arXiv:2205.15669v3 [math.OC] 25 Jul 2023

Decentralized Convex Optimization on
Time-Varying Networks with Application to
Wasserstein Barycenters

Olga Yufereva!, Michael Persiianov?, Pavel Dvurechensky?,

Alexander Gasnikov?*°, Dmitry Kovalev®

2

IN.N. Krasovski Institute of Mathematics and Mechanics,
Yekaterinburg, Russia.
2Moscow Institute of Physics and Technology, Dolgoprudny, Russia.
3Weierstrass Institute for Applied Analysis and Stochastics, Berlin,
Germany.
4Skoltech, Moscow, Russia.
SInstitute of information transmission problems, Moscow, Russia.
6Université catholique de Louvain (UCL), Louvain-la-Neuve, Belgium.

Contributing authors: olga.o.yufereva@gmail.com;
persiianov.mi@phystech.edu; pavel.dvurechensky@wias-berlin.de;
gasnikov@yandex.ru; dakovalevl@gmail.com;

Inspired by recent advances in distributed algorithms for approximating Wasserstein
barycenters, we propose a novel distributed algorithm for this problem. The main
novelty is that we consider time-varying computational networks, which are moti-
vated by examples when only a subset of sensors can make an observation at each
time step, and yet, the goal is to average signals (e.g., satellite pictures of some
area) by approximating their barycenter. We embed this problem into a class of non-
smooth dual-friendly distributed optimization problems over time-varying networks,
and develop a first-order method for this class. We prove non-asymptotic accelerated
in the sense of Nesterov convergence rates and explicitly characterize their depen-
dence on the parameters of the network and its dynamics. In the experiments, we
demonstrate the efficiency of the proposed algorithm when applied to the Wasserstein
barycenter problem.



1 Introduction

Optimal transport (OT) [1, 2] is getting more and more attention from the machine
learning and optimization community motivated by a long list of applications such as
unsupervised learning, semi-supervised learning, clustering, text classification, image
retrieval, and others, see [3] and references therein. Given a basis space (e.g., pixel
grid) and a transportation cost function (e.g., squared Euclidean distance), the OT
approach defines a distance between two objects (e.g., images), modeled as two prob-
ability measures on the basis space, as the minimal cost of transportation of the
first measure to the second. Such distances, in particular, the Wasserstein distance,
naturally capture the geometry of the data since they are invariant to shifts and rota-
tions. In particular, the Freché mean with respect to the Wasserstein distance, called
Wasserstein barycenter (WB) [4], allows [5, 6] to reconstruct a template image from
its random observations obtained by random shifts and rotations.

The benefits of the use of WB in real-world applications are sometimes outweighted
by the large computational burden introduced by their definition. The computation of
the Wasserstein distance is already a large-scale optimization problem, and to calcu-
late the WB, one introduces a second optimization level as the WB minimizes the sum
of Wasserstein distances to a set of probability measures. At this point, distributed
optimization algorithms turned out to be efficient to scale-up the computations of the
WB when the data is distributedly stored by a computational network [7-14]. On the
other hand, the nature of the data-generating process may be distributed itself. In par-
ticular, it may be impossible to collect the data even in one datacenter, especially if
the data processing has to respect the privacy of the individual data. Another example
is a network of sensors that measure signals following some distributions and for the
analysis purposes the whole network needs to find the WB of these distributions by
peer-to-peer communications. In this case, decentralized algorithms are especially use-
ful. Moreover, algorithms adapted to time-varying networks of sensors or computing
devices are required. For example, some nodes of the network may be disconnected due
to failures or, e.g., when the node is a satellite that observes certain area, the observa-
tion is available only for a certain period of time. At the same time, the development
of decentralized distributed algorithms for general optimization problems is important
on its own since the WB problem represents only one, yet important, example where
such algorithms are efficient.

Summarizing, the WB problem is important for applications, yet requires to solve
a large-scale optimization problem. For that problem, and other large-scale problems,
decentralized distributed optimization algorithms on time-varying networks has to
be developed. In this paper, we develop a general decentralized accelerated gradient
method on time-varying networks and apply it to the WB problem.

1.1 Related work

In general, decentralized distributed optimization is an emerging and actively devel-
oped branch of optimization, see the recent survey [15]. Our main focus in this paper is
on the setting of decentralized methods working on time-varying networks, for which
in the smooth and strongly convex case efficient algorithms were recently proposed in



[16-18] (primal oracle) and [19] (dual oracle). Unfortunately, these methods are not
directly applicable in our case since the WB problem is not smooth, not strongly con-
vex, and has simple constraints. At the same time, the WB problem has tractable dual
oracle, which motivated us to extend the ADOM algorithm of [19] to the non-smooth,
non-strongly convex setting with simple constraints.

Starting with [8, 9] it was observed that decentralized methods with dual oracle
are well suited for the WB problem. In the cycle of subsequent papers [9-13] differ-
ent decentralized accelerated (randomized) algorithms were proposed for dual WB
problem. In [20] the authors propose to reformulate the WB problem as a bilinear
saddle-point problem (SPP). Decentralized algorithm for this problem was proposed
n [14]. Unfortunately, all these algorithms are designed for static networks that do
not change over time.

Moreover, their extensions to time-varying networks seem to be hardly possible.
At the core of these algorithms lies the reformulation of the WB problem as a problem
with linear constraints ensuring the consensus between the network nodes, and then
solving the dual for that problem. If communication network changes over time, then
the affine-consensus constraints also change over time, and so does the dual problem.
This essentially requires to solve a family of dual problems, which is not possible by
the accelerated gradient methods or the Mirror-Prox algorithm as in [9-14].

The recent work [21] considers the WB problem on time-varying networks and
analyses a simple consensus method. The main difference with our paper is that they
prove asymptotic convergence rather than convergence rates, and they consider pos-
sibly continuous measures on R unlike our setting of discrete measures on R"™. The
paper [22] proposes Fenchel dual gradient methods for distributed convex optimiza-
tion over time-varying networks. The main difference is that we propose an accelerated
algorithm with better complexity, yet under a stronger assumption on the network
(they assume the B-connectivity of the network).

1.2 Our contributions

Since the WB problem has an efficient dual oracle, a natural idea is to use ADOM [19]
that is an optimal decentralized algorithm for smooth strongly convex unconstrained
problems for time-varying networks with dual oracle. ADOM can be considered as
projected accelerated algorithm with inexact consensus-based projection applied to
specific dual reformulation of the distributed optimization problem. Since the WB
problem

® (Smoothness) is not smooth;

e (Constraints) is not unconstrained; as the space of probability measures has simple
constraints;

® (Strongly convex) is not strongly convex;

the direct application of ADOM to the WB problem is not possible. Moreover, not
only WB problem, but also general non-smooth, non-strongly-convex constrained
optimization problems lack efficient algorithms on time-varying networks.



