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1. Introduction

Saddle-point optimization problems have many applications in different areas of mod-
eling and optimization. The most classical example is, perhaps, two-player zero-sum
games [25,26], including differential games [15]. More recent examples include imag-
ing problems [4] and machine learning problems [36], where primal-dual saddle-point
representations of large-scale optimization problems are constructed, and primal-dual
first-order methods are used for their efficient solution. Many non-smooth optimization
problems, such as ¢, or {1 regression admit a saddle-point representation, which allows
one to propose methods [31,27] having faster convergence than the standard subgradient
scheme.

Recently saddle-point problems started to attract more attention from the machine
learning community motivated by applications to generative adversarial networks train-
ing [5,23], where the training process consists of a competition of a generator of non-real
images and a discriminator which tries to distinguish between real and artificial images.
Another application example is equilibrium problems in two-stage congested traffic flow
models [8,11].

From the algorithmic viewpoint, the most studied setting deals with saddle-point
problems having bilinear structure [31,27,3,37,42], where the cross term between the
primal and dual variable is linear with respect to each variable. The extensions include
bilinear problems with prox-friendly (i.e., admitting a proximal operator in closed form)
composite terms [4,19]. A related line of research studies variational inequalities [27,19]
since any convex-concave saddle-point problem can be reformulated as a variational
inequality problem with a monotone operator. In this area, lower bounds for first-order
methods are known [28] and many optimal methods exist [27,32,33,6,19,39,38]. Notably,
these works do not rely on the bilinear structure and allow to solve convex-concave saddle-
point problems with Lipschitz-continuous gradients, including differential games [7]. An
alternative approach, which mostly inspired this paper, is based on a representation of a

saddle-point problem min, max, F(x,y) as either a primal minimization problem with

an implicitly given objective §(x) = max, F'(z,y) or a dual maximization problem with
an implicitly given objective §(y) = min, F(z,y). This approach was used in [31,30]
for problems with bilinear structure and later extended in [13] for general saddle-point
problems. Such connection to optimization turned out to be quite productive since it
allows for the exploitation of accelerated optimization methods. In particular, recent
advances in this direction are due to an observation [9,2,14,22] that primal and dual
problems can have different condition numbers, which opens up a possibility to obtain
theoretically faster algorithms, including accelerated near-optimal algorithms [22].

In this paper, we focus on strongly-convex-strongly-concave and convex-concave
saddle-point problems with the finite-sum structure' and prox-friendly composite terms:

L Algorithms for general infinite-expectation saddle-point problems can be found in [43] and references
therein.



E. Borodich et al. / EURO Journal on Computational Optimization 10 (2022) 100048 3

m

min max {(7(@) +Gwy) ~ b}, Gley) = =3 Giley), (L)

Rz d
TE yeR%Y i1

with the assumption that G(z,y) is L-average-smooth (precise definition will be given
below in (1.8)), f(z), h(y) are prox-friendly and p,-, p,-(strongly)-convex respectively
with ptz, tty > 0. Our goal is to develop accelerated first-order stochastic variance-reduced
algorithms that find an (g, 0)-solution, where £ > 0 is the desired accuracy in terms of
the duality gap and o € (0,1) is a confidence level, i.e., the duality gap is guaranteed to
be smaller than € with probability at least 1 — o.

Recently, the authors of [12] proved the lower complexity bounds for stochastic first-
order algorithms for the problem

mmmax—ZG (z,y), (1.2)

zeX yey m

where G(x,y) is assumed to be L-average-smooth and (us,py)-(strongly)-convex-
(strongly)-concave, with pp, > 0 and p, > 0, diam(Xx) < D,, diam(Y) < D,, where
diam(-) denotes the diameter of a set, i.e., maximum distance between its two points.
Their lower bounds for finding an e-solution in terms of the expectation of the duality
gap are

Q(\/ﬁ\/ (vim+ =) (\/ﬁ+£)1n§>, fo > 0, 11y > 0;

9) <m+ Dxm4f+ L +m%,/,%y1n%> . pe =0,y > 0; (1.3)

These results raised the question of whether these “accelerated” lower bounds can be
achieved by some algorithms.

When an optimization problem has the finite-sum structure, also known as the empir-
ical risk minimization problem, stochastic variance-reduced methods, see, e.g., [17,19],
allow for faster convergence rates. For optimization problems, such methods are well
developed and achieve lower complexity bounds [41]. On the contrary, the literature on
variance-reduced methods for saddle-point problems is quite scarce. To our knowledge,
first, such techniques were applied to saddle-point problems in [34], but the obtained
bounds did not have separation between p, and p,, and there was no acceleration.
Recently, these bounds were improved in [1], where an algorithm was proposed with

oL (i)

for (fiz, pty)-strongly-convex-strongly-concave setting with g, pu, > 0. Moreover, for

non-accelerated complexity.

convex-concave setting their algorithm has complexity
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Despite these bounds are optimal in the particular cases pi, = p, (strongly-convex-
strongly-concave setting) or D, = D, (convex-concave setting), the theoretical gap
between the lower and upper bounds still remains when p, # p,, or D, # D,. This is
especially important if, e.g., p1, < 1y since then the lower bound becomes much smaller
than the upper bound. Moreover, the case when p, <y, highlights the benefits of sepa-
ration between ji,, and ji,. Indeed, under additional assumption that L/ g, L/p, > /m,

the non-separated bound [34] is then 0] (M) which is much worse than the

min{ g,y }

separated bound 0] (;}[_’:y) Thus, we focus on the case when the strong convexity
parameters (or diameters of the sets) are different.

Our contribution. In this paper, we continue the line of research [2,10] by exploring
additional properties of problem (1.1), namely, the finite-sum structure and the presence
of prox-friendly composite terms. Since the problem class (1.1) contains the problem
class (1.2), the lower bounds (1.3) are also valid for solving problem (1.1) by stochastic
first-order methods. Our main contribution in this paper is, to a large extent, theoreti-
cal. We propose accelerated stochastic first-order variance-reduced algorithms that have
nearly-optimal complexity, i.e., their complexity coincides with the bounds (1.3) up to

logarithmic factors:

3 3
O((m+m4 - mia + Muy) ) pra >0, py > 0

O((m+m4R\/7+m4 #1+R\/§T\/y_)1 ) pe =0, py > 0;

O((m+(RI+Ry mz\/§+w>ln3%)’ Pz =0, iy =0,

where in the absence of strong convexity and/or strong concavity, we assume that there
exists a saddle point (z*,y*) for problem (1.1) satisfying ||z*|| < Rg, ||y*|| < Ry. Im-
portantly, our algorithms guarantee the accuracy € with high probability, rather than in
expectation. To the best of our knowledge, these are the first nearly-optimal algorithms
for this setting.? Our algorithms have multi-loop structure and provide a conceptual
understanding that the lower complexity bounds (1.3) are achievable. Efficient imple-
mentation and/or loop-less algorithms achieving lower bounds are left for the future
work.

Notation and definitions. We introduce some notation and necessary definitions used
throughout the paper. We denote by ||z|| and ||y|| the standard Euclidean norms for
x € R% and y € R% respectively. This leads to the Euclidean norm on R% x R% defined
as [[(z1,91) = (22,92)[* = [lz1 = 22l + [ly1 — y2?, 21,22, € R%, 41,92 € R%. By (6o, R)
denotes the Euclidean ball with center at 6y and radius R, i.c., {§ € R% : |6 — 6] < R}.

2 The first version of our results appeared as a part of the preprint [40]. We believe that Algorithm 1 from
[1] can be accelerated to achieve optimal complexity bounds.
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We say that a function f is uy-strongly-convex if, for some puy > 0 and for any its
subgradient V f(x1), it holds that

f(@2) 2 f(@) +(Vf(an)wa = a2) + Hllor — ol 1,22 € dom.

Note that when uy = 0, we also say that f is convex. We say that a function f is
L-smooth if its gradient is Lipschitz-continuous, i.e., |V f(x1) — Vf(x2)| < |21 — 22|,
1, T2 € domf. We say that a function f is prox-friendly if it admits a tractable proximal
operator [24]. This means that the evaluation of the point

1
Ar=y . TP
proc}(@) =arg min {A1(e) + 3o - 3l (1.4

for some fixed Z € R% and A > 0 can be made either in closed form or numerically very
efficiently up to machine precision.

For an optimization problem min, f(z), we say that a random point Z is an (¢, 0)-
solution to this problem for some ¢ > 0 and o € (0,1), if

f(2) —min f(z) <e with probability at least 1 — o. (1.5)

We refer to € as accuracy and to o as confidence level.

We say that a function G(z,y) is (strongly)-convex-(strongly)-concave if the func-
tion G(-,y) is (strongly)-convex for any fixed y and the function G(z,-) is (strongly)-
concave for any fixed x. For a strongly-convex-strongly-concave saddle-point problem
min, max, G(x,y) a point (&, ) is called an (e, o)-solution for some ¢ > 0 and ¢ € (0, 1),
if

max G(z,y) — mwin G(z,9) < e with probability at least 1 — o. (1.6)
Note that since the saddle-point problem is strongly-convex-strongly-concave, the quan-
tity in the Lh.s. of (1.6) is correctly defined.

Notation 6() hides constant and polylogarithmic in e~! and ¢~! factors. More pre-
cisely, ¥1(g,0) = (3(1112(5, 0)) if there exist constants C' > 0, a, b such that, for all ¢ > 0,
o €(0,1), ¥1(e,0) < Cipa(e,0)In® L In® 1. We use O(:)-notation when a = b= 0. For a
function £ (g), where ¢ € Ry we write £ (¢) = poly (¢) if £ () = O(f(g)), where f(e) is
a polynomial function of € with non-negative, possibly fractional powers. For a function

1

¢(g,0), where e,0 € Ry we write £ (¢,0) = poly (g,0) if £ (-, 0) is a polynomial function
of € and £ (e, -) is a polynomial function of o.

Problem formulation. The main problem formulation, we are interested in, is the
composite strongly-convex-strongly-concave saddle-point problem:

m

min max {f(z) + G(z,y) — h(y)}, G(z,y):= %ZGi(x,y). (1.7)

Rd d,
zeR% yeR% i1
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We postpone the consideration of convex-strongly-concave and convex-concave problems
until Section 5, where these cases will be considered by reduction to the strongly-convex-
strongly-concave setting. For now, we make the following assumption.

