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Abstract

We study zeroth-order optimization of convex
and strongly convex functions with Holder
smoothness of order 8 > 2 from values cor-
rupted by random noise with bias indepen-
dent of the method’s random directions, a
Lipschitz systematic error and a bounded
adversarial error. We measure the number
of function evaluations (calls), of sequential
rounds of parallel calls, and the largest tolera-
ble systematic and adversarial errors. For
strongly convex functions with a bounded
Hessian, we prove a lower bound of order
d?2e=8/(B=1) on the number of calls, where
d is the dimension and e the accuracy, and
find the sharp power of d under the stronger
Hilbert—Schmidt smoothness for all g > 2. An
accelerated finite-difference method attains
them in O(y/klog(1/¢e)) rounds for condition
number x, like Nesterov’s method with exact
gradients, and tolerates the optimal system-
atic and, up to logarithms, adversarial errors;
rate-optimal methods need Q(logd) rounds.
The same number of calls is attained when the
Hessian grows at most linearly with the gradi-
ent and, for centered noise, without an upper
bound on the Hessian, also in logarithmically
many rounds. For convex functions, our lower
bound improves the known one polynomially
in d and is tight at the curvature of the hard
instances; the systematic level is again opti-
mal. These bounds extend to general norms
and constraints; on the £; ball, mirror descent
needs calls nearly linear in d. Experiments
confirm the theory.
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1 INTRODUCTION

Zeroth-order optimization seeks a minimizer using only
function evaluations (Conn et al., 2009; Larson et al.,
2019). Tt applies when derivatives are unavailable, as in
black-box attacks (Chen et al., 2017) and forward-only
fine-tuning of language models (Malladi et al., 2023).
We consider the noisy-value problem

min, f(z). (1)
Each oracle call returns a corrupted scalar value,
whereas the unavailable gradient has d coordinates. Di-
mension dependence is therefore a central complexity
issue. Higher-order smoothness improves the accuracy
dependence, but its effect on the sharp power of d has
remained unresolved.

For strongly convex objectives with a bounded Hes-
sian and smoothness order 5 > 2, the best known

upper bound at accuracy & was O(dzz—:_ﬁ%) oracle
calls (Akhavan et al., 2024), whereas separable lower
bounds gave Q(dﬁafﬁ) (Akhavan et al., 2020,

ﬁ7
2024). Their ratio dF=1 approaches d as (3 grows.
Throughout, asymptotic constants are independent of
d,T,e; other dependencies are explicit.

We close this gap for strongly convex and convex objec-
tives with Holder smoothness of order 3, measured in
the operator norm or in the Hilbert—Schmidt norm. Or-
acle values may contain centered or direction-oblivious
random noise, a fixed Lipschitz systematic error, and
a bounded adaptive error.

Related work. Higher-order finite-difference and ker-
nel methods (Polyak and Tsybakov, 1990; Bach and
Perchet, 2016; Akhavan et al., 2020; Novitskii and
Gasnikov, 2022; Akhavan et al., 2024) attain the d?
dependence. Matching bounds were previously known
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only for 8 = 3 under Hilbert—Schmidt smoothness: Yu
et al. (2024) obtained d®/2¢73/2 for centered noise, un-
restricted Hessian magnitude, and sufficiently large 7'
Under operator smoothness, Lobanov (2024) attains
the d? rate up to logarithms in O(y/k log(1/¢)) rounds,
where k is the condition number. Persistent errors and
round lower bounds were studied in Gasnikov et al.
(2022); Dvinskikh et al. (2023); Pasechnyuk-Vilensky
et al. (2026); Duchi et al. (2018). Tables 2 and 3 give
detailed comparisons.

Main result. Let ¢ = [f] — 1 and set s = 2 in
operator norm; in Hilbert—Schmidt norm, let s = %
for even ¢ and s = 2 — 2(%;711) for odd ¢g. For the
class Fye(5,1;1,3,1) defined in Section 2 under i.i.d.
N(0,1) noise, denote the Gaussian minimax expected
suboptimality after T' oracle calls by RG. Then

B—1
S\ B
mGz(a(min{l,(dT) }) d>2,T>1.