The first main result of this paper is a generalization of ADOM for general ~
strongly convex decentralized optimization problems with simple constraints on time-

varying networks; solving it numerically requires O (% \/175 In %) iterations. The
second contribution is the application to the WB problgfﬁ on time-varying networks;
where the corresponding iteration number becomes O (% In %) The main ideas are
the following. To obtain the strong convexity we use the regularization of the primal
problem by the entropy [3]. To deal with the constraints and non-smoothness, we use
special regularization of the dual problem. This regularization goes back to [23, 24]
and by infimal convolution can be considered as the Moreau—Yosida smoothing of the
primal problem [25, 26]. We emphasize that the proposed dual regularization (primal
smoothing) was earlier investigated only for non time-varying networks [27]. For time-
varying networks and problems with simple constraints the analysis is different.

Paper organization

Section 2 presents preliminaries and basic definitions for a general distributed opti-
mization problem. Section 3 states our main results, i.e. the method, convergence
rates and the parameter estimation. Section 4 introduces the Wasserstein barycenter
problem and specifies main results for the particular case. Section 5 shows numeri-
cal experiments that illustrate and verify the theoretical results. All the proofs are in
Appendices.

Notation

We utilize the following dimensions:

e m for the number of individual devices (nodes),
® ( for the dimension of a data in each device.

We use bold or normal font (x or x) for different spaces x € (R4)™, z € R%. The I-th
component of a vector x € R? is denoted by [z]; and I-th component of x € (R%)™ is
denoted by [x]; which is the corresponding vector from R.

Let 1 denote a column vector with all entries equal to 1. The d-dimensional simplex
is denoted S;(d), that means S;(d) := {p € [0,1]? | p"1 = 1}. For matrices A and B,
AoB and A/B stands for the element-wise product and division, respectively. Another
product we define as follows (M, X) := Zle Zj:1 M;; Xi;.

Abbreviation WB means Wasserstein barycenter and ADOM refers to Accelerated
Decentralized Optimization Method proposed in [19].

2 Decentralized optimization

2.1 Decentralized computation problem

Decentralized computation simulates computation on distributed individual devices.
The devices are considered as nodes of an undirected connected graph called a com-
munication network. It means that each node can perform computations based only
on its local data and the data of its neighbors in communication network. For a con-
vex closed set S and convex functions f; decentralized computation of the following



optimization problem

m

. _ 1

min 2 fi(z) (1)
i—

requires numerical computation assuming that each function f; is stored on the cor-

responding node ¢ € [m] := {1,2,...,m}. Such approach brings us to an effective

reformulation of the optimization problem.

2.1.1 Consensus condition

Since each computational node carries its own local data approximation, we can sub-
stitute formally different variables z; for the mutual argument z in (1) assuming that
they belong to the so-called consensus space. It means the new variables x; must
eventually coincide with each other and with the wanted barycenter. We obtain an
equivalent optimization problem in the following form:

min F(x) = ggg;fx[xh), )
where § = {x = ([x]1,..., [X]m) € ()" | X1 = ... = [X]m} -

Here i-th component [x]; is a corresponding d-dimensional vector.

2.1.2 Time-varying communication network

We consider m distributed devices that seek to reach a consensus solution of an opti-
mization problem. The devices are connected via an m-node network that changes
over time. At each time step n we denote Laplacian of the corresponding network by
W,. In general, it suffices to take any W, satisfying the following:

1. I/T{n is symmetric and positive semi-definite,
2. [Wy,]i,; # 0 if and only if (4, j) are connected by the network,
3. ker Wy, = {(z1,...,&m) |21 = ... = T}

Further we use communication matriz that is the block matrix W,, = Wn ® I1,. Hence,
decentralized communication of each vector z; stored on the i-th node at a time step n
can be represented by multiplication of the md-dimensional vector (z1,...,z,,) and
matrix W,,: indeed, if y = W, x, then it yields

m
lyli = Z[Wn]zg [x]; = Z (Whlij[xlj

Jj=1 JEN;
where N is the set of the neighboring nodes for the node i according to the com-
munication network at n-th iteration. Thus, for each node i, vector [y]; is a linear
combination of vectors [x];, stored at the neighboring nodes j € N;.

The considered algorithms require these communication matrices W,, to have con-

ditional numbers bounded for all n € {0,1,2...}. Namely, we utilize the following
assumption.



Assumption 1. Let there exist constants 0 < AT < Apax such that

min

AT <A\t

min — “‘min

(Wn) < )\max(Wn) < /\max V?’L,

where AT

min
one.
A condition number of the matrix W,, is given as

(W,,) is the smallest positive eigenvalue of W, and Amax (W) is the biggest

)\max (wn)
AT (W)

min

connectivity of a network; it appears in convergence rates of many decentralized
algorithms.

and relates to the

3 Main results

One of our main features is that general convex functions of optimization problem
can be defined on a convex set S C R? instead of the entire R¢, that was crucial for
duality of (10) and (11). First of all, we study the case of strongly convex functions
(Theorem 1). Then we see that similarly we can approximate convex functions (Corol-
lary 1). We obtain an important Theorem 2 by applying Theorem 1 to the Wasserstein
barycenter problem; in this particular setup one can estimate parameters more pre-
cisely. In the next sections we introduce necessary definitions, state Theorem 2, and
provide related numerical experiments. All the proofs are in the Appendices.

Consider v strongly convex case, i.e. the following decentralized optimization
problem

X! = argergin F(x) = argenslin; [ (x:) = argenslin; [ (z), (3)
where S = {x = ([X]1,.- -, [X]m) € ()™ C (RY™ | [x]1 = ... = [X]m},

functions f; are ~y strongly convex, differentiable, and defined on a convex set S. Recall
that i-th component [x]; is a corresponding d-dimensional vector.

Theorem 1. Let S C R be a convez set, let functions f7: S — R of the problem (3)
be v strongly conver and differentiable, let W,, be the n-th communication matriz
satisfying Assumption 1 for some )\I';in, Amax > 0. For any r > 0, after n iterations of

Algorithm 1 we obtain x;!., = VH*(zy) that provides:

1. consensus condition approrimation: for each i and j

n n 2 A;;il’l ™ "
H [XTKYL‘ - [x"“ﬁ]sz =G (1 " Thmax V 1 +r’y> ; @

2. walue approximation:

’ A "
F'(x" ) —min FY(x) < ——mK2?+Cy [ 1 — Lmin_  ©
O) =R BP0 < sy B ( A 1+w> Y



where K is such that |Vf(z)|2 < K for each i and for all x from e/~-

m
neighborhood of the solution argmin Y. f;'(x). The parameters are Cy = (1';27)2,
zeS i=1
_ mOU4+rNE Ay | m(4ry)?
Co= =05 et T
Proof. See Appendix B. O

Remark 1. To reach e approzimation of (4) and (5) it suffices to take r < 5-==.

