 2. We consider a relationship between functions ¢(z) and ¢(z). Com-

bining and (9) we get

Esad(zN) < Iyr}gi;(@(i‘]\h y/) - 3161% (,27($/, :UN) +27M.

Then, by the definition of Z 5 and gy (see ), Jensen’s inequality and convexity-
concavity of ¢:

N N
1 1
€sad(ZN) < max (N 1 <k2_0$k> y) min ¢ < N1 <k§_0yk>>

+2TM

N
- 2T M.
Plowy)) = iy oy X 00+ 20

k: k=0

Given the fact of linear independence of " and y':

N

1
sad(ZN) < > N — @ 27 M.
€sad(ZN) <m1283)é5N+1Z(‘P(z’“’y) G, yp)) + 27
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Using convexity and concavity of the function ¢:

N
1 . .
€sad(2N) < max  ——— " (@(ax,y') — P2, yx)) + 27 M

(@' y)ez N+ 1=
1 N
= N1 Am’/_Axv +A§C7 _Axl7
(x,,y,)ﬁmﬂgm 0 8) = G(@ v) + lan, ue) — (k)
+2TM
1 N
< max —— V., @(xr, oy — (Va b2k, P——
(2’ y’)}éZN—Fl ];(< y‘p( k yk) Yy yk> < gp( k yk) b >)
+2TM
N ~

Step 3. Combining expressions , , @ and taking full mathematical
expectation, we get

E [Esad(zN)] +

< +
“2(N+1) 2 T AN+1)

022 M? 1
TYMau E [
uez

maxD(u)} + 27 M. (36)
Let’s estimate D(u). For this we prove the following lemma:

Lemma 14 (see Lemma 5.3.2 from [3]).

N +1)A2na,
T

E {maxD(u)] <%+ il

may FPME(N D), @37)

where M2, g (ch2 + M) a2 is from Lemma 1.

Proof. Let define sequence v: vy &f 21, V41 def prox,, (—pyAy) for some p > 0:

N
D(u) = WZ<—A;€, 2k — )
k=0
N N
=7 (A2 —ve) +v Y _(— Ak, v — u). (38)
k=0 k=0

By the definition of v and an optimal condition for the prox-operator, we have
forallu € Z

(—vpAr — Vd(vgt1) + Vd(vis1),u — vgg1) > 0.
Rewriting this inequality, we get

(=71pAk, vk — u) < (—=7pAk, vk — Vk41) + (Vd(Vkt1) — Vd(0k), u — vk41).
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Using :

(=71pAk, vk — u) < (=7pAk, vk — Vk1) + Vi (1) = Vi iy (1) = Vi, (k1)
Bearing in mind the Bregman divergence property 2V, (y) > ||z — y”f,:
(=pAk, v — u) < (=VpAk, vk — Vy1) + Vi (u) = Vi, (u) — %Hvk-i-l — vgl3.

Using the definition of the conjugate norm:

IN

1
(=vpAk, v —u) < [vpAkllg - vk — vetallp + Vi, (w) = Vi, (u) — DL okl

P’Y

< —— ||Ak||2+Vvk( ) _V'Uk+1(u)'

Summing over k from 0 to N:
N N
3 0= A = 1) € Vi 1) = Vo () + 25 3 A 2
k=0 k=0
Notice that V,(y) > 0 and V,, (u) < 2°/2:
al Py’
kzzoﬂ—ﬂlmvk —u) S TE:HAkH2 (39)

Substituting into :

N
Dl <327 (B =20 + o > OHAkHi-
The right side is independent of u, then
N
max D(u) < kz:(:) YAk, vk — 2k) + - + Z | A2, (40)

Taking the full expectation:

E{melxuﬂ glE[ﬁéy(Amvk 2)

ueEZ
k=1

++ﬂZMW]

Using the independence of ey, ..., ey, Eli, . ,fjj\t,, we have

N
E {maxD(u)} <E [Z VEe, ¢ [(Ak, vk — 21)] + — + fE [Z ||Ak||q] .

ucEzZ
k=0
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Note that vi — 2z does not depend on ey, &;. Then

N

2: Eey.e, [Ak] vk — 2k)

k=

022
]E{maXD } +——|——E

ucz

Z 14115

I—l

By and definition of diameter {2 we get

E |max D(u) <AQ”“‘12N: = lzN: E [||4k]2]
uczZ - T k:07 2p 2 P k

To prove the lemma, it remains to estimate E [||Ak||§]:

E[IAkl2) < E [lg(zk ex 765 67) — Volan)lZ]
< 2K [lg(an, ex, 7,68, 60)2] + 2 [ V() 2]

n(p(z+7e) — p(z —7e))
27

< 9E [lg(0. e, 6 F) 2] + 2E °

]
q
USing Lemma we have E [HAk”(ﬂ < 4Ma2llv whence

< —+

2 + 2072 M3y (N +1).