Consequently, operator
@(d257%) oracle calls:  higher-order smooth-
ness improves the accuracy exponent but not the sharp
d? factor. For Hilbert-Schmidt smoothness, s = % for
even g and % <s< % for odd q.

smoothness  requires

Contributions.

e Oracle calls. Random-frame higher-order differences
attain the factors d? under operator smoothness and
d® under Hilbert—Schmidt smoothness; dense hard
instances give matching lower bounds.

e Rounds and persistent errors. A restarted Nesterov
scheme attains the rate in O(y/klog(1/¢)) rounds,
and rate-optimal methods require ©(logd) rounds.
For a-strong convexity, the sharp systematic-error
level is ©(y/ae); the adaptive threshold is determined

up to a factor min{\/d, \/log(4T)}.

e Broader curvature classes. The same rate holds under
gradient-dependent Hessian growth. With centered
noise and unrestricted Hessian magnitude, it holds
once T exceeds a polynomial in d.

o Convezity and geometry. We improve the convex
lower bounds and match central differences in a cur-
vature regime. An image-ball reduction extends the
lower bounds to general constraints; on the ¢; ball,
the dimension dependence is linear up to log®(2d).

Organization. Section 2 defines the model; Sec-
tions 3-5 develop the strongly convex theory; Sections 6
and 7 cover convexity and geometry; and Section 8 re-
ports experiments. The supplement contains proofs,
extensions, experimental details, computational scope,
and detailed comparisons.

2 PROBLEM SETUP

This section defines the function classes, noisy value
oracle, and complexity and robustness criteria for prob-
lem (1).

Notation. Fix 8 > 2 and set ¢ = [f] — 1 > 2.
For operator-norm smoothness let 7 = 0; for Hilbert—
Schmidt smoothness let 7 = 75, where

B-1

T3 = 5~ for even g, Tg = ‘12;1 for odd q. (2)

In both cases, set s = 2 — z75. Constants cg,Cg > 0
depend only on S and are fixed within each for-
mal statement. We use log™ 2 = max{0,logz} and
logy = = log™ 2/log 2.

Smoothness and classes. Let v = g —q €
(0,1]. For the symmetric g¢-linear form D?f(z),
set ||A||Op = SUp|y, <1 |Av1,...,v4]| and let ||All g

be the Euclidean norm of its coefficient array.
The seminorm [f]gop is the least Lg such that
1D9f(x) = DU (Yl < Lgllz—yl"; define [f]gns
analogously. Since [|A4||,, < [Alyg, the Hilbert—
Schmidt assumption is stronger; [f]g denotes either
seminorm.

For 0 < a < L < o and R > 0, the class Fs. =
Fse(B, Lg;a, L, R) consists of the g-times continuously
differentiable f with ol < V2f < LI, [f]s < Lg and
unique minimizer z* in B(R) = {x : ||z|| < R}. Here
L = oo allows arbitrary Hessian norms; x = L/« is
used when L < co. The class Feyx = Fevx(8, Lg; L, R)
is defined in the same way with 0 < V2f < LI and
some minimizer in B(R). Methods start at the origin,
so R bounds the initial distance to a minimizer; it does
not constrain the queries or the output. These may lie
anywhere in RY, except in Section 7.

Oracle calls, rounds, and noisy values. Before
round k, the past and the randomness ©4,...,0;,_4
generate Fi_1. The method draws fresh ©; and selects
all queries of that round jointly from (Fi_1, O); hence
rounds measure adaptive depth. It makes T oracle calls
in N rounds (at most n per round in Theorem 2), and
its output may use the full transcript.

Definition 1 (Noisy values). Let Z; index round k.
A query at Xy, t € Iy, returns Y; = f(Xy) + n(Xy) +
&5+ &2 + 0t Let & be the o-field generated by Fr_1,
Ok, the queries of round k, and the errors of its earlier
queries. For levels M, 0,0 > 0,

In(z) = n(y)l < M ||z —yl| for all z,y; (L)
Elgi | &) =0, E[(&)”]&] <o (©)
E[(&)* | Fi-1] < 0% (€)eer, AL Ok | Fir; ()
|0¢] < 6. (A)
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Table 1: Leading dependence on d, €, and « for strongly convex objectives.

Settin Reference Oracle calls Oracle calls Rounds Rounds
g lower upper lower upper
Akhavan et al. (2024) AT AT e - -
ol < V2f < LI, 1avan et al. € e 7
[f]g.0p < Lg Lobanov (2024) - dQE_T * - V& log 1
This paper (Thms. 1, 2) d?c A1 d?e”F—1 logd® Ve log L
)
al X V2f < LI, Akhavan et al. (2024) - d*e”F1 - -
s
[fls.us < Lp This paper (Thms. 1, 2)7 d’e” BT d’e” -1 logd® V& log 1
s
HV2f||0p < Lo+ L1 ||Vf]| This paper (Sec. 3) d’e” P-T d°e" -1 - Keft log 2
al < V2, Yu et al. (2024), 8 =3, HST  d2e 2 die 3 - -
: ] s
centered noise This paper (Thm. 3) Yl d’e” BT d’e” BT - log ¢

*Up to logarithmic factors. THilbert—Schmidt seminorm; asymptotic in 7.