Then the rate of the number of iterations is

)\max 1+ rYy 02 >\max 1 1
n=0(—F/—h—| = —In—|.
)‘$in Yy € )\$in \Y% e €

Proof. See Appendix B.5. O

Algorithm 1 Modified ADOM
1 input: >0, fori=1,...,m: f]: S = R, (f)*(2) = sup{(z,z) — [ (z) | x € S}
2: define Vhi([z]:) = V(f7)"([2]:) + r[zl:
3. define VH*(z) = (Vhi([z]1), ..., VA, ([2]m)) "

. 221 VA At
) T o _ y _ 1 — Pmin ry
4 seta=g3, 7 Doommey/r (L) A (1477 7 = R ? TAmax \/ 1477

set 20 =0,2% =2z, m® =
forn=20,1,2,... do

zy = 72" + (1 — 1)z}
A" = oW, (m" —nVH*(zy))
m" ! =m" — nyVH*(z}) — A"
w0: 2" =2" 4 na(z) —z") + A"
n ozt =2 — OW,VH*(z])
12: end for
13: output: x;', = VH"(zy)

© ® 3> @

Corollary 1. Let S be a convezr set in R?, let f;: S — R be differentiable convex
functions fori = 1,...,m, and let W, be the n-th communication matriz satisfying
Assumption 1 for some A\.  Amax > 0. Decentralized convex optimization problem

min’

mingeg 221 fi(x) over time-varying communication networks can be € approrimated
numerically by Algorithm 1 applied for v strongly convex reqularizing functions' f (x)
that satisfy

m

0<miy D fie) iy > o) < o2 (6)

e.g., one can take f7(z) = fi(z) + %|=||3



if r < =Sz where K is such that ||V f](x)||2 < K for each i and for all x from e/~-

neighborhood of the solution arg rgin S, [ (x). Moreover, if v = /g, then the rate
EAS

)\max 1 1
n:@()\+ €1n€).

min

of the number of iterations is

Proof. The condition r < -5 follows that the right-hand side of the inequality (5)

4mK?
is less or equal /2, i.e.
V(™ 1.) — i %
Zl fz ([xr,'y]l) glelgzl fz (LL') S 5/2

Combining it with (6) we obtain € approximation of the convex constrained optimiza-
m

2 fl(.’ﬂ) D

tion problem min
€S ]

(3

4 Wasserstein Barycenter Problem

Wasserstein barycenter problem is a motivating and challenging convex constrained
optimization problem that is convex, but not smooth and not strongly-convex. The
problem belongs to the optimal transport theory which recently got various application
in, e.g., texture mixing [28], statistical estimation of template models [29], graphics and
machine learning (for regression, classification and generative modeling) [3]. Further
we consider WB problem as a decentralized convex optimization problem and propose
a computation method in Theorem 2.

4.1 Wasserstein distance

We provide here only necessary definitions and take into consideration only finite-
supported distributions since we deal with numerical experiments. General theory,
that begins with Wasserstein distance, can be found in [30].

Recall that we denote d-dimensional simplex by Si(d) and it represents a set of
possible probabilities distributions as S1(d) = {p € [0,1]¢ | Zle[p]i = 1}. Consider
two probability distributions p,q € S1(d) with support on a finite set of points {w; €
R"}4_ such that p(w;) = p; and q(w;) = g;. Then, a cost (loss) matrix M is such that
its element [M];; € Ry represents the cost of moving a unit mass from w; to w;. So
M is a non-negative symmetric matrix with zeros on the diagonal. It is often taken as
the Euclidean distances matrix, i.e. [M];; = |lw; — w;||3. The set of transport plans is
defined as

Up,q) = {X eR{*" | X1 =p, X1 =¢},

i.e. the set of probabilities measures on RiXd with margins p and q. Wasserstein dis-
tance between two probability distributions defines as the following minimum among



component-wise multiplication of the cost matrix and transport plans:

= i M. X).
W(p,q) XEI?]1(27Q)< , X)

4.2 Wasserstein barycenter

Wasserstein barycenter of a set of probability distributions ¢, ..., g, is a probability
distribution itself that is defined as the solution to the following optimization problem

m

min W,.(p), 7
i, > Wa o) ™)

where W, (p) := W(q;,p). In distributed approach, each device (node) possesses its
original distribution ¢; and the corresponding function f;(-) = W, (-). The goal of the
whole system is, by communicating with each other, to approximate the barycenter
by an iterative algorithm. At each iteration each node computes a new guess for the
barycenter distribution using current guesses from its neighbors. Typically, the first
guess coincide with the original distribution ¢; and the resulting distributions reach a
consensus. It is known (see e.g. [5]) that the WB captures the mean structure of given
data. On example of a dataset of hand-written digits ‘4> of MNIST 784 [31] Figure 1
shows how local nodes’ guesses change and tend to global barycenter, which resembles
a digit ‘4’ as well. That visually illustrates our theoretical result, Theorem 2. In this
experiment communication networks are Erdés—Rényi random networks and change
every b iterations.

4.3 Resulting algorithm for WB problem

To apply the proposed numerical scheme we use entropy regularization of Wasserstein
distance W and make the following assumption on the initial data.
Assumption 2. Let vectors q; € S1(d) C R? be such that

It is not too restrictive as it only excludes zero probabilities of states, which can be
done by a little distortion. The entropy regularized Wasserstein distance is defined as

d d
W, q(p) :=W,(¢,p) = min {(M, X) + ’yZZX,;j lnXij} , (8)
XeU(p,q) =1
where x In z is assumed to equal zero if x = 0.
Theorem 2. Let initial distributions q; satisfy Assumption 2 and let p* be their
Wasserstein barycenter, i.e. p* minimizes the problem (7). Let communication matri-
ces W, satisfy Assumption 1 for some X' Amax > 0. If Algorithm 1 is applied for

min’
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Fig. 1: Evolution of local data converging to Wasserstein barycenter of the hand-
written digit 4 of the MNIST784 dataset for a subset of 7 nodes out of 50 over Erdés—
Rényi random networks varying each 5 iterations; regularization parameters are v =
0.03,7 = 0.001
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entropy reqularized Wasserstein distance functions f; = W, q,, then functions Vh}(z)

are defined as
exp( ([z]i—Myy))

jSexp( ([2li— M) (9
)s s VI ([2]n) T,

Vhi(z) = 32 + ZH‘

V(H"7)"(z) = (Vh*([ I

~~

10



d
and it suffices to take v = felnd, K? = Y (2vInd + inf; sup; |M;; — My| — ’ylng})2,
j=1

and r = to € approzimate the solution p* as follows

__&
4mK?

m

i=1

i=1
pu Ty n/2
K2 cl1- min <
ma ( Thmas 1+m) =°

<2vInd+

41+ ry)

Thus, a sufficient number of iterations of Algorithm 1 is

neo(dmax J1HTY ) O o (Amax Ly 1Y
A Yy € AFoe e

min

5 Numerical Experiments

We provide numerical experiments to demonstrate performance of the proposed
method. We can fruitfully test our method on WB problem with an artificial set
of univariate, discrete and truncated Gaussian distributions. For such a dataset, the
resulting distribution (the zero-entropy Wasserstein barycenter) is described by an
analytic formula. Namely, the barycenter is a Gaussian distribution which mean is the
arithmetic average of the means of the given Gaussians and the standard deviation
of the barycenter is the arithmetic average of the standard deviations of the given
Gaussians.