E {max D(u)

ueEzZ

} 2% y(N +1)A2na,
T

Taking p = 1/2 ends the proof of lemma.

O
(36) with this lemma gives
3022 3yM?2,  AQna
E[e00q(Zn)] < all 4 4 or M.
[esaa(ZN)] < (NI tet 2T
This completes the proof of the theorem.
O

Theorem 2. Let problem (1) with function ¢(z, y) be solved using Algorithm
With V.(w) = 3||z—wl|3 and the oracle (). Assume, that the set Z, the function
©(x,y) and its inexact modification @(z, y) satisfy Assumptions 1, 2, 3, 4. Denote
by N the number of iterations and v, = ﬁ Then the rate of convergence is
given by the following expression:

M?,log(N +1) Anf2
2u(N +1)

Ep(Zn,y") — p(z*, gn)] < +2rM
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Proof. We start this proof from substituting definition of g; and v = z* in :

27k<g<zk7ek77—7 fki)’zk - Z*> < ”Zk - Z*HQ - sz+1 - Z*H2 + Vi‘lg(zk?ekaﬂ 5;)”2

With small rearrangement
29(V@(zr), 2 — 2%) < llzi = 2°|1° = 2w = 217 + 129 (zr e, 7, 601
+27(V 3 (k) — 9(zh, ek, 7, E5), 21 — 27).

On the other hand with @D and Lemma 3 we get

o, y") — p(a™,yr) = ¢(ar, ") + @k, ¥*) — ¢(zr, y™)|
=™, yr) + (2™, yx) — @(a", )|

S @(I’lﬂy*) - ¢(x*7yk) + 2T M

<

@(xkay*) - @(Jf‘]ﬁ yk) + @(‘/Elwyk?) - @(‘q"*ayk}) + 2rM
~ * 1Y *
—Vyo(@r, yr), yp — Y*) — 5“:% —y*|?

IA

H=Vo(Th, Yr), T — ) — %ka —z|?+2rM

= (Vo). 2n — =) = Sllaw — 2|2 + 27 M.
By connecting we have

2y (p(h, y™) — o(2*,yn)) < (1= pyi)llze — 2°11° = Nlzera — 2% 12 + 29 (ze, ek, 7, 1) 113
+27(VP(2k) — g(2k, €k, T fki)v zp — 2") + 4T M.

Taking the total expectation and taking into account that zp — z* does not
depend on eg, &:

1
Elp(zk, y*) — p(@*, yr)] < (2% - ’;) Ellzx — z*|?
1 2y dk
~gorEllzr =21 + S Elg(ar, e, 6013

+E(Ee, ¢, [Vé(zk) — g2k, e, T, Efct)]a 2 —2°) + 27 M.

With (6], with a, = 1 (Euclidean case) we get

Elp(e,y") — p(e*, )] < ( - ) Ellzt — 27 = ——Ellzir — 2°|

2 2 2k
M? AnS?
+ el 2 or .
T
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Summing over all k£ from 0 to N, we have

N
E Z‘p(xkvy*) -
k=0

(=
pSY
8
<
Ead
=
IN
M7
RS
—_
—
N =
N——
=
~
>
I
N
_*
T

k=0 1 2% 27k
N
I p 1|2 o
|3 2>|ZO P+ =5 ;0%
Anf2(N +1
LAMN Y o n 1),
T

With ¢ = m we get

N N

. . M2, log(N +1)  Anf2(N +1

E Y el@ry®) = > el ,yk)] < —all g/i ) 4 (T ) forM(N 4+ 1),
k=0 k=0

It remains only to apply Jensen’s inequality to the left-hand side:

M2, log(N +1)  Anf2
2u(N +1)

E[p(Zn,y") — p(z",gn)] < 1+ 27 M.