Assumption 1.

1. f(x) is pg-strongly-convex, h(y) is p,-strongly-convex, where jig, 1t > 0;
2. Each function G;(x,y), i € 1,...,m is continuously differentiable, convex-concave and
G(z,y) is L-average-smooth, i.e., for each (z1,y1), (z2,v2) € R% x R%

1 m
— > _IVGi(wr,1) = VGi(wa,o)ll < Ll (x1,91) — (22, 92)]; (1.8)
i=1

3. f(z), h(y) are prox-friendly (smoothness is not required).

Remark 1. As an example of composite terms f and h we can consider the elastic net
regularization [14]: f(z) = Mg llely + Ao el h(y) = Ayllyll + Azyllyl2, where
I - [z denotes the ¢;-norm of a vector. We also can “move” strong convexity between
the coupling term G and the composites f, h. For that, assume that G(z,y) is (ta, fby)-
strongly-convex-strongly-concave and f, h are just convex. Then, we can define G (z,y) =
Gla,y) - B 22 + % ]2, fla) = F() + L llel?, hly) = h(y) + % Ilgl12. Tt is casy
to see that f(z) is pg-strongly-convex and h(y) is p,-strongly-convex, and, since f,h
are prox-friendly [35], so are the new functions f(z),h(y). Thus, in general, we can
consider any convex prox-friendly composite terms, e.g., indicator functions of convex
sets, regularizers, etc.

Paper organization. We start with describing two building blocks for our algorithm:
the Catalyst framework [20] adapted and slightly generalized for our setting and variance-
reduced algorithm SAGA proposed in [34] which we also adapt to our setting (Section 2).
The former algorithm is an optimization algorithm, the latter is designed for saddle-point
problems, and we use these algorithms in the system of inner-outer loops, each of which
is designed to solve a special optimization subproblem up to a chosen accuracy. To be
able to connect the output of an inner loop with the requirement of an outer loop, we
prove several technical lemmas (Section 3). After that, we collect all the pieces together
and describe the loops of our algorithm as well as present its complexity theorem for
the strongly-convex-strongly-concave case (Section 4). Finally, we present the regulariza-
tion idea and complexity theorem for convex-strongly-concave and convex-concave cases
(Section 5).

2. Algorithmic building blocks

In this section, we describe two algorithms that are used as building blocks in our
algorithm to find an (g, 0)-solution to problem (1.7) under Assumption 1. Namely, we
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describe the Catalyst Meta-Algorithm [20,21] and the SAGA algorithm [34]. For each
algorithm, we describe the problem that is solved by this algorithm under certain as-
sumptions, describe the algorithm itself, and formulate convergence rate and complexity
theorems.

2.1. Catalyst meta-algorithm [20,21]

In this subsection, we focus on the optimization problem of the form

min F(x) := o(x) + ¢¥(x) (2.1)

zeRz

under the following assumption:
Assumption 2. p(x) is pu-strongly-convex with 1 > 0 and ¥(x) is Ly-smooth and convex.

We denote by z* the solution to this problem. Assume that problem (2.1) can be
solved by a linearly convergent method M. One way to accelerate this method is to
apply the Catalyst algorithm [20,21] with the inner method M, which is a special case
of Accelerated Proximal Point Algorithm where the proximal step is computed inex-
actly by the inner method M. The resulting algorithm is listed below as Algorithm 1.
Each iteration k of this algorithm requires to find an approximate solution to a special
optimization problem with accuracy ;. Below, in Theorem 1, we show how to choose
the sequence (), in order to guarantee that Algorithm 1 outputs an e-solution to
problem (2.1) (cf. (1.5)). Further, to be able to use a randomized method as the inner
method M, we study the case when the auxiliary problem in each iteration k of Algo-
rithm 1 is solved inexactly with the required accuracy, but only with some probability
given by a confidence level . The total complexity of Algorithm 1 with a randomized
inner method M together with sufficient conditions on (), and ().~ are given in
Theorem 2, which is the main theorem of this subsection. - -

As said, we start with the result on a sufficient accuracy of the solution to the auxiliary
problem in each iteration of Algorithm 1.

Theorem 1. Let us define g = p/(pu + H) and consider Algorithm 1 satisfying

e = S(F(xo) CF@)(1—p)f  with p=09yG k> 0. (2.2)

Then, after at most N = 0] (, /1+ %) iterations of Algorithm 1, we get xn such that
F(zy)— F(z*) <e.

Proof. Recall that p = 0.9,/g = 0.9y/p/(n + H) and define C = 8/(,/q — p)?. Choosing
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Algorithm 1 Catalyst [20,21].

1: Input: Starting point z¢ € R, algorithm parameters H, ag > 0, strong convexity parameter p, opti-
mization method M and a sequence (ex);~-

2: Initialize ' = z0, ¢ =
3: for k=0,1,... do
4: Find an approximate solution of the following problem by M

B
p+H"

H
Tk ~ arg min {Sk(m) = F(z)+ —|lz — x;"_lez}
zERdw 2
such that Si(zr) — Sk(x)) < er, where z}, = arg méRI} Sk (x);
wERe

5: Update aj € (0,1) from equation ai =(1- ak)ai_l + qak;
Compute x}c”d using Nesterov’s extrapolation step

ak—1(1 —ar—1)

2
ap_q + ok

a7 =z + Bu(ey — xp_1) with By =

7: end for
8: Output: zj, (final estimate).

1, OO p(Flag) ~ )] 1, 80— p)(Flx) ~ Fa))
NLI € W{pl (V@ —p)%e W

_ {mmsa ~ 0.9v/3/ G+ H)) (F (o) - F(x*))(H+M)-‘

0.9/ 0.01pe
~( | H
0( 1+;>, (2.3)

using the choice of g according to (2.2), by Theorem 3.1 in [20], we obtain

Flay) = F(a")

IN

(1= p)"HH(F(xo) ~ F(a))
1—

C
C(L = ple N(F(zo) — F(z*)) <e. D

IN

The following theorem is the main theorem of this subsection. It gives sufficient condi-
tions for the accuracy of solution to the auxiliary problem in each iteration of Algorithm 1
and its overall complexity.

Theorem 2. Let us define ¢ = u/(pn + H) and let Assumption 2 hold. Assume also that
at each iteration k > 0 of Algorithm 1 we find x) such that Si(xi) — Sk(z}) < ex with
probability at least 1 — oy, where

0<ep< %(F(xo) ~ ()1 = p)f = poly(e) with p=09vG  (2.4)

g
0< < o = = 1 s . 2.5
k=9 il | 8009/ G ) (Flao) Fa )t T (£,9) (2.5)
0.9V 0.01ue




E. Borodich et al. / EURO Journal on Computational Optimization 10 (2022) 100048 9

Then, after

N_6< 1+H>
I

iterations, Algorithm 1 finds an (g, 0)-solution to problem (2.1), i.e., (1.5) holds.

Proof. We start by showing that e = poly(e) for all k=0, ..., N. Indeed,

k= S(F (o) — F@)(1 = p)* < 2(F(wo) — Fla))e "
_ g(F(xo) — F(a*))e PN E
(2.3) 9 . € v
< §(Fleo) = F(a™) (cu — ) (F o) - F<x*>>)
_ 268 (F(xg) — F(a") %"
9  oxl-p¥

Since k < N, we have that &, = poly(e).

To show the theorem result, we notice that, by the theorem assumptions on ey, at
each iteration of Algorithm 1 condition (2.2) is satisfied with probability at least 1 — oy,
where oy is given in (2.5). Thus, by the union bound, after N iterations, where A is
given in (2.3), condition (2.2) is satisfied in all the A iterations with probability at least

N
IT (1 = o). Combining (2.3), (2.5), we obtain that
i=1

N o
H(l_ai)z(l_ga)N:(l—N-) >1—-o.

1=

[y

Thus, with probability at least 1—o the conditions of Theorem 1 are satisfied, which guar-
antees that F(z) — F(2*) < € with probability at least 1 — o, where N = O (1 /14 %)
is given in (2.3). O

In contrast to the Catalyst algorithm in [20,21], we analyze Algorithm 1 in the setting
when the auxiliary problem is step 4 is solved inexactly with some probability. In partic-
ular, we estimate how to choose this probability to guarantee that the point returned by
the algorithm is an (g, )-solution to (2.1) and show that the total complexity remains
the same.
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2.2. SAGA algorithm [3]]
In this subsection, we focus on the optimization problem of the form

min max {K(x,y) + M(z,y)} (2.6)
reRz yERdy

under the following assumption.
Assumption 3.

1. M is (ps, pty)-strongly-convex-strongly-concave and has tractable proximal operator

proayy(«',y') = arg min max {AM(z,y) + 5o = o/ |P = B2y — /)2 }
z€R4z yecRy 2 2

2. K is convex-concave;
3. The vector-valued function B(z,y) = (V.K(z,y), —V,K(x,y)) € R%*d may be

split into a family of vector-valued functions as B = Y B;, where B;(z,y) =
€J
(Vo Ki(z,y), -V, K;(z,y)), and B is L-average-smooth.

Under Assumption 3.3, problem (2.6) has the finite-sum structure, motivating the
use of stochastic variance-reduced methods. Instead of expensive calculation of the full
operator B in each iteration, such methods pick at random one B; and only rarely
calculate the full operator B. In particular, problem (2.6) under Assumption 3 can be
solved by the SAGA algorithm proposed in [34] and listed below as Algorithm 2. Next,
we, first, show in Lemma 1 that a problem with the form (1.7) satisfies Assumption 3.
After that, in the main theorem of this subsection (Theorem 3), we give the complexity
of the SAGA algorithm.

Algorithm 2 SAGA: online stochastic variance reduction for saddle points [34].