For all figures of this section we generated a dataset of truncated Gaussians. Each
distribution size is 100, while a size of a dataset (i.e. the number of nodes) differs
and is indicated at each figure. For entropy regularized Wasserstein distance we use
normalized Euclidean cost matrix and entropy regularization parameter v = 0.01. The
regularization parameter r of the method is » = 0.001.

5.1 Comparison with other methods

To the best of our knowledge, we can compare our method (called here ADOM) with
local barycenters method (LB) proposed in [21] and Fenchel dual gradient method
(FDGM) proposed in [22]. They all are applicable for the WB problem on time-
varying networks. Regardless of the analytical form of the LB algorithm, in order to
implement it we need either to solve an optimization problem at each iteration or to use
approximations, e.g. methods of [32]. Note that, for any particular setup, realization
of FDGM is quite a problem, since the method is sensitive to the step size a,,. ADOM
negotiates limitations described above and reveals relatively stable convergence as it
is presented at Figures 2-3, where we test the methods on cycle networks that change
every iteration.
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Fig. 3: Consensus condition comparison of methods on cycle networks changing every
iteration
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5.2 Performance rate

m m

We can see the difference in error value, i.e. in % <Z1 Wiaqs, %, ]i) — 21 W(qi,p*)>,
in two opposite cases: Figure 4a presents evolutiorll of errors Computéd for constant
networks of different topologies, while at Figure 4b networks change every iterations
within indicated topology; the exception is complete network that cannot change. One
natural way to sample a random network is to independently sample each edge with
a probability p. Such networks are called Erdés—Rényi network or (m, p)-Erdés—Rényi
network, where m is the number of nodes and p is the probability of an edge. Let
us notice also that star, cycle and minimum spanning tree (of (m,0.9)-Erdés—Rényi)
networks have m — 1, m, and m + 1 edges respectively in contrast to the complete
network with m(m—1)/2 edges and (m, 0.5)-Erdés—-Rényi network that has m(m—1)/4
edges in average.

13



0.8

0.6

0.4

0.2

0.8

0.6

0.4

0.2

0.8

0.6

0.4

0.2

0.8

0.6

0.4

0.2

m = 25 nodes

—— Complete

~——— Star

—— Cycle

=== (m, 0.5) Erdés-Rényi

(m, 0.9) Erdés-Rényi MST —_

0 100 200 300 400 500
m = 50 nodes

Complete

Star

Cycle

(m, 0.5) Erdés-Rényi

(m, 0.9) Erd6és-RényiMST —on = |

[}
o
[

100 200 300 400 500

m = 75 nodes

—— Complete

~——— Star

—— Cycle

==+ (m, 0.5) Erdés-Rényi

——- (m, 0.9) Erdés-RényiMST —u___

0 100 200 300 400 500
m = 100 nodes

—— Complete

~—— Star

—— Cycle

==+ (m, 0.5) Erdés-Rényi
=== (m, 0.9) Erdés-Rényi MST

0 100 200 300 400 500

(a) Constant networks

m = 25 nodes

—— Complete
~——— Star
—— Cycle
==+ (m, 0.5) Erdés-Rényi

==+ (m, 0.9) Erdés-RényiMST ~—ou = |

0 100 200 300 400 500
m = 50 nodes

——— Complete
~——— Star
—— Cycle

===+ (m, 0.5) Erdés-Rényi

—=- (m, 0.9) Erdés-RényiMST —u_____ =

0 100 200 300 400 500
m = 75 nodes

Complete

Star

Cycle

(m, 0.5) Erdés-Rényi

= (m, 0.9) Erdés-Rényi MST ——o__

)

100 200 300 400 500
m = 100 nodes

—— Complete

—— Star

—— Cycle

—=- (m, 0.5) Erdés-Rényi

~=- (m, 0.9) Erdés-RényiMST —
0 100 200 300 400 500

(b) Time-varying networks

Fig. 4: Different network topologies: error over time

For the two ‘most efficient’ topologies that prove themselves at Figures 4a—4b we

compute at Figure 5 the error evolution for different frequency of the networks varying.
We indicate the lengths of epoch, i.e. number of iteration between network changing.
Notice that the evolution for constant networks, computed above, matches to infinite
epoch length. The number of iterations remain the same on all figures despite it is
insufficient for convergence on cycle networks. Nonetheless one can see the trends of
convergence and notice that there is no monotonicity with respect to frequency of
networks varying.
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Fig. 5: Different number of iteration between network changing: errors over time

Acknowledgments

The authors are grateful to Alexander Rogozin.

The work of A. Gasnikov in Section 4 of the paper was funded by Russian Science
Foundation (project 18-71-10108).

The work of O. Yufereva in the rest part of the paper was performed as part of
research conducted in the Ural Mathematical Center with the financial support of

15



the Ministry of Science and Higher Education of the Russian Federation (Agreement
number 075-02-2023-913).

References

[1]

2]

Monge, G.: Mémoire sur la théorie des déblais et des remblais. Histoire de
I’Académie Royale des Sciences de Paris (1781)

Kantorovich, L.: On the translocation of masses. (Doklady) Acad. Sci. URSS
(N.S.) 37, 199-201 (1942)

Peyré, G., Cuturi, M., et al.: Computational optimal transport: With applications
to data science. Foundations and Trends@®) in Machine Learning 11(5-6), 355-607
(2019)

Agueh, M., Carlier, G.: Barycenters in the Wasserstein space. STAM Journal on
Mathematical Analysis 43(2), 904-924 (2011)

Cuturi, M., Doucet, A.: Fast computation of wasserstein barycenters. In: Inter-
national Conference on Machine Learning, pp. 685693 (2014). PMLR

Barrio, E., Gine, E., Matran, C.: Central limit theorems for the wasserstein dis-
tance between the empirical and the true distributions. The Annals of Probability
27(2), 1009-1071 (1999)

Staib, M., Claici, S., Solomon, J.M., Jegelka, S.: Parallel streaming wasserstein
barycenters. In: Guyon, 1., Luxburg, U.V., Bengio, S., Wallach, H., Fergus, R.,
Vishwanathan, S., Garnett, R. (eds.) Advances in Neural Information Processing
Systems 30, pp. 2647-2658. Curran Associates, Inc., 7?7 (2017). http://papers.
nips.cc/paper/6858-parallel-streaming-wasserstein-barycenters.pdf

Uribe, C.A., Dvinskikh, D., Dvurechensky, P., Gasnikov, A., Nedié¢, A.: Dis-
tributed computation of wasserstein barycenters over networks. In: 2018 IEEE
Conference on Decision and Control (CDC), pp. 65446549 (2018). IEEE

Dvurechenskii, P., Dvinskikh, D., Gasnikov, A., Uribe, C., Nedich, A.: Decen-
tralize and randomize: Faster algorithm for wasserstein barycenters. Advances in
Neural Information Processing Systems 31 (2018)