O

Lemma 15. For g def (2K, Zk—1, €k, €k—1, &k, Ex—1) defined in under As-
sumptions 2 and 4 the following inequalities holds:

N . 12n%(0? + A?) 1
E [5]2] < o*E [I50]3] + ( STV g
T 11—«
where o = 672?# < 1.
Proof.

E [13(zks 2k—1, €k, €k—1, &k Ek—1) 13]

n2

= B [(@(Zk +7ek, &) = P2k-1 + TeR-1, g,H))?]
n2

= ﬁ]E [(@(zk +7eg) + &+ 0(z; + Ter) — o(zp—1 + T€K—1) — &1 — I(2—1 + Tek,l))2

With a simple fact , we get

N 6n2
E [l1gkl3] < ?E (67 + 0% (2 + Ter) + iy + 6% (zh—1 + Tep—1)]

+6T7122E [(%O(Zk +7er) — (zK—1 + Tek))Q]

6n
+—5E [(p(zn1 + mer1) — @(zn1 +7er))?]
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Next we use and and have

12n2(0? + A?) N 6n2M

E [13:l3] < = E ||zt — zk—13] + 6n* M°E [|lex—1 — ex||3]
12 2 2 AQ 2M

Considering the step of Algorithm 1 we can rewrite as follows:

12n2(0? + AQ) 6+2n2 M?
72

5 E ||gr—1l3 3] + 12n% 012

E [||gxlI3] <

T

Then we run recursion

G 6v2n2M2\" 12n?(0? + A?) — 6v2n2M?
E[”gk”%]S(TQ B|goll3] + ( "5 +120*M* ) 3 (F— ) .

-2
=0
VVlthoz—M"]V[2 <1

12 2(.2 A2 1
B (Igulg] < o*B Janlg] + (2D s vmenar) L

—Q

Theorem 3. Let problem with function ¢(z,y) be solved using Algo-
rithm [1f with V. (w) = 1|z — w||3 and the oracle (14)). Assume, that the set Z,
the convex-concave function ¢(z,y) and its inexact modification @(z,y) satisfy
Assumptions 1, 2, 4. Denote by N the number of iterations and v = v = const.
Then the rate of convergence is given by the following expression:

. 3022 3
E[esaa(Zn)] < 29(N + 1) + 2(N +1)(1 - )
3y [12n%(0% 4+ A?)
+2(1 — ) ( 72

E [Ilgoll3]

An

+ 12n2M2> +2TM +

< 1.

2 2 2
2 is a diameter of Z, o = 677"72]”
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Proof. We begin our proof right away by obtaining the inequality similarly to

but by , not @

22 gl " o
E > <
[esad(Zn)] < 2y(N +1) + 2(N+1) Hgo” kZ:OOé
- 12n2(02 + A?)
21— a) ?
1 5
+W(N +1) hleag (U)} o
2 i
2y(N+1) 2(N+1)(1-a)
~ 12n%(0? + A?) 29 72
12n2M
2(1-a) ( ’ o

+

+ 12n2M2>
-

E [llgol3]

+

T

+ max ]j?(u)} +27M, (41)

’)/(N + 1)E |:uEZ

where D(u) def Z,JI:O Y{( Ay, u— z,) with A def Gk — V(z1). Let estimate D(u).
For this we prove the following lemma:

Lemma 16.

- (N +1)A2n v
E {rilea%(D(u)} < 4+ 2+ mllaoll%
2(N+1 12n2(02 + A2
11—« T2

Proof. Let’s start with . All other steps are done in the same way.

N
max D(u) < Z <Ak,’U]q_Zk>+7+ ZHAkHz

uez
k=0

Taking the full expectation:

. 02 N
E D(u)| <E (A, v — — | Ax I3
|:I7fl€a2’)7( (u)} szl YAk, vk — 2) + + z_: 1 Akllz
Using the independence of eq, ..., ey, fli, e ,5?\[,, we have

+E

ZN:W]E& [(Ak’ vk — Zk>}
k=0
Z [ E:

E [glea%( D(u)} <E

ﬁ:’ﬂﬁek [<Ak — Ap, v — Zk)ﬂ
k=0

+—+—]E
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Note that v, — 2 does not depend on ey, & and E¢, Ay, = 0. Then