1: Input: Function M, operators (B;)7.,, probabilities (7;)7",, smoothness constants L(m) (see (2.11)) and

L, starting point z9 = (zo,y0), number of iterations ¢, number of updates per iteration (mini-batch
size) s.
33\ —1
2: Set A = (max{—g‘z‘zl —1,L2+%}) ;
3: Initialize w® = Bi(zo,yo) forallt € J and W = ) w?;
ieJ
4: for | =1 to t do
5: Sample i1,...,is € J from the probability vector (m;);~; with replacement;
6: Compute vy, = By, (z1,y1) for k € {1,...,s};
7 (T w)
L 0 )
= prox {0 =2 (5 1) (W 2 Sin {Frm - et} s
8: Replace W = W — Z:Z=l{wi‘v — vg} and w' = vy, for k € {1,...,s}.
9: end for

10: Output: Approximate solution z; = (x¢, Yt )-
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Lemma 1. ConszdeT the following special case of problem (2.6) with M(x,y) = f(zx) —
h(y), K(z,y) = o5 3oL, Gilx,y):

mnrmx{f@%+%§:Gmnm—ﬁ@%, (2.7)

reRdx yE]Rdy

where f(x) is proz-friendly [ip-strongly-convex, h(y) is proxz-friendly fiy-strongly-
convezx, each function G;(x,y) is continuously differentiable, convex-concave, and
% Yot Gi(z,y) is L-average-smooth. Under these assumptions, problem (2.7) satisfies
Assumption 3.

Proof. 1. Since f(z) is fiz-strongly-convex, —h(y) is fiy-strongly-concave, M (z,y) is
(fig, fly)-strongly-convex-strongly-concave. Moreover,

prow}(«',y')

ﬁac /112 ﬂy /112
—arg min max { AM(z,y) + 2|z — /|2 — B |y —
rg min yeRg(y{ (@,y) + 5 lle = 2|7 = 7 lly = o/ }

r 7 :[I’I 7112 ﬂ"!/ /112
= A(f(2) — h(y) + 22 le — 2> = 22|y -
one iy mae {A7(0) ) + G o =17 = B2y - 1P

= (s iy {37+ T~ /1P ane max §-3h) - 21— o1} )
z€R yeRy 2

(prox;/““”( ", proxz/“” (v )) .

Thus, since f(z), h(y) are prox-friendly, (proxf/”z( "), prox; A ity (y )) is easy to compute,

prozy(z',y') is easy to compute as well, and Assumption 3.1 holds.

2. Assumption 3.2 holds since K (z,y) = £ 3" G;(z,y) is convex-concave.
3. Defining B;(z,y) = L (V,Gi(z,y), —V,Gi(z,y)), we see that

B(.’L‘,y) = (va($7y), _vyK(xay))

m

= %Z(vai(xyy), -V, Gi(z,y)) = ZBi(m,y).

i=1

Since L 3" Gi(z,y) is L-average-smooth, we have, for all (z1,y1), (z2,y2),

> IBi(w1,41) — Bilwa, o)l = — ZHVG (z1,91) — VGi(22,12)|

< L||(z1,91) — (@2, y2)]|-
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Thus, Assumption 3.3 holds. O

In the next theorem, we state the iteration complexity of Algorithm 2 to find an (e, 0)-
solution to problem (2.7). Note that this is in contrast to [34], where the result is stated in

terms of expectation. Let Ry be a number such that for the solution z* = (z*, y*) of (2.7)
and starting point zo = (2o, yo) of Algorithm 2 it holds that Hzo —z*|| < Ryp. Smce f and
h are convex, by Theorem 3.1.8 in [29], the function f(x) + h(y) is Lipschitz-continuous

with constant M, ; on the ball Ba(z0,2Rp). More precisely, for zy = (z1,y1), 22
(z2,Y2) € Ba(20,2R0),

|f z1) + h(yr) — f(22) — E(y2)| < Mf+ﬁ||21 — 22| (2.8)
Theorem 3. Let the assumptions of Lemma 1 hold and let €',0’ > 0 satisfy

€ e?

(2L +E4 L ) AM,;?

¢ <min{ ¢, RZ, = poly(¢), o <o =poly(c), (2.9)

where e > 0, o € (0,1). Then, after

N-6(m+ %)m 2,R‘2) —6<m+ (L—22> (2.10)

min{fiy, fiy})* ) €'c min{fi, fiy})

iterations, Algorithm 2 (with s = 1, m; = % fori=1,..m) finds an (e,0)-solution to
problem (2.7), i.e., (1.6) holds.

Proof. The proof is organized in three steps and relies on the complexity Theorem 2
n [34]. The first step is to estimate several constants that are used in that complexity
theorem. The second step is to apply that theorem and show that the output za of
Algorithm 2 is sufficiently close to the solution z*. The final step is to show that 2 = zy
also satisfies (1.6).

Step 1. The goal is to define and estimate for problem (2.7) the constants L 4, (in [34]
this constant is denoted as L), L, p that are used in Appendix A, D.2 of [34]. We start
by defining the operators A;(z,y), A2(x,y) that are used in Appendix A of [34]:

1 1 - 1 1
Ay = —0f(x), —0h , and As(z,y) = | —V.G(x,y), ——V,G(x, .
1= (207w, L00) ) . and Aafey) = (VG0 9,6(o))
Clearly,

=%Z(ivx0i@’y>’7m ) Z““”

The constants p, L A2,E are defined as follows.
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(a) p is the strong monotonicity constant of the operator A;. Using that f (x) is
fig-strongly-convex, h(y) is fiy-strongly-convex, we have:

(A1(2) — ()T (2 — )
;wﬂmwuw@:ﬁ+éwa%WMyyv

>l — 2>+ ly = /' II” > Iz — ||
Thus, A;(z,y) is p-strongly-monotone with p = 1.
(b) La, is the Lipschitz constant of As(x,y) with respect to the Euclidean norm.
Taking arbitrary z = (z,y),2 = (2/,y") € R%+dy we have

[A2(z, y) — A2(2", 3|

1~ (1 o
sz(ﬁ IV.Gi(z,y) — V. Gi(2, y)||+'u IV, Gi(z,y) — VyGi(x,y)H)

=1

1 1 2L
§L<~—+—> |z = 2'|| < =———== Iz = 7|
e fly min{/iz, fiy }
by the L-average-smoothness of G(z,y). Thus, La, < WL”@}
(¢) The constant L? = L?(7) is defined as follows:
P oap S L) - A )
2,2/ €Rdetdy HZ - Z/HQ i=1 T

1 " i i 2
= sup m;mHAz(%y) —A2($/ay/)”

z,z/E]Rdﬂ"*dy

= sup
2,2 E]Rdm +dy

|z—z’||2 Z o IVaGilay) = V.G’ )

2
'wzmwNVG@w V,Gila' )|

1 1 1 2L?
< s s ()l s
2 eRistdy |2 2| Bz By min{ iz, fiy}

by the L-average-smoothness of G(z,y). Thus, L? < ﬁ Step 2. By Lemma 1,
z My
problem (2.7) satisfies Assumption 3 and, by Theorem 2 in [34], after ¢ iteration of the

SAGA Algorithm 2 with s =1, 7; = %n for i = 1,...,m, we have

_ ¢
1 3 L3, 32\
Ellz — 2*||* <2 <1 ~1 (max{%, 14+ MgQ + 7}) llzo — 2*|%,
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where | 7| = m and p, L,, L are defined above. Defining

(o {2500 2 52)) (M{?’m )
n = | N —— — = - = =35
2 proop? 2 " min{fig, fiy }*

and taking ¢t = N, where N is defined in (2.10), we get (2,9) = 2 = zx s.t.

-1

N
E|2 — 2|2 = Efzp — 2||? < 2 (1 - g) 20 — 2|2 < 2¢"#VR2 < £/,

Since ||2 — 2z*||? > 0, by the Markov’s inequality, we have

E 2 x||2
P(||2 - 2*|% <€) zl—Lf” >1-o
€
and with probability at least 1 — o', (£, ) = 2 satisfies
12 =P +]l§ - y*|* = |2 - 2"|* < o’e’ < € (2.12)

Step 3. By (2.12), since, by (2.9), &’ < RZ, with probability at least 1 — o’
12 = 20> < 212 = 2°|1* + [|2* — 20]|*) < 4R35,

Thus, with probability at least 1 — o/, 2, 2* € Ba(z0,2Ry) and, by (2.8),

|F(2) + () = Fla*) = h(y")| < Mgll2 — 2" (2.13)

Since L—average-smoothness of G(J: y) implies its L-smoothness, the function u(z) =
max, cga, {G(2,y) — h(y)} is ( ) smooth by Lemma 2, and the function w(y) =
—mingepe {f(@) + Ga,y)} = max,epa {~f(@) = Gla,y)} is (L+ £ )-smooth by

2.9)
Lemma 2. Thus, with probability at least 1 — o’ > 1—o0

rggdxy{f )+ G(Z,y) — }—xrenﬂél(}z{f )+ G(x,9) — h(5)}

= yrélﬂ%g(y {f (2)+ G(z,y) } {f G(z",y") — }Nl(y*)}

) + Gy~ B~ min {F) + Gl ) — )

= f(&) = f(&*) + u(®) — u(@®) + h(§) — h(y*) + w(g) — w(y*)

(2.13) o, 1 L2\ . . 1 LN o Lo
< Mf+;b||Z—Z||+§<L+ﬁ—>H$_$| +§ L+E>”y—y”

. N 1 L?> L? N
< Myl =+ 3 (204 2+ 1) o= P

x
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(2.12) 2 2 (2.9)

< f+h\/_+ (2L+~—+~_)5l S g.
Ky Haz

Thus, (Z,4) is an (g, 0)-solution to problem (2.7) (i.e., (1.6) holds). Moreover, (Z,) is

found at most after A iterations, where N is defined in (2.10). O

3. Preliminaries

In this section, we provide several technical results necessary for the analysis of our
main algorithm. First, in Lemma 2 we state the properties of an implicit function given as
a solution to parametric maximization problem. After that, we give three lemmas related
to reformulations of saddle-point problems in the form of nested optimization problems:
outer minimization and inner maximization problems. Namely, the saddle-point problem
1) min,cra. Max, g, F(z,y), where F(z,y) has similar structure to the objective in
(1.7), can be reformulated in two ways:

2) min {30) = max Fla) . ond 3) min {-500) = max (-Fa)}.

zeRdx yeR% yeR zeRdx

and the main goal of the three technical lemmas is to relate to each other (e, o)-solutions
to these reformulations. We show that an approximate solution to 2) is an approximate
solution to 1) (Lemma 3); that an approximate solution to 3) is an approximate solution
to 2) (Lemma 4); that an approximate solution to 1) is an approximate solution to 3)
(Lemma 5).