Kroshnin, A., Tupitsa, N., Dvinskikh, D., Dvurechensky, P., Gasnikov, A., Uribe,
C.: On the complexity of approximating wasserstein barycenters. In: International
Conference on Machine Learning, pp. 3530-3540 (2019). PMLR

Dvinskikh, D., Gorbunov, E., Gasnikov, A., Dvurechensky, P., Uribe, C.A.: On
primal and dual approaches for distributed stochastic convex optimization over
networks. In: 2019 IEEE 58th Conference on Decision and Control (CDC), pp.
7435-7440 (2019). IEEE

16


http://papers.nips.cc/paper/6858-parallel-streaming-wasserstein-barycenters.pdf
http://papers.nips.cc/paper/6858-parallel-streaming-wasserstein-barycenters.pdf

[12] Krawtschenko, R., Uribe, C.A., Gasnikov, A., Dvurechensky, P.: Distributed opti-
mization with quantization for computing wasserstein barycenters. arXiv preprint
arXiv:2010.14325 (2020)

[13] Dvinskikh, D.: Decentralized algorithms for wasserstein barycenters. PhD thesis,
Humboldt Universitaet zu Berlin (Germany) (2021)

[14] Rogozin, A., Beznosikov, A., Dvinskikh, D., Kovalev, D., Dvurechensky, P., Gas-
nikov, A.: Decentralized distributed optimization for saddle point problems. arXiv
preprint arXiv:2102.07758 (2021)

[15] Gorbunov, E., Rogozin, A., Beznosikov, A., Dvinskikh, D., Gasnikov, A.: In:
Nikeghbali, A., Pardalos, P.M., Raigorodskii, A.M., Rassias, M.T. (eds.) Recent
Theoretical Advances in Decentralized Distributed Convex Optimization, pp.
253-325. Springer, Cham (2022). https://doi.org/10.1007/978-3-031-00832-0_8

[16] Rogozin, A., Bochko, M., Dvurechensky, P., Gasnikov, A., Lukoshkin, V.: An
accelerated method for decentralized distributed stochastic optimization over
time-varying graphs. In: 2021 60th IEEE Conference on Decision and Control
(CDC), pp. 3367-3373 (2021). https://doi.org/10.1109/CDC45484.2021.9683110

[17) Li, H., Lin, Z.: Accelerated gradient tracking over time-varying graphs for
decentralized optimization. arXiv preprint arXiv:2104.02596 (2021)

[18] Kovalev, D., Gasanov, E., Gasnikov, A., Richtarik, P.: Lower bounds and optimal
algorithms for smooth and strongly convex decentralized optimization over time-
varying networks. Advances in Neural Information Processing Systems 34 (2021)

[19] Kovalev, D., Shulgin, E., Richtérik, P., Rogozin, A.V., Gasnikov, A.: ADOM:
accelerated decentralized optimization method for time-varying networks. In:
International Conference on Machine Learning, pp. 5784-5793 (2021). PMLR

[20] Dvinskikh, D., Tiapkin, D.: Improved complexity bounds in Wasserstein barycen-
ter problem. In: Proceedings of The 24th International Conference on Artificial
Intelligence and Statistics, pp. 1738-1746 (2021). PMLR

[21] Bishop, A.N., Doucet, A.: Network consensus in the wasserstein metric space of
probability measures. STAM Journal on Control and Optimization 59(5), 3261
3277 (2021)

[22] Wu, X., Lu, J.: Fenchel dual gradient methods for distributed convex optimization
over time-varying networks. IEEE Transactions on Automatic Control 64(11),
4629-4636 (2019) https://doi.org/10.1109/TAC.2019.2901829

[23] Devolder, O., Glineur, F., Nesterov, Y.: Double smoothing technique for large-

scale linearly constrained convex optimization. SIAM Journal on Optimization
22(2), 702-727 (2012)

17


https://doi.org/10.1007/978-3-031-00832-0_8
https://doi.org/10.1109/CDC45484.2021.9683110
https://doi.org/10.1109/TAC.2019.2901829

[24]

[25]

[26]

[29]

[30]

[31]

[32]

[33]

[34]

A

Gasnikov, A.V., Gasnikova, E., Nesterov, Y.E., Chernov, A.: Efficient numerical
methods for entropy-linear programming problems. Computational Mathematics
and Mathematical Physics 56(4), 514-524 (2016)

Rockafellar, R.T.: Convex Analysis vol. 11. Princeton university press, Princeton
(1997)

Lemaréchal, C., Sagastizdbal, C.: Practical aspects of the moreau—yosida regular-
ization: Theoretical preliminaries. SIAM journal on optimization 7(2), 367-385
(1997)

Uribe, C.A., Lee, S., Gasnikov, A., Nedié¢, A.: A dual approach for optimal algo-
rithms in distributed optimization over networks. In: 2020 Information Theory
and Applications Workshop (ITA), pp. 1-37 (2020). IEEE

Rabin, J., Peyré, G., Delon, J., Bernot, M.: Wasserstein barycenter and its
application to texture mixing. In: International Conference on Scale Space and
Variational Methods in Computer Vision, pp. 435-446 (2011). Springer

Boissard, E., Le Gouic, T., Loubes, J.-M.: Distribution’s template estimate with
wasserstein metrics. Bernoulli 21(2), 740-759 (2015)

Villani, C.: Optimal Transport: Old and New vol. 338. Springer, Cham (2009)

LeCun, Y.: The mnist database of handwritten digits. http://yann. lecun.
com/exdb/mnist/ (1998)

Flamary, R., Courty, N., Gramfort, A., Alaya, M.Z., Boisbunon, A., Chambon,
S., Chapel, L., Corenflos, A., Fatras, K., Fournier, N., Gautheron, L., Gayraud,
N.T.H., Janati, H., Rakotomamonjy, A., Redko, 1., Rolet, A., Schutz, A., Seguy,
V., Sutherland, D.J., Tavenard, R., Tong, A., Vayer, T.: Pot: Python optimal
transport. Journal of Machine Learning Research 22(78), 1-8 (2021)

Cuturi, M., Peyré, G.: A smoothed dual approach for variational Wasserstein
problems. SIAM Journal on Imaging Sciences (2015)

Bigot, J., Cazelles, E., Papadakis, N.: Data-driven regularization of Wasserstein
barycenters with an application to multivariate density registration. Information
and Inference: A Journal of the IMA 8(4), 719-755 (2019)

ADOM and its assumptions

The state of the art numerical computation method for time-varying networks, called
ADOM, is developed in [19] and this subsection is to present its main objects. It has
natural restrictions on the class of suitable problems and, e.g., Wasserstein barycenter
problem lies beyond the requirements of this algorithm. So we modify ADOM to solve
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more general optimization problems with restrictions. For the sake of consistency, we
slightly change original notation and adduce below the results from [19].
In [19], optimization problem with the consensus condition is

min H (x) = )rgg%l 1hi([X]z-), (10)
where R = {x = ([x]1,...,[X]m) € R | x1 =... = X]n},

where functions h;: R? — R are assumed to be smooth and strongly convex.
Problem (10) is equivalent to the following:

in H* 11
min H*(z), (11)

where R+ = { = (el [eln) € (R)™ | 3 fali = o},

where H* is the Fenchel transform of the function H and R+ is the orthogonal
complement of R, that exists since S = R? here.