E hleagp } <E [Zv o [Ak]  or = 20) Z”Akuz

2
=E [Zwaek (&) ve-| + 2 4 2 lz ||Ak||§] .
k=0 p k=0

By and definition of diameter 2 we get

. N 22 N v ,
[Iq?ea%(D } kZ:: ? TkZ [| kH2:|

02
+—+—E

To prove the lemma, it remains to estimate E {||A~k||§}

n(p(z +7e) — (2 — 7e))

)

E I 44l13] < 2E [15:]3] + 2E o e
Using Lemma [4 we have
N
E [rgeagD } 2.7%5, + 207" kzoa’“E 1G0ll3]
+2p72(N +1) (W + 12n2M2) i

Taking p = 1/2 ends the proof of lemma.
O

with this lemma gives

B leraa(a)] < 5t + st Il
+2(131 3 <12"2(U:2+ A9, 12n2M2> +ora 4 20

This completes the proof of the theorem.

U

C Proofs for Section [3.2]

The proofs of the Theorems [] and [5] copy the proofs of the Theorems [I] and
except for the usage Lemmalf|instead of Lemma[2] So the term 2M 7 in Theorems
and [2| is replaced by the term L72 in Theorems {4f and
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D Proofs for Section [3.3]

Theorem 6. Let ¢ € F, 3(L) with g, L > 0 and § > 2. Let Assumption |§|
hold and let Z be a convex compact subset of R™. Let ¢ be M-Lipschitz on the
Euclidean 71-neighborhood of Z (see 71 below).

Then the rate of convergence is given by Algorithm [2| with parameters

L

2 28 2
Tk<3’“’”)2) T oap= —, k=1,....N

ol

206~ D(rsL ik
satisfies
Elp@n,y") — (2", Yn)] < maxE[p(ZTy,y)] — minE [p(z,7y)]
yey zeEX
<L (n”éll RG22 HHN)) ,
Iz N7 N

—1

N
where zZy = % Doz, A = 3ﬁ(/@02)ﬁﬂ (HﬂL)%, As = 9kG?, kg and k are

k=1
constants depending only on 3, see and .

Proof. Step 1. Fix an arbitrary z € Z. As 241 is the Euclidean projection we
have ||zx+1 — 2|2 < ||zk — gk — 2||* which is equivalent to

— 2 — _
< o= 2l = s — 2]
2k
Using the strong convexity-concavity and combining x and y parts of the
argument z together we have

~ 2 Y\ ~ 12
(k> 26 — 2) + ?”gk” . (43)

ok, y) — o(@,yr) =p(Tr,y) — @(@r, k) + @ (Tr, Yu) — (T, Y&)
7
<{(=Vyo(Tr,Yr), Yk — Y) — §||Z/k —y|?

(44)
(= aplr, yi)s e — @) = o — a?
=(Ve(an), 2 — 2) = Sllaw — 2]
Combining the last two inequations we obtain
~ ~ 2k — 2|1% = ||zrer — 2|2
ok, y) — (@, yr) <(Veolz) = gr 2k — 2) + H 5 1241 = 2]
Tk (45)

+ LNl = Sl — 211

Taking conditional expectation given z; with respect to 7y, f,j and &, we
obtain

= ~ Tk ~
o(wr,y) — p(z,y6) <(Ve(zr) — Elgrlz], 2x — 2) + o E [[1g5 17|z ]
llze — 2II> — E [[l 2641 — 21| 2]
2,

(46)

— Lllzn— =l
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Step 2 (Bounding bias term). Our aim is to bound the first term in (46)),
namely (Vo(zi) — E[gr|2k] , 21 — 2). Using the Taylor expansion we have

¢ (21 + TETRER) =P(2K) + (Vsﬂ(zk) TkTkCk)

+ D Tkrk D(m) e(zr)er’ + R(Terker), (47)
2<|m|<l
where by assumption |R(7yrrer)| < Li|merrex||® = L(mg - [rx])?. Thus,
i=(ewmmen+ Y B peg(ep
Ik = P\Tk); TkT k€ ey w(zr)er
2<|m|<l,|m| odd
(o) (48)
1 1 _\n €L )x
+ g B(merker) — SR(=mwrer) + & — &, )*K(m)
Tk —(ex)y

Using the properties of the smoothing kernel K, independence of e and 7y
(Assumption @ and the fact that E [ekeﬂ = %Han we obtain

Eey..ri | (Vo(2r), ThTRER) 2K(Tk) (ex)a Zk Zﬁw(zk). (49)