Lemma 2. Let us consider the function

p(e) = max {S(w,y) = Ple,y) - aw)} (3.1)

yER%y
where F(x,y) is conver in x, concave in y and is Lp-smooth as a functwn of (z,y),
q(y) is pq-strongly-convex. Then, p(x) is Ly-smooth with L, = Ly + —F and y*(-) is
(%)—Lz’pschitz continuous, where the point y* is defined as
q

y*(x) := arg max S(z,y), V&eR%.
yERy

Proof. The function $ (x,-) is pg-strongly-concave, and S (+,v) is differentiable. Therefore,
by the Demyanov—Danskin’s theorem, we have

Vp(z) = V,S(x,y" () = V. F(z,y*(z)), Vze R, (3.2)

2
To prove that Vp(-) is L,—Lipschitz with L, = Ly + i—F, we first prove the Lipschitz
q

condition for y*(-). Since S(z,) is pug-strongly-concave, we have, for arbitrary x,z, €
Ré=,
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I (@) =y @ < = (S @) - Sy (e)
Iy (2) = 5 (@)l < % (S(w2,y"(22)) = S(a,y* (1)) (3.3)

At the same time,
2)) = S(z2,y"(21))

S(a1,y*(21)) — S(a1,y* (x2)) + S(x2,y" (z
“(21)) + S(x2, 5" (22))

:S(wl? ( )) ($1, ($2))—§($2,
— (F(22,y"(z1)) — F(22,y"(22)))

By @) - ey (@)

= /(VxF(:cl +t(xe — 1),y (21)) — Vo F(x1 + t(x2 — 1),y (22)), 20 — x1)dt

0
< Vo F(x1 +t(xe — 1),y (21)) = Vo F(21 + t(xe — 21),y" (1)) - [[22 — 21|
(3.4)

< Lrlly™(z1) — y*(z2)| - [l22 — 21]|-

Thus, (3.3) and (3.4) imply the inequality

(3.5)

* * LF
Iy (@) =y (@) € L = ],
q

the function y*(-) satisfies Lipschitz condition with the constant ﬁF . Next, from
q

(3.2), we obtain

(21)) = VaF(z2,y"(22))] =

[Vp(z1) = Vp(z2)|| = [VaF (21, y
) — Vo F (2o, y" (x2))]|

= VaF(z1,y"(21)) — Vo F(21,y"(22)) + Vo F (21, y" (22
< Ve F(21,y"(21)) = Vol (21, y"(22))]]
+ Vo F (21,9 (22)) — Vo F(22,y" (z2)) ||

(3.5) L2
< (L +—) ez — 21l
Hq

< Lrlly*(z1) — y*(@2)|| + Lr|z2 — 21|

Thus, p(z) has Lipschitz gradient with the constant L, = Lp + ot

As mentioned above, we next consider different reformulations of saddle-point prob-

lems. First, we consider the reformulation of the strongly-convex-strongly-concave prob-

lem
min max {f +G(z,y) — fz(y)} (3.6)

reRz yERd

as an equivalent minimization problem:
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min {f( )+ max {G(x,y) — B(y)}} (3.7)

z€Rdz yeR%

Our goal is to show that if & is an (e, 0,)-solution to the outer problem in (3.7) and ¢
is an (gy, 0y )-solution to the inner problem max,cga, {G(Z,y) — h(y)}, then (2,7) is an
(€,0)-solution to problem (3.6), where the dependencies €,(¢), £,(¢), 05(0), o,(0) are
polynomial. Let R, be a number such that R2 > ¢ > 0 and for the solution z* = (z*, y*)
of (3.6) it holds that |y*|| < R,. Since h is convex, by Theorem 3.1.8 in [29], h(y) is
Lipschitz-continuous with constant Mj on the ball B2(0,2R,).

Lemma 3. Assume, that in (3.6) f(z) is fip-strongly-convez, h(y) is fiy-strongly-convex,
and Assumption 1.2 holds. Let an approximate solution (&,7) for (3.7) satisfy

1. % is an (g4, 04 )-solution to the outer problem in (3.7), i.e., (1.5) holds for the objective
f(.’E) + maXyE]Rdy {G(.’E, y) - h(y)}}

2. 9 is an (gy, 0y)-solution to the inner problem max,cga, {G(Z,y) — h(y)},

where

~ 2 ~ ~
) HyE ETHy Ely
< min Q0 ) = pOIY(8)7 (38)
! 8 TME 12 (L4 £)
. Eyblafly € a
%gm&paﬁqWMIWMm}gwwu (3.9)

for somee >0, o € (0,1). Then, (£,9) is an (g,0)-solution to problem (3.6), i.e., (1.6)
holds.

Proof. Under the lemma assumptions, problems (3.6) and (3.7) have the unique solution
(z*,y*). We denote ¥(z) = f(z) + max, g4, {G(2,y) — h(y)} and notice that ¥(z) is
[iz-strongly-convex and has the minimum at x*. Thus, by condition 1. of the lemma,
with probability at least 1 — o

2
12 — 2| < = (¥(2) - ¥(a¥)) < =
Ha Ha
We denote y*(r) = argmax, g, {G(2,y) — h(y)} and notice that, since L-average-
smoothness of G(x,y) implies its L-smoothness, by Lemma 2, y*(z) is (#)—Lipschitz
Y

continuous. Since G(Z,y) — h(y) is fiy-strongly-concave, by condition 2. of the lemma,
we obtain that with probability at least 1 — o, — oy,

~ * ~ * (A (A [k de L2A *
19971 <205 -y @I + 20 @) - @ < T a2 () oo
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2 . -
(3.9) (3.8)
<4ﬂ+4<L> Ca 0088 Y (3.10)

Hy Hy fa [y

Further, with probability at least 1 — o, — oy, since Rz > ¢ > 0, we have ||§]|?> <
2019 —y* I+ ly*|1?) < 4R and, hence, y*,§ € B2(0,2R,). Thus, since h(y) is Lipschitz-
continuous with constant Mj on B2(0,2R,) (see the justification before the statement
of this lemma), we have with probability at least 1 — o, — o, that |l~1(y]) — fz(y*)| <
M;||§ — y*||. Further, since L-average-smoothness of G(z,y) implies its L-smoothness,
by Lemma 2, w(y) = — mingcga, { f(2)+G(z,y)} is (L + g—j)—smooth. Thus, for ®(y) =
mingega, { f(z) + G(z,y)} — h(y), with probability at least 1 — o, — o, we have:

0<@(y") — @) = h(@) — h(y") +w(@) —w(y®)

(3.10) 1 L?
< M; 5y+(L+~> (86"’)
2 f
(3-8) 1 L? [i 2
< M;j 7~8€ ,U'y2 + = (LJF ~> 485#1/ 3 = j (3.11)
fiyT2M2 2 o)\ fi,12 (L+ L—) 3

(3.9)
Finally, with probability at least 1 — 0, —0y > 1—0

;2@35, {f )+ G(Z,y) — }—xIEHﬁEIT {f + G(x, ﬂ)—ﬁ(ﬁ)}
= max {F(&) +G(2,y) — h(y)} — {f(«") + G(z",y") — h(y")}

+{f(@") +G@"y") —hy)} = min {f(@)+G(,9) = h(H)}

(3.11) 2¢ (3.9)

= U(2) - U(z") + D(y") — 2(9) et o S & O

Second, we reformulate problem (3.7) as an equivalent problem

yeR% z€Rdx

— min {h( )+ max {—G(z,y) }}} (3.12)
Our goal is to show that if § is an (e, 0,)-solution to the outer problem in (3.12) and
# is an (e,, 0, )-solution to the inner problem max,cga, {—G(z,9) — f(z)}, then & is an
(€], 0%,)-solution to the outer problem in (3.7) and § is an (&],, o}, )-solution to the inner

Yy -y

problem max, g, {G(%,y) — h(y)} in (3.7), where the dependencies e (£,), &, (sw, &)

0z (0},), oy (0, 0)) are polynomial. Let R,, R, be numbers such that R2 > ¢, > 0,
R? > e, > 0 and for the solution z* = (z*,y*) of (3.12) it holds that ||z*|| < R, and
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ly*|| < R,. Since f, h are convex, by Theorem 3.1.8 in [29], f() is Lipschitz-continuous
with constant M on the ball B3(0,2R,) and h(y) is Lipschitz-continuous with constant
M; on the ball B2(0,2R,).

Lemma 4. Assume, that in (3.12) f(x) is fis-strongly-convez, h(y) is fiy-strongly-convec,
and Assumption 1.2 holds. Let an approximate solution (£,7) for (3.12) satisfy

1. g is an (gy, 0y)-solution to the outer problem in (3.12), i.e., (1.5) holds for the objective

hly) + max, g {-Glo,y) — F@)}}; ~
2. & is an (g4,04)-solution to the inner problem max,ecgra. {—f(x) — G(z,9)},

where
. flEl 5;2[% €l _ ’
e, < min 3 32M;’ S (L N §_2) = poly(c,,), (3.13)
. ﬁy&—; 5:10/1:1:/174 5;2/1?4 E;ﬂy ro
gy Sminq 0=, —ar, e e o = poly(e, €), (3.14)
h
o’ / ot ’ / /
oz < 7:” = poly(o,), o0, <min 73”70y = poly(o;,, 0}) (3.15)

for some e >0, o0 € (0,1). Then, & is an (e, ol)-solution to the outer problem in (3.7)

€’ x

and § is an (e}, 0y,)-solution to the inner problem in (3.7) max,cga, {G(2,y) — h(y)}.