Theorem 3 ([19, Theorem 1]). Let functions h;: RY — R be L smooth and u strongly
convex, x* be the solution of the optimization problem (10), W,, be a communication
matriz at the n-th itemtion satisfying Assumption 1. Set parameters a,n,0,0,7 of

2\t /L AL

Algorithm 2 to o = 2L7 n = , 0= )\ -, 0= m, and T = o w— \/7 Then
there exists C' > 0, such that for Fenchel conjugate function H*(z) from (11)

A "
|VH*(z2) — <" gc<1”mm\/§) : (12)

Remark 2. Addressing details of the proof of Theorem 1 of [19] we see that there is
a particular choice of the constant C, namely

2r 7(1-7)L } 1 /7! 1
C =max{ —,————~— p = — max min —. 13
{u2 n(1 — no)p? G { VL 2 [ 202 (13)

It means that the actual convergence rate is n = O (% Ln —)
min " e
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Algorithm 2 ADOM: Accelerated Decentralized Optimization Method

input: VH*: (R)™ - R, z° ¢ Rt m° € (RY)Y,a,n,0,0>0,7€(0,1)
set z?f =70

for k=0,1,2,... do
zy = 72" + (1—7)z"%
A" = oW, (m" — nVH*(zy))
mn+1 —m" — ’I’)VH*(ZZ) —_ A"
Zntl = gn 4 na(zg —z") + A"
2}t =z — OW,VH*(z}})
end for

© @ N ok w

B Proof of Theorem 1

All the arguments below are applied under assumptions of Theorem 1, i.e. we assume
that S C R? is a convex set, x € S is equivalent to [x]; € S for all i = 1,...,m,
functions f;': S — R are ~ strongly convex, and the output of Algorithm 1 is x
V(H™)*(zy). Denote also

n o _
Y

x, = (z3,...,2;) = argmin F7(x) = argmian](m).

¥ o)
xeS zeS i—1

B.1 Derivation of (H™")*

In brief, in this subsection we show that functions h;” from (14) are + smooth, G

strongly convex, and such that V(H™)* from Line 3 of Algorithm 1 is the gradient
of the conjugate function (H™7)* of H™ = Y h;” from (14). Then the consensus
i=1

condition (4) becomes a corollary of Theorem 3 with L = | and p = 17

From now on let functions h;”: R — R and H™7: (R*)™ — R be
H™(x) =Y h;"([x];), where
i=1
W) = ing 700+~ 1B)
Define their conjugate as (h;”)* and (H™7)*.

Lemma 1. If functions h;” and H™" are defined by (14), then their Fenchel conjugate
functions (h;7)* and (H™7)*: (R")™ — R are

3

(H™7)*(z) = 1(h;"7)*([z]i), where

(h")*(2) = (f)"(2) + 51213

Moreover, its conjugate (H™7)** coincides with H™?.
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Proof. The definition (14) is similar to Moreau—Yosida smoothing, but the tricky point
is that the functions f; are defined on a convex set S instead of the R?. Let us
introduce functions f; with domain R? as follows:

) = { i) ifzesS (15)

400, otherwise.

Such f’? are 7y strongly convex as well. Moreover, substitution f;’ for f7 affect neither
primal h;7:

1 - 1
Y 7y o 2l vy A e
0w = {70+ ol = ol | = it {700 + 51w <13},

nor (f)*(2) + 5ll=]3:

(7)) + 51213 = max { (=, 2) - £ (@)} + 51213

= max {(z.) = f](e) } + 5112l = (7)"(2) + 51213

For each i one can see that (h)"")* = (f;)*(z) + %||z|3 is the Fenchel conjugate of
h;" and vice versa. Indeed, for proper, convex and lower semicontinuous g1, g2 : R¢ —
R we have (g1 + ¢2)*(z) = ¢f0g5 and (¢10g2)* = g7 + g5, where (910g2)(x) means

the convolution inf{g;(y) + g2(z — y) | y € R9}.
Hence the Fenchel conjugate for the function H™" will be

sup {(z,x) — H"(x)}

xe(Rd)m
= su z;, [x]; _h?"/ r y
= u z);, [x];) — h;’»'v r
g[xie%dm Jis i) = B (1)}

= 3 (Y () = (B (o)

In the same way one can see that H™Y and (H™")** coincide. O

Remark 3. For eachi the function (h}"")" from (14) is (% + T) smooth and r strongly

conwez by definition, so we have h;” = (h;")** being + smooth and 7 strongly
convex. In addition

V() (2) = V() () + 2
as stated in Line 3 of Algorithm 1. Then we can apply Algorithm 2 for L = r~
smooth and = 1+7m strongly convex functions h.’" and get the values of V(h;7)*(z)
as output.

1
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Thus we construct a relaxation minger H™7(x) of the constrained convex opti-
mization problem minyes F7(x).

Corollary 2. Let a function H™Y be defined in (14) and let x}, = argmin H™7(x).

Y
XER
Then applying Algorithm 2 for
V(h7) (2) = (f])"(2) + 1z
we get by Theorem 3
% 2 A:’l’_lin ™ !

’XT’:’Y_X:"LKYHQ SC(l— TAinax 1+7”Y> ) (17)

where x;. = V(H"7)*(zy) and
oo 7“27)2.
2y

Moreover, since x; ., € R, i.e. [x;,]i = [x;,]; for all i and j, the consensus condition
is approzimated as follows

n n 2 AI—"I_lin Y "
bt~ be, [ <20 (- [ )

B.2 Value bounds on H™”

Despite we defined k" for all R¢, some properties hold true on the initial set S only.
Lemma 2. Let functions h,” be defined in (14). If v € S, then for any r > 0, for
each i =1,...,m we have

F(@) = sy IV (@)1l < b7 (@) < f (). (18)

Proof. The second inequality directly follows from the definition (14). To prove the
first one we recall that f;' is  strongly convex and the following holds:

R (z) = mf {f” +@2r) Mz —yll3}
= Tz — )1
ot -+ o)
> it AR @+ (V@) y>+7/2||y||§+(27“)‘1||y||§}
2 inf, {f7 +{(Vf (@), —y) +/20yll5 + 2r)Hlyl3}
which reaches its minimum at y = 5 +r'y V f7(z) and so equals to
g " v g " ()2
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sy VA @I

B.3 Convergence in argument

Lemma 3 shows convergence in argument in the following sense: if the regularization
parameter r tends to zero, the argminimum x; , € R of H™” tends to the argminimum
x3 € § of F7. By Corollary 2 we have x; , € R approximated by x;’, € (RH)™ for a
sufficient number of iterations n.
Lemma 3. Let x; . = argmin, g H"7(x) for H™ defined in (14). Let