3

Ket = Lest/a (Section 3). $Rate-optimal

methods, fixed d, L > 3a. ¥s =2 for [f]s,0p; for [f]aus, s = 2 if g is even and s = 2 — % if ¢ is odd. I'For T above a

polynomial in d.

In (O), 1L denotes conditional independence given
Fr—1. Here n is fixed before the run, and §; may
depend on the past, on O, and on the query. The
noise is then admissible at levels (M, o, ).

Thus 7 is a fixed systematic error; £° is centered; £°
may be biased but is direction-oblivious within each
round (Akhavan et al., 2020); and ¢, is adaptive but
bounded. Gaussian noise means independent & ~
N(0,0%) and no other component. Methods know the
class parameters and o, but not M, J.

Criteria and rates. A method is e-accurate on a
class at levels (M, 0,6) if E[f(Z) — f*] < ¢ for every
f in the class and every noise admissible at these lev-
els, where f* = min,cgra f(z). The admissible levels
Miax(e,T) and dmax (g, T) are the suprema of the M
(with 6 = 0) and of the ¢ (with M = 0) for which some
method with at most 7" oracle calls is e-accurate. For
strongly convex functions and ¢ > 0, the rate ®p and
the radius hp that balances the bias and the noise of
the gradient estimate of Section 4 are

2
LF o 2. B=1 d2+7— 2, L
B p2_2tT (O B g 28
(P = 7d B (—) s h = (7) s

7 T T L2T ®)

and ®; := ®p|p=1. Solving &1 = e gives the required
number of oracle calls
_2 _ B
T,(e) = dsa2L§’1 (ag)" -1, (4)

A gradient error of norm b causes function-value error
at the scale % under strong convexity, so accuracy €
requires gradients with accuracy y/ae. The radius at
which the bias of the estimate equals /ag, and the

adversarial level with the same effect, are

_ (aed"\zE-n . \Jache 1 1
he —( L% ) 758 = \/E =od T*(ﬁ) . (5)

The last equality requires o > 0. The scale d. equals
the standard-error scale associated with T (g)/d cen-
tered observations; the oblivious component of Defini-
tion 1 may remain dependent across oracle calls.

3 MAIN RESULTS

This section gives oracle-call, round, and persistent-
error bounds for strongly convex objectives under
bounded, gradient-dependent, and unrestricted cur-
vature.

Theorem 1 (Oracle calls, rounds and admissible noise).
Letﬂ>2,0<a<L<oo,n:§anda>0, and
let Fse be defined with either seminorm. There are
constants 0 < cg < Cg such that the following holds.

(a) (Upper bound.) Let T > Cgdy/k logy (Csdr (1 +

Lq>R12 )) The accelerated method of Procedure 1 with

radius hr and target Cg®r uses at most T' oracle
calls in N < (1+5/k)(1+logd %ﬁf) rounds, and
for every f € Fyc and every noise admissible at
levels (M, 0, 9)

2 2
Bl (@) — 1) < 0@+ T+ Tar) (o)

(b) (Lower bound.) Let p = min{a, £52} and @y =
2(8-1)

_ 2
min{aR? p 72 o 'Ly, "*}. If M < aR, then
for every T > 1 every method with T oracle calls

in any number of rounds satisfies sup; , E[f (&) —
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Table 2: Leading oracle-call dependence on d, €, and L for convex objectives.

Oracle calls Oracle calls

Setting Reference lower bound upper bound
B 283 28
Akhavan et al. (2020, 2024) min{d’c >, dF-Te F-1} I d*e” P 1
28
) Bach and Perchet (2016) - ™71
Vof 2 LI, Gasnikov et al. (2024a) - d*Le™3
[flg.op < L Lattimore and Gyorgy (2023), e f € [3,7]*
Fokkema et al. (2024) € forp ’2
i 2(8+1) 25
r(I‘TlErSnspipig min{dgsﬁ, d*c™ =5, d2L573} d? min{sfﬁ,Lsﬁ}
’(IS‘his (gaper, LS Bk d2Le=3 d2Le—3
ec.
het (201 _ 2 — 25,
e e
[f]ngs < Lg (Sec. 6) ’ d?e728 d2e” B-1
This paper, q odd 2 2§ 2,2&;711) -2
(Sec. 6) e d e
Constraints with an . . 5 _g o _20+1)
n-dimensional image ball This paper (Sec. 7) m1n{n2z—: e P } -
£y ball, [flg1 < Lg This paper (Sec. 7) de” Sk dlog?(2d) e 7 -