€’ x

the lemma assumptions, problems (3.7) and (3.12) have the unique solution (z*,y*). We
denote ®(y) = h(y) + max,cga. {—G(z,y) — f(z)} and notice that ®(y) is fi,-strongly-
convex and has the minimum at y*. Thus, by condition 1. of the lemma, with probability
at least 1 — oy,

Proof. We first prove that & is an (¢/,, o7, )-solution to the outer problem in (3.7). Under

N . 2 . " 2e
19—y < — (2(9) — ®(y) < =~ (3.16)

Hy Hy
We denote z*(y) = arg max,cga. {—G(z,y) — f(x)} and notice that, since L-average-
smoothness of G(x,y) implies its L-smoothness, by Lemma 2, z*(y) is (#)—Lipschitz—

continuous. Since —G(x, §)— f () is fi,-strongly-concave, using condition 2. of the lemma,
we obtain that with probability at least 1 — o, — oy,

A * A EN P * [ A~ * * 45" L ? A *
|u—xn?smm—x<wP+2m<w—x<yn2sfi+2(f)|y—yw
Ha Mo

2 . o e
(3.14) (3.13)
<4~ﬁ+4<~£> y P08 BT (3.17)

f T
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Further, with probability at least 1 — o, — 0y, since R2 > ¢/ > 0, we have [|2[|? <

2(||& —x*||? + ||z*||?) < 4R2 and, hence, z*, % € By(0,2R,). Thus, since f(z) is Lipschitz-
continuous with constant M; on B, (0,2R;) (see the justification before the statement
of this lemma), we have with probability at least 1 — o, — o, that ‘ f(@) = f=9)] <
M||2 —2*|. Further, since L-average-smoothness of G(x, y) implies its L- smoothness, by
Lemma 2, g(z) = max,cge, {G(2,y) —h(y)}is (L + ﬁ—z)-smooth. Thus, with probability

(3.15)
at least 1 —o, —0, > 1—ol:

(@) + max {G(2,y) — h(y)} — min {f(z )+y12§g§{0(93>y) —h(y)}}

yeR% z€Rd

= f(@) — f(a*) + 9(&) — g(")

1 L? 17) B8, 1 L?\ (8,
< Mg||2— ™| + = (L+~—> |2 — = |\2 < My + 3 <L+ ) <—>
Hy fl 2 [y Kz

(3.13) 127 1 12 '~
S M 86 /-LQCQ 4= <L + ~_) 8(?3:—”3:2 — 5;7
fia32M?3 iy ) \ 1.8 (L 1 ﬁ_l)

justifying that & is an (&/,, ol,)-solution to the outer problem in (3.7).

Next, we prove that § is an (g}, 0y )-solution to the inner problem in (3.7), i.e
max, g, {G(2,y) — h(y)}. With probability at least 1 — oy, from (3.16) and (3.14), we
have that [|§ —y*|* < 3% <&} < R2, which implies [|3]* < 2(/[§ — y*[|1* + [ly*[|*) < 4R}
and, hence, y*,§ € 82(0,2R ) Thus, since h(y) is Lipschitz-continuous with constant
M; on B3(0,2R,) (see the justification before the statement of this lemma), we have
with probability at least 1 — o, that VL(]}) — h(y*)| < M;||§ — y*||. Further, L-average-
smoothness of G(z,y) implies its L-smoothness.

(3.15)
Thus, with probability at least 1 —o, > 1-— a’y:

(G@wﬂ—Mw»—«%@m—B@n=Mm—h@w+G@wﬂ—G@@)

TN 16) 2, L2
< Mpllg =yl + Hy y||2 < M, | =L+
Hy 2 My
(3.14) 2e!2 LE/ ~
< M; Ny,qu_'__yf‘y:g;.
i,8MZ 2 L,

Hence, § is an (e}, 0y )-solution to the inner problem in (3.7), i.e., max,cga, {G(2,y) —
h(y)}. o

Finally, we reformulate problem (3.12) as an equivalent strongly-convex-strongly-
concave saddle-point problem (3.6). Our goal is to show that if (&, ) is an (g, 0)-solution
to problem (3.6), then § is an (g, 0y )-solution to the outer problem in (3.12) and # is
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an (g4, 0,)-solution to the inner problem max,cga. {—G(z,9) — f(z)} in (3.12), where
the dependencies e(e,,¢€y), 0(0g,0y) are polynomial. Let R, be a number such that
R2 > ¢, > 0 and for the solution z* = (z*, y*) of (3.6) it holds that ||z*|| < R,. Since f
is convex, by Theorem 3.1.8 in [29], f is Lipschitz-continuous with constant M 7 on the
ball B>(0,2R,).

Lemma 5. Assume, that in (3.6) f(z) is fip-strongly-convez, h(y) is fiy -strongly-convez,
and Assumption 1.2 holds. Let (&,3) be an (e,0)-solution to the saddle-point problem
(3.6), i.e., (1.6) holds, where

~ ~ 2 ~
e < min {5y7 5932'%7 53'1217 z\zg } = poly(ez,ey), 0 < min{o,, 0y} = poly(o,,0y)
f

(3.18)
for some €5, >0, 05,0, € (0,1). Then,

1. g is an (gy, oy)-solution to the outer problem in (3.12), i.e., (1.5) holds for the objective

hly) + max, e {~G(z,y) — [(2)}; )
2. & is an (g4, 04)-solution to the inner problem max,cgra. {—G(x,9) — f(z)}.

Proof. Since (£,9) is an (&, o)-solution to the saddle-point problem (3.6), i.e., (1.6) holds,
we have with probability at least 1 — o

h(@) + max {~G(x.9) = f(@)} ~ min {h(y) + max {~G(z,y) - f=)}}

< — min {f(2) + G(z,9) — M@} + {f(=") + G(a*,y*) = h(y")}

reRdx
+ y@ﬂggi{f(fr) +G(&,y) = h(y)} = {f(=*) + G(=*,y") = h(y")}
= ylél]gg?y{f(f) +G(#,y) = hy)} = min {f(@)+Gz.9) —h@)} e (3.19)

Since € < gy,0 < 0y, this immediately gives that § is an (g, 0y )-solution to the outer
problem in (3.12).

Repeating similar steps as in (3.19), we obtain that & is an (e, 0)-solution to the
problem mingcga. {¥(z) = f(z) + max, ga, {G(2,y) — h(y)}}. U(zx) is fip-strongly-
convex and has the minimum at x*, whence, with probability at least 1 — o

i —at? < = (@) - v < = < e, (3.20)

Ha Haz
Further, with probability at least 1 — o, since R2 > ¢, > 0, we have ||2[|? < 2(||2 —
z*|? + ||#*]|?) < 4R2 and, hence, z*,% € By(0,2R,). Thus, since f(z) is Lipschitz-
continuous with constant My on B2(0,2R;) (see the justification before the statement of
this lemma), we have with probability at least 1 — o that ‘f(i‘) — flz")| < Myl|& —x*|.
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Thus, using that G(x,y) is L-smooth by its L-average-smoothness, we get with prob-
(3.18)
ability at least 1 —o0 > 1 —o0,

{~G*,9) = f=")} = {~G(&,9) - [()} = [(2) - f(&") + G(&,9) — G(z",9)

20) 2 L2
e MH/ RN

(3.18) 2270, L eyfin
< Mf call 2 + _E /,:L = &z,
Sfu? " 2 L,

which implies that & is an (e, 0,)-solution to the inner problem in (3.12), i.e.,
max,crd. {—G(x,9) — f(z)}. O

4. Accelerated variance-reduced method for saddle-point problems

In this section, we describe in detail the structure of our three-loop algorithm, listed
below as Algorithm 3, and prove the main complexity Theorem 4. The main idea is to
accelerate SAGA algorithm (Algorithm 2) using extrapolation steps in # and in y as in
the Catalyst algorithm (Algorithm 1). Therefore, in the first two loops, we apply Algo-
rithm 1 and, in the third loop, we apply Algorithm 2. Each loop takes as input some
outer problem and its required accuracy ¢ and confidence level . This outer problem
is reformulated in the loop and the reformulation is solved either by Algorithm 1 or by
Algorithm 2 with the accuracy &' and confidence level o’ guaranteeing, by the results
of Section 3, that for the outer problem we have an (g, o)-solution. Moreover, the algo-
rithm used in each loop requires to solve some auxiliary problem with some accuracy
and confidence level, which are then used as input for the next loop. After the loops’
description, we summarize the complexity of each loop to obtain the total complexity of
the algorithm in Theorem 4.

Loop 1 This loop starts at line 3 and ends at line 12. The goal of this loop is to accelerate
SAGA Algorithm 2 in x using the Catalyst Algorithm 1. To that end, we reformulate
the saddle-point problem (1.7) as the minimization problem

min {f( )+ max {G(z,y) — h(y)}} (4.1)

z€Rdz yER%y

Let (6551),09(51)) = (poly(e), poly(0)), (63(/1),0'3(/1)) = (poly(e), poly (o)) satisfy (3.8) and

(3.9) with f and h playing the role of f and h respectively, meaning that e = g,
fiy = fy. If we find & that is an (sé ),aél)) solution to the outer problem (4.1), and §

that is an (5?(,1), a?(,l))—solution to the inner problem
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Iggg;{G(w y) —h(y)} (4.2)

A

then, by Lemma 3, the pair (£, ) is an (e, 0)-solution to problem (1.7).

Algorithm 3 Accelerated variance-reduced algorithm for SPPs.

1: Input: Starting point z¢ € ]Rdf, algorithmic parameters Hy > 0, Hy > 0, oy, > 0, ay, > 0, strong
convexity and strong concavity parameters pz, py, and sequences of accuracies and confidence levels

(3) (3)>
e o .
( kyno Zkon )y >0

2: Initialize 16'“1 =0, ¢z = ;1./:—7.(1‘1"
3: for k=0,1,... do
. vd — v__.
4yt =k @ =
5: for n =0,1,... do
6: By the SAGA Algorithm 2 find an (5,(:‘31, ol(fl) solution
(%K, Yk,n) =& min max Sk n(z,y), where
z€Rde y Ry
Skon(z,y) = f(z) + Btz — 2|1 + G(z,y) — h(y) — By — yiln_1lI%;
7: Find «, , € (0 1) from equation azm =(1- aym)aikyni‘ + qyay, ,;
8: Compute yk n using Nesterov’s extrapolation step
. ay, (1 —ay,,,)
y:,u’il = Yk,n + By, (Yk,n — Yk,n—1) with IByk.n = %
oy T ay,,
9: end for
10: Find a,, € (0,1) from equation ai =(1- ozzh)ot L Tz
11: Compute mZ”d using Nesterov’s extrapolation step
« 11—«
z;nd =2 + Bo, (T — Th_1) with B, = M
:r,. 1 + a»’~k
12: end for

13: Output: x, yr,» (final estimate).