IVEY(x)[3 <mKZ Vxe{yeS||y—xl: <} (19)

If r is such that [|x;, — x3||2 < (, then

* % rm
7 = %5012 <4/ ZKC- (20)

Proof. Using (18) and strong convexity of F¥ and H™" we have
Fr(x3) = H™(x5) = > hD7([x]
- T Y * * 2
hy ’Y i i
23 (705 + gy gy b ||2)

= H™(x},) + MHX;W -3
2 Fx35) = sy IV E O )IB + s I, — 3B
> FY(xt) - mmf{g + me;7 —x 2
2 F0) + /205 = 3 = gy mKE + s I, xS
= P 00) + 1 = X - g mke
Then 1755 [1x; ., — %33 — mm[(z < 0 and hence [|x}, — x5 3 < G2 K2. O

Combining Lemma 3 with Corollary 2 we get the following.
Remark 4. Let ¢ > 0 and let K be such that (19) holds. If

n/2
/ e [
K 1— mm <
<t ( Amax | 1+ m) =6

, then both ||x;  — x3|l2 < ¢ and [|x}., — x3 |2 < ¢ hold.

where Cp =
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B.4 Value approximation

Let x; , € R be the only argminimum of H™” on the consensus space R, i.e.

*

— i Y
Xy o ar)%ergunH (x). (21)

In order to prove the value approximation (5) let us separate it into parts and estimate
each of them:

FY(x2,) — F(x3) (22a)
< F(x) - HY(x2,) (22b)
M) — B (22¢)
+H" (x5 ) — F7(x3). (22d)
The last addend is negative and can be eliminated:
H™ (x5 ) — F7(x}) < H™(x}) — F7(x}) <0.
The rest are estimated in Lemmas 4 and 5 under additional assumptions.
Lemma 4. Let [|x;, —x3|l2 < ¢. If (19) holds, then
FI(xP) = B (x!) < =————mKZ. (23)

—2(1+ry)

Proof. We cannot declare a uniform K instead of K¢ because F7 is not smooth.
Nonetheless, assuming x;'. belong to ¢-neighborhood of x7, we immediately obtain
from (18) and (19) that

n r
IVE ()13 < ;

Fr(x" —mK;.
(XT 2_2(1+T7)m ¢

)

r
— H"Y(x? <
'y) (X7,'y) — 2(1 +7"7)

Lemma 5. Let (19) holds. Then

AE Ty "/
H™Y (x" — H™(x* <C 1— min
() = HT () < (1= e [T )

1 K¢ [ Amax 1 2
where Cq = m(l + ry) K¢ : + m(L+ Z’Y) .
\/5’7 Amin 47’7

Proof. By =t smoothness of H™7
H™(xp)) — H(x7) < (VH™Y (x7,) %0, = X00) + 5rllx7, — 7,113
< <VHT)’Y (V(HT77)*(ZZO)) aV(HTW)*(Z’rgL) - X:,Q'y> + %HX?,'\/ - x:,'yHZ
< <z;o’ V(HT”Y)*(ZZ) - X:,"/> + %HX:},'\/ - X:rk’,'y”Z’
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where zg° is the limit of zj; and so it is the argminimum of (H™7)* on R+L. By (17)

we have

xr—x 12 < 2oy (1- M [\ _mA4r)® (0 Ny Ty
o 1Y ryll2 = r T Amax 14+7ry 4T’72 TAmax T+ry

Let us introduce an orthogonal projection matrix P onto the subspace R*, i.e., it
holds Pv = argmin,c .1 {v — z} for an arbitrary v € (R?)". Then matrix P is

1
P= <In — 1n1;) ® 14, (24)
n

where I,, denotes n x n identity matrix, 1, = (1,...,1) € R”, and ® is a Kronecker
product. Note that PTP = P.

Since zg° € R+ and Xy ., € R, the first part simplifies to (z;°, PV(H"7)*(zy)). We
may use Lemma 2 in [19] to get the following estimation

[P ()3 = IV () @) < g2 () () — () (™))

As z?“ is a non-optimal point of Algorithm 1, this is not greater than

2 T */_n T * (%
T ((H"™7) (zg) — (H™)"(z )
eAmin
ml+7y) 1 0 w2 M) Amax (|2
< VOAf;in Hzg —Z = 72 )‘j;in Hzg - 2

< m(1 4 77)? Amax {— b ™\
- 2’}/2 )‘gin 7)\max 1+ ry
and the latter ones follow from the M smoothness of (H™7)* and from the fact

that the proof of [19, Theorem 1] actually covers the following chain of inequalities:

e 1_@ K n_i 1_@ lad '
2= TAmax VL) 2u2 Tmax VL)

By our assumption [|z{°|ls = [[VH™ (z;,)|l2 < v/mK,. Thus, we obtain

IVE* ()~ x° |2 < = |22 — 2"

(H"7)"(x7,) = (H"7)"(x7,)

Y Y

n/2 2 + n
VIO R (1 Pin [ m4ry)® (1 M [y
S\/EKC oy A 1 TAmax \/ 1T+7ry + 4ry2 1 TAmax \/ 1417
2
< (mOtrKe [ mOer? ) (1 M )Y
= V2y Mo dry? TAmax \/ T+

AT =\ "2
= 02 (1 o TAmax 1+""Y> ’
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B.5 Final compilation

This section completes the proof of Theorem 1 and shows Remark 1.
2
Recall that where C; = % and

Cy = ﬁcl n m(1+ry)Ke Amax _ m(1 +ry)? n m(1 4+ rv) K¢ Amax

2r \/57 /\I—;in 47My \/57 Ar—;in .

By Remark 4 and Lemmas 4, 5 we see that F7(x} ) — F7(x}) < ¢ if

vxe{yelly—-xila<¢} V(x5 < mKg,
rm At Ty n/2
S K ++/Cy (1 — Dmin <
2y ¢t ! ( TAmax V 1 —i—rv) <G
r
— mK?<¢/2
2(1+7“'y)m ¢<e/2
AE Ty n/2
Cy(1— 2 <e/2.
? ( TAmax \ 1 +W> ¢/

(25)
(26)

(27)

(28)

Let ¢ = y/e/v and let r < ﬁ Then (27) holds. If (28) fulfills, then (26) follows

n/2
from (27) and (28) as | /52 K¢ < /5 < ¢/v/?2 and /C} (1 - 7);;]::); 1:;7) < (/2

since 1 < /C1 < Cy < Cy and € < /e/~v = (. Thus, it suffices to assume

Vi Vee{yeS|ly-ail3<e/}y VA @ <K,

€
r< ——s
— 2mK?’

At roy 2
Co(1— 28 <e/2.
2 ( TAmax V| 1+ 7‘7) <¢/

So ¢ approximation requires a number of iteration

O (Amex JLH77, Co) _ o (Amax 1 g, 1)
)‘;’r_lin vy € )\gin\/’y? €

C Proof of Theorem 2

To prove Theorem 2 we combine proved Theorem 1 with features of the entropy

regularization of the Wasserstein barycenter problem.