a<band a>bmean a < Cband a > cb with ¢, C > 0 independent of d, € and L. *Centered sub-Gaussian noise. TUp to
8 8 2
logarithmic factors. *For A :L <e <min{l,L}. $Fore < df%L%J, L>1. YFor a7 <e<d z.lForL>e'"5.

] > cg(min{®y, $o} + MTQ) under Gaussian
noise, where f ranges over Fs. and n over the
M -Lipschitz systematic errors.

(¢) (Admissible levels.) For every e € (0, LR?), this
method with target 5 and radius h = cghe is e-

accurate with Cg[Ty(g) + dy/k (1 + log L?R2)] or-
acle calls in at most C/k (1 + log L?Rz) rounds
whenever M < cg\/ae and § < cgd.. Conversely,
Muax(e,T) < V2ae for all T and e < "‘TRQ, and
Smax (e, T) < Cgmin{V/d, \/log(4T)} 6. for all T
and € < gg, where ¢g > 0 depends on the class
parameters and d, but not on T.

‘When the bounds match. Let § =0 and M < aR;
the latter is needed, since the output 0 has error at most
LE®  As &y < ® if and only if T > T, (D), (a) and
(b) give the minimax error ©(®r + MTZ) over F. and
the noises admissible at levels (M, o,0), jointly in all pa-
rameters, for T' > max{T, (®g), Csdr/k1logy(Cpdr(1 +
%‘?2))}7 where T, (®g) = O(d®) for fixed other param-
eters. Part (b) also applies below this threshold; for
L > 3a, Theorem 2(b) gives the corresponding small-
budget lower bound for exact values. With a = 1,
L=3,R=Lg=0=1and M =6 = 0 the minimax
error is O(min{1, (d%)ﬁ%}), foralld >2and T > 1
(Lemma E.5).

Admissible errors. Part (c) compares errors at the
statistically optimal budget T = ©(Ty(¢)): the sys-
tematic level is sharp in every dimension and, for
e < g9, the adaptive level is characterized within
min{v/d, \/log(4T)}. For fixed d, once T > T(¢)
and log(4T) > d, the same bounds give the factor
V/d. Both admissible levels also hold under two-point
feedback. The adversarial converse extends to the
high-probability criterion of Pasechnyuk-Vilensky et al.
(2026). The two-phase method of Section 4 attains (6)
in O(k(1+log™ %f)) rounds if dk replaces dv/k in (a).

Rounds. Let Ry ,(C; o) be the minimax risk of meth-
ods with NV rounds of at most n oracle calls each, under
Gaussian noise of variance o2 or exact values (o = 0).

Theorem 2 (Lower bounds on the number of rounds).
Let B > 2, Lg,o, R > 0, L > 3a, let Fsc =
Fse(B, Lg;a, L, R) be defined with either seminorm,
and let N;n > 1.

€
(a) Ifo >0, then ml,n(}—sc;g) > Clni%
c1 > 0 independent of n.

(b) For every o > 0, Ry n(Fse;0) > ecyn™"N with

_ 28=1((B=HV-1)
VN = d(A=2)
depend on n.

, where cy > 0 does not

(¢) Let 0 > 0 and fiz d and all parameters except n.
A method with N rounds of at most n oracle calls

. _B-1
whose worst-case error on Fge is O(n™ 7 log" (n+
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Table 3: Admissible persistent-error scales.