To find such pair (£, ) with target parameters et ) (1),615,1),01(,1), we solve problem
(4.1) using Algorithm 1 with parameter Hy to be chosen later. The outer objective in
(4.1) satisfies Assumption 2 with ¢(z) = f(x) which is p,-strongly-convex and ¥ (z) =
max, cge, {G(z,y) — h(y)} which is (L + ﬁ—z)—smooth. The latter holds by Lemma 2
since L-average smoothness of G(x,y) implies that G(z,y) is L-smooth as a function of
(z,y)-

In each iteration k of Algorithm 1 applied to (4.1), the problem

Ty = arg min {f( )+ max {G(z,y) — h(y)} + —||1:—x |2} (4.3)

zeRdx yeR%

needs to be solved inexactly. Assume that, for each k£ > 0, we can find an (a&lk), Uélk))

(1) (1)

solution to this problem, where e, and oy, satisfy respectively (2.4) and (2.5) with
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555 ), ag(cl), Lo, Hy plaSing the role of €, o, u, H respectively. The latter also implies

that 550,3 = poly (s&” = poly (¢) and a&,’) = poly (6551),0'3(5 )) = poly (g,0). Applying

Theorem 2, and using that el = poly(e), ol = poly(c), we obtain that in N7 =
9] (, /1+ &) iterations Algorithm 1 finds an (550 ) ot )) solution & to problem (4.1) and

(af,”, Uf, )) solution § to problem (4.2), which, by the choice of e oM e (1), 01(11)7 are

also an (g, 0)-solution to problem (1.7).

It remains to show how to find (5&1,6),09(5k)>—s01ution to problem (4.3) in each iter-

ation of Algorithm 1. This is organized in Loop 2 below. Importantly, (55;?,0&?) =
(poly(¢), poly(e, o).

Loop 2 This loop starts at line 5 and ends at line 9. The goal of this loop is to accelerate
SAGA Algorithm 2 in y using the Catalyst Algorithm 1 while finding an (5&1,3, ag(ck))
solution to problem (4.3). To that end, we reformulate the minimization problem in x
(4.3) as the minimization problem in y:

min {h( ) + max { Ffole) — Gz, y)}} (4.4)

yeR rERdz

where f(z) = f(z)+ ||z — 24 ||? is (p, + Hi)-strongly-convex and prox-friendly [35]
since f is prox-friendly.

Set (63(/?,0'3(/?) = ( gclk),ag(gk)) and let (egi),aa(i)) = (poly (5532) poly ( (1))) =
(poly (<), poly(z, @), (=57,052) = (oly (4),=L)) poly (o8, 01)) = (polye),
poly(e,0)) satisfy (3.13), (3.14), and (3.15) with 5(;,3, a&), 5%), a@(,k) playing the role
Eys Ty
meaning that fi, = p, + Hy, fiy = py. If we find g, that is an (53(,,3, Ul(,i))—solution to the

outer problem (4.4) and Zj, that is an (5;2,3, Ug(ci))—solution to the inner problem

of e, ol respectively, and fk and h playing the role of f and h respectively,

x?

max {~fi(e) = G(z.30)} (4.5)

z€R
then, by Lemma 4, £ is an (5&1,3, aé?)—solution to the outer problem in (4.3) and §j is

an (5?(,,3, a?(,i))-solution to the inner problem in (4.3) and the goal of Loop 2 is achieved.

To find such pair (2, §x) with target parameters 6&2,3, ag(gi), 65,?, aék), we solve problem

(4.4) using Algorithm 1 with parameter Hs to be chosen later. The outer objective in (4.4)
satisfies Assumption 2 with p,-strongly-convex function h(y) playing the role of ¢(-) and
(L + o +H ) smooth function max,cgd. {—fk(x) - G(m,y)} playing the role of ¥ (-).
The smoothness holds by Lemma 2 since L-average smoothness of G(x,y) implies that

G(z,y) is L-smooth as a function of (z,y) and since fj () is (pe + Hy )-strongly-convex.
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In each iteration n of Algorithm 1 applied to (4.4), the problem

. ; H m
o= axg i {n0) + s {6l = o)} + B2yl o
yeR% reRdx 2

needs to be solved inexactly. Assume that, for each n > 0, we can find an (5§i)n , a?(,i?n)—
solution to this problem, where 5,(,,?n and Uz(/i),n satisfy respectively (2.4) and (2.5) with

5;?, og(,i), ty, Ho playing the role of €, o, u, H respectively. The latter also implies

that 5.,%& = poly (5;?) = poly (¢) and Uz(/i),n = poly (51(/?7 0’:5?) = poly (¢,0). Applying

Theorem 2, and using that eg(i) = poly(e), Uz(;i) = poly(e, o), we obtain that in Ny =

O (,/1 + I:—j) iterations Algorithm 1 finds an (E(yi)mz(i))—solution Jr to problem (4.4)

and an (5532, Jg(gi))—solution &y, to problem (4.5), and, by the choice of 5552,3, 0;1)7 5_5,?, ag(,i),

2 is also an (6551,3, og(ci_))—solution to problem (4.3).

It remains to show how to find (eg(li)m, Uéi),Tl)-solution to problem (4.6) in each iter-

ation of Algorithm 1. This is organized in Loop 3 below. Importantly, (Eﬁ),aﬁ)) =
(poly(e), poly(e, 0)).

Loop 3 This loop is made inside step 6, where Algorithm 2 is applied. The goal of this
loop is to find an (&:Z(,i)’n,aéi),n)—solution to problem (4.6).
To that end, we reformulate the minimization problem in y (4.6) as the saddle-point

problem

min max {fk(:r) + G(z,y) — ﬁkn(y)} , (4.7)

z€Rz ycR%

where hy(y) = h(y) + %Hy — y$571||2 is (py + Ha)-strongly-convex and prox-friendly
[35] since h is prox-friendly.

poly (U:(Ei),n,aﬁ?n) = poly(e, o) satisfy (3.18) with ¢, oY &l ofi), playing the
role of €, 04, €y, 0, Tespectively, and fk and fzkm playing the role of f and I respectively,
meaning that fi, = py + Hi, fiy = py + Ho. If we find a pair (xn,9%,n) that is an

(6;?;,0’}53)—80111&011 to the saddle-point problem (4.7), then, by Lemma 5, g, is an
(E‘E,i)m,ag(,?n)—solution to the outer problem in (4.6) and &y, is an (5&2), Ug)>—solution

to the inner problem in (4.6).

To find such pair (Zx,n, Jk,n) with target parameters 8](;2, 0,(37)1, we solve problem (4.7)

using Algorithm 2 with

N ~

M(z,y) = fr(x) = hin(y), K(z,y) =G(z,y).
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This problem satisfies the assumptions of Lemma 1 with f(z) = fi(x), h(y) = hin(y),
fie = fto + H1, fly = py + Ho since Fr(@), Ekn(y) are strongly-convex and prox-friendly,
and since G(z,y) is L-average smooth. Therefore, by Lemma 1, Assumption 3 holds,
which allows us to apply Algorithm 2 to solve problem (4.7) using the following param-

3
eters: m; = =, i =1,..,m, L = mln{#IJj{Ll my S = 1. We set (5,(C L) and (0,(c 7)1)

to satisfy (2.9) with 5,(6321, (f,ii playing the role of ¢, o respectively, and fi, = u, + Hi,

fiy = py + Ho, which implies also that (512321) = poly (s,(gzl) = poly (¢) and (a,(C T)L) =

poly (a,i T)L) = poly (e,0). Applying Theorem 3, and using that (61(6331) = poly(e),

(‘71237)1) = poly(e, ), we obtain that in N3 = (m + min{uz+IL121,uy+Hz}) iterations Al-
(3) (3

gorithm 2 finds an (g}, 0, )-solution (2,5, Jk,n) to problem (4.7), and, by the choice

of 5,(6321, 0,(331, Jk,n 1s also an (El(,i??L,ag(,?n)—solution to problem (4.6).

The total complexity of these three loops is summarized in the next result, which is
the main result of the paper.

Theorem 4. Let Assumption 1 hold. Then, Algorithm 3 after

((m—l—mi\/Z +m \/Z )1 3 1) (4.8)
12 K VHafy €o

evaluations of stochastic gradients V,G;(z,y), V,Gi(z,y) and prozimal operators of
f(z) and h(y) (see (1.4)) finds an (g, 0)-solution to problem (1.7).

IS

Proof. We evaluate stochastic gradients V,G;(z,y), V,G;(x,y) and proximal operators
for the functions f(z), h(y) (when we evaluate the proximal operators for fi(z), hi.n(y))
only in Loop 3, where Algorithm 2 is used. Multiplying the number of iterations N7, N>,
N3 in each loop, we obtain that the total number of these basic operations is

~( | H\ ~( [  Hy\ = L?
N=0[|/1+— |- O /1+— ~O< + — )
( Mr) ( Ny) " min(H1 + pa, Ha + piy)?

Choosing H; = max {LLI, \F} Hy; = max {,uy7 ﬁ}, we obtain

waofeefFia)of ﬁ) o (53) )
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s | L L
= m -+ m+ —+m N
Ha Hy Nw“y

where in the second inequality we used that H P} S . Since each loop gives one

logarithmic term, we have the third power of the 1ogar1thm in (4.8). O

e

5. Convex-strongly-concave and convex-concave cases

In this section, we consider problem (1.1) in the convex-strongly-concave and convex-
concave settings under the following assumption.

Assumption 4.

1. f(z) is convex (u, = 0) and h(y) is py-strongly-convex with g, > 0;

2. There exists a solution (z*,y*) to problem (1.1) such that ||z*|| < R, and, if p, = 0,
Hy H S Rya

3. Assumption 1.2 and 1.3 hold.

The main idea is to use a reduction technique based on regularization. When lacking
strong convexity /concavity w.r.t. one of the variables, we add a quadratic regularization
for this variable, which reduces the problem to problem (1.7) under Assumption 1 and
we can apply Algorithm 3. The following result shows that a solution to such-regularized
problems gives is a solution to the original problem (1.1) when the regularization pa-
rameter is sufficiently small.