Tk —(er)y

Using the fact that E {erlK(rk)} =0if2 < |m| <lor|ml =0 and

Assumption [6] we have

7)™ A\n (ex)
E ( Z %D(m)gp(zk)e?+5: 7&6)?}((7'16) * x| =0.
2<|m|<l,|m| odd ' k —(ex)y

(50)
Substituting (48)), and in the first term in and using the defi-
22)))

nition of kg (see (22])) we obtain
(Vo) — Elgalaid 26 — 2)] =

= |E <1R(7'k7‘k€k) - ;R(_Tkrkek)) %K(m) < (ek); ) 2k — Z> Zk

2 _(ek y
< Lrf ™" By [|rlP K (r0)] - 1 |Ee, [(er, 21 — 2)|21]]
< kgLv/nry |z — |,
(51)

where in the last two inequalities the symmetry of Euclidean sphere and the fact
2
from concentration measure theory that [E, [(e, s)]|> < E, [(e,s)?] = % were
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used . Applying the inequality ab < 1/2(a? 4 b?) to the last expression in we
finally get

(rpL)?

(Vo) — Elgilad 2 - 2)] < nrp P 4 Bl 2 (52)

Step 3 (Bounding second moment of gradient estimator). Our aim
is to estimate E [||gx|/*|2x] which is the second term in (46). The expectation
here is with respect to r, 5,: and £, . To lighten the presentation and without

loss of generality we drop the lower script k in all quantities.
We have

2

917 =15 || (o= + 7re) — (2 — rre) + €5 — €K |
—e, (53)
:% ((gp(z +71re) — p(z — Tre) + & — 57))2 K2(r).

Using the inequality (a + b+ ¢)? < 3(a® + b* + ¢2) and Assumption |§| we get

n2
E [|I9]%|2] < i? (E [(¢(z +Tre) — p(z — Tre))sz(r){z] + 2k0?) . (54)

Using the symmetry of Euclidean unit sphere and the inequality (a + b)? <
2(a® + b%) we obtain

E[(p(z+€) - oz — )] =E. [0z + ) - 9(z = €))’]

< B [((0z + €) = Belip( + €)]) — (9(= — ) — Eelio(= — e)]))?]

< 2B, [(p(= +e€) — Eelip(z + €)))*] +2Ee (0= — &) — Eclp(= - ))’]
< 2y B, [(6(+0) ~ Eelple+ )] + 2B [(00z - ) ~ Bulotz — )]
Sui\ﬂ’ (55)

where in the last inequality Lemma [10| was used, so we have

E [(go(z +rre) — (e — TT@))Q‘Z} < 12(rr)2M? - 127-2M2. (56)

n n

By substituting into , using independence of e and r and returning
the lower script k£ we finally get

no)?
E [ gkll*|2:] < % (9nM2 + 3;};) : (57)
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Step 4. Let p? denote full expectation E[||z;, — 2||?]. Substituting and
into , taking full expectation we obtain

L)? - 3(no)?
Blp(ons) ~ o) < 2nr 0 4 B (onar? + 2090 )
y F (58)
4P Pt (ﬁ _ H) P2
27k 2 4K

Using the convexity-concavity of ¢ and we have

N N
_ _ 1 1
Elp @n.y) =@ (@00 < 5 D¢ @) = 5 D (@ m)
k=1 N
N
1 5 1) 2 3(%0’)2
< = InM* + ———
_N;< ”Tk +2 (” T o
R S
k+1 2
ey (Mg - et
k=1
(59)
Let p%,1 = 0. Then setting y, = ok yields
v
N+1
Pk+1 H2><2(1 N) 2(1 1 H)
—_ — < _ _|_ -
Z;( 4Pk ) =PI Ty k;p’“ 2% 291 4
A Y
_ 2 (2 _ 7 2 (B2 _ Py
_p1(4 4)+kz_2pk(4 4) 0
(60)
Substituting into with v = ﬁ we obtain
Elp (Tn,y) — ¢ (z,7n)]
N
1 ( 2(8-1) < 2 3(no)*\ 1
— I-’igL nT, + k| 9InM -
[LN ; 27 )k (61)
N
1 2(5 1) 5 3ro? 9rnM?
— L)? - .
,LLNZI([ (ks L) tn 2k} + k
If ¢ > 0 th ( 3no’n )ﬁk_f the minimizer of
o ent =|(—0——v—= is the minimizer of square
© = \2(B = D(ksL)? b

brackets. Plugging this 7 in and using two inequalities: for the expression

N
in square brackets 3. k~1t7/¢ < BNY? (if B > 2) and for the term after square
k=1
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N
brackets Y + < 1+InN we get
k=1