Setting Reference Oblivious Mpax Omax
Akhavan et al. (2020, 2024), ) B B
al X V2f < LI, Lobanov (2024) v
] 8
[fl6.0p < L Gasnikov et al. (2024b) - - Ze2B-Od B-1*
8 1
. , 2emad,
This paper (Thm. 1) v =e2 - 82([3ﬁ—1) log(;T)
ol X V?f < LI . > 5D gk
< L. ’ This paper (Thm. 1) v =e2 ~T L
[flpms < Lg S eTD 4% \/log(4T) !
_B 1
ol 2 VQf, [f]ﬁﬁp < Lﬁ? . . 1 252(6—1)d_§’
Hvzfuop < Lo+ L ||VS] This paper (Sec. 3) v =2 _ g% ’Tg&;ﬂ)
ot al. =
ol < V2, Yu et a< (2024), B8=3, % B
Moo < Ls o = s s o
T This paper (Thms. 1, 3) X < et <e2B-D %
Akhavan et al. (2020, 2024) v -
0= V*f =< LI, Dvinskikh et al. (2023), o =0 - >edz -
[lg.op < L Pasechnyuk-Vilensky et al. (2026), c =0 - - > edqgat
. 2 emntstr s,
This paper (Sec. 6) v =€ . loggu,)
5
£y ball, [f]g1 < Lg This paper (Sec. 7) X Ze€ 2 eB-1

<, Z, =<: up to constants independent of d, e, T, for small € and large T. v :

~) o~

oblivious noise allowed; X: centered noise

assumed; — not considered. *Fixed errors; Polyak—Lojasiewicz functions. TFixed errors and queries in a ball. *For even g¢;

_1 g—1
for odd ¢q, d 27351 instead.

1)) for some k (rate-optimal) has N > Ng(d) :=
max{2, [logy_, (1+ L229)]}.

The hard functions satisfy af < V2f < 3al. Part (c)
concerns fixed d and growing oracle calls per round;
see Section () on its constants and on finite budgets.

Gradient-dependent curvature. The gradient-
dependent condition below controls the initial re-
gion while allowing unrestricted global curvature:
Hvzf(x)Hop < Lo + L1 ||Vf(x)|] (Zhang et al.,
2020). It implies V2f =< Legl on B(R) for Leg =
min{Loe?X1 % Cy(Lo(1 + L1R)?72 + LgRP2)}, and
above an explicit budget the projected two-phase
method with Leg in place of L satisfies (6) in O(kegr (14
log™ %)) rounds, Kef = L;"f; the lower bounds hold
with L = Lg if Ly > «. The explicit budget and proof
appear in Lemma I.1.

For the full class Fy(8, Lg; a, 0, R), let Ry (C;0) be
the minimax error over C of methods with at most T
oracle calls in any number of rounds, under centered
noise (C) with n =¢£° =4, = 0.

Theorem 3 (Minimax rates under unrestricted cur-
vature). Let > 2, a,Lg,R,0 > 0, let C =

Fse(B, Lg;a,00, R) be defined with either seminorm,
and set K, = (d'gq),

(a) There is Cy = Co(B,a, Lg, R, o) such that, if T >
Cod? for2 < B <4, orT > Cod? for B > 4, then
cg®r < Rr(C;0) < Cdr, and the upper bound
is attained in at most C3T'/d rounds.

(b) There are Ci = Ci(B,a,Lg,R,0) and Cy =
Cy(B, o, L, R) such that a batched method attains
Rr(C;0) < CaPr in at most C2(1+1og T) rounds
whenever T > C’qu2+Q/7 log(2+d+T).

For integer 3, the threshold in (b) is at most a S-
dependent constant times d®”~1log(2 + d + T).

Both methods assume centered noise and first fit the
unrestricted low-order polynomial component of f; ev-
ery pilot oracle call is included in T. Part (a) uses 1+d
pilot rounds for 3 < # < 4. For 8 > 4, and for 8 > 3 in
part (b), global polynomial minimization is treated as
exact computation in the oracle model. For = 3 and
Hilbert-Schmidt smoothness, (a) recovers the d?e~2
oracle-call complexity of Yu et al. (2024) on their class
and noise for all T > Cyd?. The converse bounds of
Theorem 1(c) hold here with L = 3«, since the hard
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instances have V2f < 3al.

4 GRADIENT ESTIMATION

This section isolates the random-frame gradient esti-
mate used by a standard strongly convex optimizer.

Higher-order finite differences. Let m = [Z],

tj = L for j < m, and let ay,...,a, solve
Sy at? ! = 1{i = 0}, i = 0,...,m — 1. Then
o >_jai(p(ht;) — o(—ht;)) = ¢'(0) for every polyno-
mial ¢ of degree at most 2m > ¢. For m = 1 this
is the central difference, and for m = 2 the weights
are (§,—1). The constants S; = > lajl, S2 = ja?,
Ay =3 |ajltj and Cp = (51 + (%)%)2 measure the
amplification of value errors. A frame is a uniformly
random orthonormal basis of R¢; differences along ran-
dom directions are standard (Polyak and Tsybakov,
1990; Nesterov and Spokoiny, 2017; Gasnikov et al.,
2024a).