Lemma 6. Under Assumption /:

if pz =0, py >0 and (&,7) is an (%‘570) -solution to problem:

min max x) +
z€Rz yecRy {f( )

S
Gzl + o) — hiw) |

or if iy =0, py =0 and (&,9) is an (§,0)-solution to the problem:

o I+ Gl9) =) — g P

min max { flz) +

z€Rz ycR%Y
then, (£,9) is an (g, 0)-solution to problem (1.1).

Proof. If ji; = 0, py > 0, then, with probability at least 1 — o

g ~112 N _
+ oy 17+ Gaw) o)}
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e 2 N ~
+ gzl + Gl ~ o)}

A € A112 A
> _
> HyIHnSaZXRy {f(:v) + 12R?2 Z]]* + G(2,y) h(?/)}

- s {0+ el + 6o - 1)

> max {f(&)+G(@,y) — hiy)} + 1212

13
~ llyl<2R, 12R2

— in A7)+ Gl 9) (D))~ B

and (Z,§) is an (g, o)-solution to the problem

min max {f(z)+ G(z,y) —h(y)}.

Iz <2Rz [lyl|<2R,

This problem is equivalent to problem (1.1) under assumption ||z*|| < R,.
If gty = 0, py = 0, then with probability at least 1 — o

€ ~ 2 2
> h
5 = max {f(z) + 16R2 12" + G(2,y) — h(y) — 16R2 [yl }
. . 2 N £ A2
iy {0+ gl + Gl ) = 1)~ g5l

> max {f(£)+

2112 A _ . 3 2
W 41 + 6(2.) - o) = i I}

g
16R2

i € 2 . . € a2
_ ) —
Jmin {760+ g el + Gl ) = 1) — gl

> max {f(2)+G(Z,y)—h(y)}+ 4R}

2
lyll<2R, ’ 16R2 [l

16R2

@)

- i, (@) + G ) ~ H)} - 54 + 1o 0P
> max {f(#)+G(@y) —h(y)} -

H . €
_HwﬂrgglR {f(z )-i-G(x,y)_h(y)}_Z

and (Z,9) is an (g, 0)-solution to the problem
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Hw@ig& e {f(z) +G(z,y) — h(y)}.

This problem is equivalent to problem (1.1) under assumption ||z*|] < R, [|y*|] <
R,. O

We are now in a position to apply Algorithm 3 to problems stated in the previous
Lemma and obtain the corresponding complexity bounds for problem (1.1) as a corollary
of Theorem 4.

Corollary 1. Let Assumption j hold. Then, Algorithm 3 after (in convez-strongly-concave

3 /L s | L L/ 1
O m+miR,\/—+m* ——|—R”7m In® — |,
€ Ly VEly eo

or (in convez-concave case)

s [L s 1
o ((m+<RMy>m4,/_+M ﬁ) _)
g & EO

evaluations of stochastic gradients V,G;(x,y), VyGi(z,y) and prozimal operators of
f(z) and h(y) finds an (g,0)-solution to problem (1.1).

case)

Proof. We regularize problem (1.1) as proposed in Lemma 6, obtain strongly-convex-
strongly-concave problem with constants either p, = ﬁ, [y OF gy = ﬁ, fy =
ﬁ, and solve it by Algorithm 3. The result follows by substituting these values of the
parameters to the complexity bound in Theorem 4. O

6. Conclusions and future work

In this paper, we propose accelerated variance-reduced methods for saddle-point prob-
lems with finite-sum structure and composite terms. For these methods, we propose
complexity estimates that up to constant and logarithmic factors coincide with the lower
bounds [12] for this class of problems. Our algorithms are based on several nested loops
and to make them more practical it is desired to propose their loop-less counterparts.
The recent progress in this field [18] gives a hope of the possibility to construct a di-
rect optimal method without auxiliary loops and logarithmic factors in the complexity
bounds. Future research includes also oracle complexity separation [16,40] techniques
for the setting when f(z) and h(y) are not prox-friendly and their gradients need to be
evaluated.



30 E. Borodich et al. / EURO Journal on Computational Optimization 10 (2022) 100048

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal
relationships that could have appeared to influence the work reported in this paper.

Acknowledgements

This work was supported by a grant for research centers in the field of artificial intelli-
gence, provided by the Analytical Center for the Government of the Russian Federation in
accordance with the subsidy agreement (agreement identifier 000000D730321P5Q0002)
and the agreement with the Moscow Institute of Physics and Technology dated November
1, 2021 No. 70-2021-00138.

References

[1] A. Alacaoglu, Y. Malitsky, Stochastic variance reduction for variational inequality methods, in:
Proceedings of Thirty Fifth Conference on Learning Theory, vol. 178, 2022, pp. 778-816.

[2] M. Alkousa, A. Gasnikov, D. Dvinskikh, D. Kovalev, F. Stonyakin, Accelerated methods for saddle-
point problem, Comput. Math. Math. Phys. 60 (11) (2020) 1787-1809.

[3] Y. Carmon, Y. Jin, A. Sidford, K. Tian, Variance reduction for matrix games, in: Advances in
Neural Information Processing Systems, 2019, pp. 11381-11392.

[4] A. Chambolle, T. Pock, A first-order primal-dual algorithm for convex problems with applications
to imaging, J. Math. Imaging Vis. 40 (1) (2011) 120-145.

[5] X. Chen, J. Wang, H. Ge, Training generative adversarial networks via primal-dual subgradient
methods: a lagrangian perspective on gan, in: Proceedings of the 6th International Conference on
Learning Representations, ICLR 2018, 2018.

[6] Y. Chen, G. Lan, Y. Ouyang, Accelerated schemes for a class of variational inequalities, Math.
Program. 165 (1) (2017) 113-149.

[7] P. Dvurechensky, Y. Nesterov, V. Spokoiny, Primal-dual methods for solving infinite-dimensional
games, J. Optim. Theory Appl. 166 (1) (2015) 23-51.

[8] A. Gasnikov, Searching equillibriums in large transport networks, arXiv:1607.03142, 2016.

[9] A. Gasnikov, P. Dvurechensky, Y. Nesterov, Stochastic gradient methods with inexact oracle, Proc.
Moscow Inst. Phys. Technol. 8 (1) (2016) 41-91.

[10] A. Gasnikov, D. Dvinskikh, P. Dvurechensky, D. Kamzolov, V. Matyukhin, D. Pasechnyuk, N.
Tupitsa, A. Chernov, Accelerated meta-algorithm for convex optimization problems, Comput. Math.
Math. Phys. 61 (1) (2021) 17-28.

[11] A.V. Gasnikov, Reduction of searching competetive equillibrium to the minimax problem in appli-
cation to different network problems, Mat. Model. 27 (12) (2015) 121-136.

[12] Y. Han, G. Xie, Z. Zhang, Lower complexity bounds of finite-sum optimization problems: the results
and construction, arXiv:2103.08280, 2021.

[13] L.T.K. Hien, R. Zhao, W.B. Haskell, An inexact primal-dual smoothing framework for large-scale
non-bilinear saddle point problems, arXiv:1711.03669, 2020.

[14] A. Ibrahim, W. Azizian, G. Gidel, I. Mitliagkas, Linear lower bounds and conditioning of differen-
tiable games, in: International Conference on Machine Learning, PMLR, 2020, pp. 4583-4593.

[15] R. Isaacs, Differential Games: a Mathematical Theory with Applications to Warfare and Pursuit,
Control and Optimization, Courier Corporation, 1999.

[16] A. Ivanova, P. Dvurechensky, E. Vorontsova, D. Pasechnyuk, A. Gasnikov, D. Dvinskikh, A. Tyurin,
Oracle complexity separation in convex optimization, J. Optim. Theory Appl. 193 (1) (2022)
462-490.

[17] R. Johnson, T. Zhang, Accelerating stochastic gradient descent using predictive variance reduction,
in: C.J.C. Burges, L. Bottou, M. Welling, Z. Ghahramani, K.Q. Weinberger (Eds.), Advances in
Neural Information Processing Systems, vol. 26, Curran Associates, Inc., 2013.


http://refhub.elsevier.com/S2192-4406(22)00024-7/bib75BF1A89994F9C9505288FCE1F2FCDA9s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib75BF1A89994F9C9505288FCE1F2FCDA9s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibE0A3E8D190F87A21E83051C2E29FE5FFs1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibE0A3E8D190F87A21E83051C2E29FE5FFs1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibA5E4574E28778A3BC3994E8DCF7732A4s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibA5E4574E28778A3BC3994E8DCF7732A4s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib8304BFC7D89FF04D82081C053644B359s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib8304BFC7D89FF04D82081C053644B359s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib0C464D37A674ACC5B28EE64B63606AB8s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib0C464D37A674ACC5B28EE64B63606AB8s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib0C464D37A674ACC5B28EE64B63606AB8s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib83AFF32315423C0B9B6EC6D1E596C3EDs1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib83AFF32315423C0B9B6EC6D1E596C3EDs1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibBDB7AFAA459429FFA0138BD98AD78BEDs1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibBDB7AFAA459429FFA0138BD98AD78BEDs1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib3012A3BB2EB2A45F963E0C2C7BEF8331s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib023EA3FF7F6EFE1A9395270C208115CFs1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib023EA3FF7F6EFE1A9395270C208115CFs1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibF7198E03971EE4D9E6BEF8DB79765AE6s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibF7198E03971EE4D9E6BEF8DB79765AE6s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibF7198E03971EE4D9E6BEF8DB79765AE6s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib63CEB01CA77E1357168B8854435A3876s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib63CEB01CA77E1357168B8854435A3876s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib11A66B9D1AA69A0AEB39D589F8FB6E78s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib11A66B9D1AA69A0AEB39D589F8FB6E78s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib4AC576250DF27084260EEEFAD867E487s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib4AC576250DF27084260EEEFAD867E487s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib402F58614D08F1F746A0DBA55FFEFA9Bs1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib402F58614D08F1F746A0DBA55FFEFA9Bs1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib74D532A668617475444177540EB60D6Fs1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib74D532A668617475444177540EB60D6Fs1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib78BAE83FB526FD36E73133AF731930A5s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib78BAE83FB526FD36E73133AF731930A5s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib78BAE83FB526FD36E73133AF731930A5s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibFD6A574E37727CA636BE9223DF1D45ACs1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibFD6A574E37727CA636BE9223DF1D45ACs1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibFD6A574E37727CA636BE9223DF1D45ACs1

E. Borodich et al. / EURO Journal on Computational Optimization 10 (2022) 100048 31

[18] D. Kovalev, A. Gasnikov, P. Richtarik, Accelerated primal-dual gradient method for smooth and
convex-concave saddle-point problems with bilinear coupling, arXiv:2112.15199, 2021.