Elp @n.y) — ¢ (@,x)] < —

with A; and As from the formulation of Theorem [6]
Taking the minimum over z and the maximum over y we finally obtain

Elp@n,y") — (2", y)] < maxE[p(@n,y)] - minE[p(z, yy)]

yeY
§1<n2é A: +A2n(1+lnN)>.
Iz N7 N

O

Theorem 7. Let ¢ € Fg(L) with L > 0 and 8 > 2. Let Assumption [f]
hold and let Z be a convex compact subset of R™. Let ¢ be M-Lipschitz on
the Euclidean 71-neighborhood of Z (7 is parameter from Theorem |§| for the
regularized function ¢, (z) whose description is given below). Let Zy denote

Z -
Let s define N (e):

+[,1

N(e) = max { (R\/E) (R\/M) 52(1;:))}

137
where A4; = 35(&02)731(%;5L)%, Az = 9kG? — constants from TheoremH7 p>0
— arbitrarily small positive number, ¢’ — constant which depends on p.
Then the rate of convergence is given by the following expression:

Elo@y.y") — (", Uy)] < maxEp(@y, )] - minEp(z,gy)] < (62)

after N (e) steps of Algorithm [2] with settings from Theorem [6] for the regularized
function: (,(2) 1= (=) + &l — 20|12 — £lly—yol12, where j < £, R = [l20— ]|
zp € Z — arbitrary point.

Proof. Step 1. Let 2* = (2*,y") and 2, = (z},,y;,) denote the solutions of the
saddle-point problems for functions ¢(z) and ¢, (2) respectively. Setting p = £
and using the inequality ¢, (ZTn,y*) — ¢u (@*,Tn) < ©u (EN,y;) — Yy (.’L‘;,@N)
we obtain
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Elp@n,y")] - Elp(z",gy)] < max E[p(Ty,y)] - minE[p(z,7y)]

yey zeX
2 2
- _ pry oyt opEt o pyiy
= E - - 5 T T o
reX yey {w R e A R R
- N (63)
< LB [0 ) — T + 5
3
< E y 5
< xe%%fgy [QDM (xNv y) Pu (I, yN)} + 2
— . -7 €
= I;1€a3);(]E [<pu(a:N, y)] — gél;(lE [‘Pu(”ﬂ yN)] + 5

Step 2. Now we apply T heorem@ for ¢, () until function error is not greater
than £:
2

_ 1/ o1 A n(l+1n N) €
[ (. )] -mip B o 7)) < - (273 L4 ) <
(64)
Using that p = 5z the inequality is done if
a1 Ay n(l+1InN) UE g2
B A < —=—. 65
max{n N PN =2 TR (65)

It is true that 1 +1In N < ¢ N7 for some ¢ > 0. So the inequality
holds if

= 2(14p) plte
N > max { (R\/2A1) AT (R\/QC'AQ) ;um} . (66)
The inequalities (63]) and (64) yield (62 .

E Kernel examples

A weighted sum of Legendre polynoms is an example of such kernels:

r)i= > P(0)pm(r), (67)
m=0

where [() is maximal integer number strictly less than 8 and p,, (1) = v/2m + 1L, (1),
L,,(u) is Legendre polynom. We have

E [pmpm’] = d(m —m').
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As {pm(r )} —glsa basis for polynoms of degree less than or equal to j we
can represent v’ := Z bmpm () for some integers {bm}m:0 (they depend on
m=0
J)-

Let’s calculate the expectation

E [r/ Kp(r mepm = (") |r=0 = 6(j — 1),

here §(0) = 1 and d(z) = 1 if z # 0. We proved that the presented Kg(r) satisfies
. We have the following kernels for different betas (see Figure :

Kﬁ( >=3’I“, B e [273]5
Kslr) = 200 (5 - 7r2), B e (3,5,
105

Kg(r) = (99 4 _126r2 +35), B e (5,7

304

204

T ™™ ®
o

P N U W

=

10 4

K(r)

—204

~304

T T T T T T T T T
-1.00 -0.75 -0.50 —-0.25 0.00 0.25 0.50 0.75 1.00
r

Fig. 2. Examples of kernels from
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