C.1 Entropy regularized WB problem

Recall that for a fixed cost matrix M we define the set of transport plans as

Uipa) = {X € R X1=p XT1 =)
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and Wasserstein distance between two probability distributions p and g as

= i M. X).
W(p,q) Xé?zl(r;,q)< , X)

The entropy regularized (or smoothed) Wasserstein distance is defined as

Wipg) = min ((M.X) - 1E(X)) (29)

where v > 0 and

E(X) == > e(Xy),

i=1 j=1
where e(z) = { glnx iii i 8 (30)

So it seeks to minimize the transportation costs while maximizing the entropy.
Moreover W, (p,q) = W(p,q) as v — 0.

Then the convex optimization problem (7) can be relaxed to the following ~
strongly convex optimization problem

m

i Ws.0.(p), 31
bt 2 .0:(P) (31)

where W, 4. (p) = W5(gi, p). The argminimum of (31) is called the uniform Wasserstein
barycenter [4, 5] of the family of ¢, ..., ¢m. Moreover, problem (31) admits a unique
solution and approximates unregularized WB problem as follows.

Remark 5. Let v < {1Ind. If vectors p; € Si(d) are such that

m m

19
We o (i) — mi W. o (p) < &,
; v () = min > 10 (p) < 5
then . .
W, (p;) — min W,. <e.
; (p) — min 2 (p)

Indeed, as entropy is bounded we have Wy, (p) < W, 4, (p) < Wy, (p)+2v1nd for all
i and p. Then, for p* = argmin ) W,, (p) and p% = argmin ) W, 4, (p) it holds that

p€ES:(d) i=1 p€eS:(d) i=1
Z W, (Bi) — Z W, (p*)
=1 =1
< W0 () = Y W, (07) +271nd
i=1 i=1



m . m i e
<D Waa(B) = Y Waa(03) +5 <e
i=1 i=1

C.2 Legendre transforms

One particular advantage of entropy regularization of the Wasserstein distance is that
it yields closed-form representations for the dual function W;"q(-) and for its gradient.
Recall that the Fenchel-Legendre transform of (29) is defined as

W () = e {{z:0) = W,,4(p)}. (32)

Theorem 4 ([33][Theorem 2.4]). For v > 0, the Fenchel-Legendre dual function
Wi (2) is differentiable
Wi () =7 (E(g) + (¢, InKa))

=—v(¢,Ing) + vgjl[q]j In (fj exp (% ([2]s — Mji))> (33)

i=1

and its gradient VWS (2) is 1/~y-Lipschitz in the 2-norm with

<
=

O
I

o (K- g/ (Ka) € 51(d),
(T3, (2)], = S laly el Et) (34)

N 21 exp( 2 ([2]i—Mij))

where z € R™ and for brevity we denote o = exp(z/7y) and K = exp (—M /7).
Notice that to get back and obtain the approximated barycenter we can employ
the following result (with A; = 1).
Theorem 5 ([33][Theorem 3.1]). The barycenter p* solving (31) satisfies
Vi=1,....,m p=VW3 . (20),

where the set of 2z} constitutes any solution of any smoothed dual WB problem:

Z )\ ’Y ‘Zz s.t. i )\Zzl =0.
i=1

Thus we can apply Theorem 1 for the problem (31) with explicitly defined VW3
and obtain x;' that satisfies

215 7Z7n eRd
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By Remark 5 it proves

Zqu([xﬁ,w}i) - quz([p*]Z)
=1 =1
r pus ™\
<2ylnd+ ——mK?*+C (1 - Zmin 2 <
S 2yina+ 4(1—|—r’y)m + ( TAmax 1—|—T’}/> 2

_ 1 Qdr)mKe e o (4r7)?
fOI‘ O = 202 = 2\/57 )\iin + Sry2

C.3 Parameter estimation

It remains to assign ¢ > 0 and K = K satisfying (25). Due to Assumption 2 such ¢

and K exist.

Proposition 1. Let a set {q;};, satisfies Assumption 2, let pZ be the uniform

Wasserstein barycenter of {¢;}7, and let ¢ € (0,min{%, min;[¢;];}). For each i =

1,...,m the norm of the gradient |[NW,, 4, (-)||3 is uniformly bounded over {p € Sy(d) |

Ilp — p3l13 < C}; and the bound K, is given in (35) for p < min{Z, min;[g];} —¢.
We obtain Proposition 1 as a combination of Lemma 6 from [34] and proved below

Lemma 7.

Lemma 6 ([34, Lemma 3.5]). For any p € (0,1), ¢ € S1(d), and p € {z € S1(d) |

min; x; > p} there is a bound: |[VW, 4(p)||3 < K,, where

d 2
KP:Z(271nd+iri1fstl1p|Mjl—Mil|—’ylnp) . (35)
j=1

Lemma 7. Let a set {q;}", satisfies Assumption 2, let P> be the uniform Wasserstein
barycenter of {q;}i,. All components k of p., have a uniform positive lower bound:
[p2]k > min{l, min;;[g];}.
Proof. Let X denote the optimal transport plan between p’ and g;. Assume the
contrary: there is k such that [p3]y < min{, min;[g];}. Then there is another
component n such that [pl], > min;[g;], > min,,[g;];. Consider the vector p that
consists of [p]; = [p}]; except for the components [p], = [p3], + ¢ and [p]; = [pZ]; — 4,
where § > 0 is less than min; 44[X |4, of the optimal transport plans X;* between j2
and q,. Because of the entropy, all these optimal transport plans contain only positive
non-diagonal elements, so such a § exists.

Construct now non-optimal transport plans between p and each of g; in order to
get the contradiction with the assumption. Initially we have W, 4, (p3) = (C, X[) —
vX ! In X;. Consider the matrix X; that differs from X only at four elements:

1 1
(Xilke = [ X Jer + 557 [(Xilkn = [ X[ Jin + 55,

1 1
[Xz]nn = [Xﬂnn + 557 [Xi]nk: = [X;k]nk: + §5~
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Then X; is a transport plan between p and ¢; since its elements are positive and also
X;1=pand Xi—r 1 = ¢;. Using the monotonicity of entropy on the interval (0, %) and
the assumption that diagonal elements of the cost matrix C' are zero, we get for each i:

W (p) < (C.X0) =X In X,

= (C,X}) —vXIn X + 15C’kn — %5an
+ ([Xilor In[X] ke — [X ]kk In[X7]kk)

+ ([Xilon In[Xi]kn — [ X7 ]en In[X] ]kn)

+ ([Xilnk In[Xilng — [ X7 ok In[ X7 k)

+ ([Xilnn In[Xi]nn — [X*}nn In[ X nn)

< (C,X}) —~yX!In X+ 15C’kn — 5an
= (C,X]) =7 X7 In X[ = W’Y,Qz‘ (Piky)

The obtained inequalities W, 4, (p) < W, 4, (p}) contradict to the fact that p3 is the
barycenter; this proves the lemma. O
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