[19] G. Lan, First-Order and Stochastic Optimization Methods for Machine Learning, Springer, 2020.

[20] H. Lin, J. Mairal, Z. Harchaoui, A universal catalyst for first-order optimization, in: Proceedings of
29" International Conference Neural Information Processing Systems, NIPS, 2015.

[21] H. Lin, J. Mairal, Z. Harchaoui, Catalyst acceleration for first-order convex optimization: from
theory to practice, J. Mach. Learn. Res. (2018).

[22] T. Lin, C. Jin, M.I. Jordan, Near-optimal algorithms for minimax optimization, in: J. Abernethy, S.
Agarwal (Eds.), Proceedings of Thirty Third Conference on Learning Theory, PMLR, Proc. Mach.
Learn. Res. 125 (2020) 2738-2779.

[23] S. Lu, R. Singh, X. Chen, Y. Chen, M. Hong, Understand the dynamics of gans via primal-dual
optimization, in: Proceedings of the 7th International Conference on Learning Representations,
ICLR 2019, 2018.

[24] J.J. Moreau, Proximité et dualité dans un espace hilbertien, Bull. Soc. Math. Fr. 93 (1965) 273-299.

[25] O. Morgenstern, J. Von Neumann, Theory of Games and Economic Behavior, Princeton University
Press, 1953.

[26] J.F. Nash Jr, The bargaining problem, Econometrica (1950) 155-162.

[27] A. Nemirovski, Prox-method with rate of convergence o(1/t) for variational inequalities with Lips-
chitz continuous monotone operators and smooth convex-concave saddle point problems, SIAM J.
Optim. 15 (1) (2004) 229-251.

[28] A. Nemirovsky, D. Yudin, Problem Complexity and Method Efficiency in Optimization, J. Wiley &
Sons, New York, 1983.

[29] Y. Nesterov, Introductory Lectures on Convex Optimization: A Basic Course, Springer, 2004.

[30] Y. Nesterov, Excessive gap technique in nonsmooth convex minimization, STAM J. Optim. 16 (1)
(2005) 235-249.

[31] Y. Nesterov, Smooth minimization of non-smooth functions, Math. Program. 103 (1) (2005)
127-152.

[32] Y. Nesterov, Dual extrapolation and its applications to solving variational inequalities and related
problems, Math. Program. 109 (2-3) (2007) 319-344.

[33] Y. Nesterov, L. Scrimali, Solving strongly monotone variational and quasi-variational inequalities,
https://doi.org/10.3934/dcds.2011.31.1383, 2011.

[34] B. Palaniappan, F. Bach, Stochastic variance reduction methods for saddle-point problems, in:
D. Lee, M. Sugiyama, U. Luxburg, I. Guyon, R. Garnett (Eds.), Advances in Neural Information
Processing Systems, vol. 29, Curran Associates, Inc., 2016.

[35] N. Parikh, S. Boyd, Proximal algorithms, Found. Trends Optim. 1 (3) (2014) 127-239, https://
doi.org/10.1561,/2400000003.

[36] S. Shalev-Shwartz, T. Zhang, Accelerated proximal stochastic dual coordinate ascent for regularized
loss minimization, in: E.P. Xing, T. Jebara (Eds.), Proceedings of the 31st International Conference
on Machine Learning, PMLR, Bejing, China, in: Proceedings of Machine Learning Research, vol. 32,
2014, pp. 64-72.

[37] C. Song, S.J. Wright, J. Diakonikolas, Variance reduction via primal-dual accelerated dual averaging
for nonsmooth convex finite-sums, in: Proceedings of the 38th International Conference on Machine
Learning, vol. 139, 2021, pp. 9824-9834.

[38] F. Stonyakin, A. Tyurin, A. Gasnikov, P. Dvurechensky, A. Agafonov, D. Dvinskikh, M. Alkousa,
D. Pasechnyuk, S. Artamonov, V. Piskunova, Inexact model: a framework for optimization and
variational inequalities, Optim. Methods Softw. 36 (6) (2021) 1155-1201.

[39] F. Stonyakin, A. Gasnikov, P. Dvurechensky, A. Titov, M. Alkousa, Generalized mirror prox algo-
rithm for monotone variational inequalities: universality and inexact oracle, J. Optim. Theory Appl.
194 (3) (2022) 988-1013.

[40] V. Tominin, Y. Tominin, E. Borodich, D. Kovalev, A. Gasnikov, P. Dvurechensky, On accelerated
methods for saddle-point problems with composite structure, arXiv:2103.09344, 2021.

[41] B.E. Woodworth, N. Srebro, Tight complexity bounds for optimizing composite objectives, in: D.
Lee, M. Sugiyama, U. Luxburg, I. Guyon, R. Garnett (Eds.), Advances in Neural Information
Processing Systems, vol. 29, Curran Associates, Inc., 2016.

[42] G. Xie, Y. Han, Z. Zhang, Dippa: an improved method for bilinear saddle point problems, arXiv:
2103.08270, 2021.

[43] R. Zhao, Accelerated stochastic algorithms for convex-concave saddle-point problems, Math. Oper.
Res. 47 (2) (2022) 1443-1473.


http://refhub.elsevier.com/S2192-4406(22)00024-7/bib4209E50A550B0ADDA20BFBD26B2AB7C1s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib4209E50A550B0ADDA20BFBD26B2AB7C1s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibF8C0D229A2B282C0599B64AAB99B4A49s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibAD22B4BDAB42884BB20B553F4F79E679s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibAD22B4BDAB42884BB20B553F4F79E679s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib6CC9D288A999AFCEDEE8CD78AA7E2374s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib6CC9D288A999AFCEDEE8CD78AA7E2374s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib2CEAFA40BBC24E40378D1717295FD2F1s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib2CEAFA40BBC24E40378D1717295FD2F1s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib2CEAFA40BBC24E40378D1717295FD2F1s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib46A47B5F9DC8E2C7AAB2F191959EE283s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib46A47B5F9DC8E2C7AAB2F191959EE283s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib46A47B5F9DC8E2C7AAB2F191959EE283s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib8A79D279181AB2AB29A7558F8620722Es1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibA968EA921A24B7727733DAEF703952A2s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibA968EA921A24B7727733DAEF703952A2s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib2CF2E4A1F72F9B8334D91AFBFC008FB7s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibA220428A487AED8002CFBFA81775966Ds1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibA220428A487AED8002CFBFA81775966Ds1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibA220428A487AED8002CFBFA81775966Ds1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib30CB475EE7BA51CDAB12254BB57A1B88s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib30CB475EE7BA51CDAB12254BB57A1B88s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib44DB60EB096AD4AC890E19DC31A5A75Cs1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib7E3B7F2A2D89F3C7EE75C18E52A9658As1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib7E3B7F2A2D89F3C7EE75C18E52A9658As1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibF077A276A6EE97D43E8B8C957A9180D1s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibF077A276A6EE97D43E8B8C957A9180D1s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib779C8078C7DBC0ED4F416A4EDE695CF3s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib779C8078C7DBC0ED4F416A4EDE695CF3s1
https://doi.org/10.3934/dcds.2011.31.1383
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib554D7065E9201F9A1E3046E442455343s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib554D7065E9201F9A1E3046E442455343s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib554D7065E9201F9A1E3046E442455343s1
https://doi.org/10.1561/2400000003
https://doi.org/10.1561/2400000003
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibC8D0FB24DE582989F08328C3E570236Es1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibC8D0FB24DE582989F08328C3E570236Es1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibC8D0FB24DE582989F08328C3E570236Es1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibC8D0FB24DE582989F08328C3E570236Es1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib25F553128127245C7E2DFA7B20F26EF8s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib25F553128127245C7E2DFA7B20F26EF8s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib25F553128127245C7E2DFA7B20F26EF8s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibE784D9AD765C4FBB6D2F3EA6781B8C98s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibE784D9AD765C4FBB6D2F3EA6781B8C98s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibE784D9AD765C4FBB6D2F3EA6781B8C98s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib10114F550D81D56C7E802210EDBA2FE5s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib10114F550D81D56C7E802210EDBA2FE5s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib10114F550D81D56C7E802210EDBA2FE5s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib569CE0F0F1C6838D22D12BF840DBB2E4s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib569CE0F0F1C6838D22D12BF840DBB2E4s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib5CD15798AADCB181024027137862DBF7s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib5CD15798AADCB181024027137862DBF7s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib5CD15798AADCB181024027137862DBF7s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib9D962B0ACC66ACFA24F29536B4817D01s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib9D962B0ACC66ACFA24F29536B4817D01s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibB929070FC009720083862E0F6780995Fs1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bibB929070FC009720083862E0F6780995Fs1

32 E. Borodich et al. / EURO Journal on Computational Optimization 10 (2022) 100048

[44] H. Zou, T. Hastie, Regularization and variable selection via the elastic net, J. R. Stat. Soc., Ser. B
67 (2) (2005) 301-320.


http://refhub.elsevier.com/S2192-4406(22)00024-7/bib70E2E233E28EB82259DC016DD84B27C1s1
http://refhub.elsevier.com/S2192-4406(22)00024-7/bib70E2E233E28EB82259DC016DD84B27C1s1

	Accelerated variance-reduced methods for saddle-point problems
	1 Introduction
	2 Algorithmic building blocks
	2.1 Catalyst meta-algorithm [20,21]
	2.2 SAGA algorithm [34]

	3 Preliminaries
	4 Accelerated variance-reduced method for saddle-point problems
	5 Convex-strongly-concave and convex-concave cases
	6 Conclusions and future work
	Declaration of competing interest
	Acknowledgements
	References