The update in the second block below is Nesterov’s stan-
dard constant-momentum scheme (Nesterov, 2004, Sec-
tion 2.2). The wrapper adds restarts, growing batches,
and calls to the random-frame estimate.

Procedure 1 Random-frame finite differences with
restarted Nesterov descent

Require: radius h > 0, targete > 0; o, L, R, 0; k =
Random-frame estimate §n p(z), one round of
2mdB oracle calls:

Draw B independent frames (U, .(é))glzl

7

L
a

In one round query all z £ ht; Ui(é)7 receive Yiﬁ

50 — s 1 + —\77(0)

9 = D1 3n Z;n:l a‘j(Yz’jé - Yz’je)Ui

return g = % Zle g

Restarted Nesterov scheme, J stages of Ng rounds:

. No=[5r], 0= ﬁliyf@“) =0

5

6: V= 7(“3)32, J = [log, %]
7. for j=1,...,J do
8
9

By = {1, [ 25072

: T_1=%x9= =1
10: for k=0,...,No—1do > one round each
11: ye = op + 0(xr — Th1), Thp1 = Yk —
L~ g B, (yk)
12: 20) = TN,

13: return & = (/)

Proposition 1 (Random-frame error decomposition).

Let [f]p < Lg and d > 2, and let the center z and the
radius h of round k be Fi_1-measurable. For every
noise admissible at levels (M, 0,5), the random-frame
estimate in Procedure 1is § =V f(z)+b+(+ A, where

b is Fr—1-measurable, E[C | Fr—1] =0, and
Vd S8

bl < CoLpd 3051 4 AuM,  JA) < 52,
CaLih*=2  4A2M2  C,do?

2 < B 16 1 o
IE[”C” |‘Fk—1} —_ BdT B Bh2 I

The estimate relies only on higher-order smoothness,
independently of the Hessian magnitude.

The oblivious noise multiplies each direction Ui(l) by a
coefficient independent of it, and a uniformly random
direction has mean zero. A systematic error is a frame
sum with an odd A;M-Lipschitz coefficient function
on the sphere, so by the Poincaré inequality its second
moment is at most ;94 AZM2. If those coefficients
depended on the sampled frame, the shift could scale
as V/d M; a bounded adaptive error can align all d
differences.

Descent. The second block of Procedure 1 restarts
Nesterov’s constant-momentum scheme. Each stage
contracts the error by a constant factor, while the
growing batch keeps the estimation variance at the new
target scale. Unlike general inexact oracles (Devolder
et al., 2014; d’Aspremont, 2008; Cohen et al., 2018), a
fixed gradient bias of norm b contributes only an abso-
lute constant times %. At radius hr, smoothing bias
and centered noise each contribute ®7; systematic and
52;, respectively.
At he, the bias is \/ae, which gives Theorem 1(c). The
two-phase method (Procedure 2) takes projected steps
ﬁ and then decreasing steps with averaging, and needs
the Hessian bound only on B(R).

. . 2
adaptive errors contribute MT and

Dimension dependence. Under Hilbert—Schmidt
smoothness, ball averaging contracts the tensors that
determine the finite-difference bias. A k-fold trace
of D?f has Holder constant at most dgLﬂ under the
Hilbert—Schmidt bound but enters with the weight %k:
for odd ¢ = 2k 4 1 this gains d=% = d~— %, and for even
q = 2k, where the k-fold trace is only y-Holder, one
more difference at the radius hd~1 gains a5 =43,
The hard functions mirror this: a radial cutoff raises the
Hilbert—Schmidt seminorm by dz L2), which matches
odd ¢, and even ¢ needs a ridge of width hd=%. The
same parity dependence appears in the matching hard
instances.

5 LOWER BOUNDS
This section gives the proof ideas behind the oracle-call,
persistent-error, and round lower bounds.

Every hard instance is a quadratic plus a smooth per-
turbation supported on a ball, with a cutoff x =1 on
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[0,4] and x =0 on [1,00). A perturbation of slope a
and radius h has seminorm scale ah'~? and Hessian
scale a/h; hence a = cgLgh?~!, while L — o bounds h

from above.

Oracle calls. For a < 1 < 2a and w € {£1}9, define

ll]

the hard functions f,(z) = & [l=]1* + 7 (w,z) x()

for Theorem 1(b). Each coordinate of the minimizer

2
aw : : : a
wd carries one sign, and a wrong sign costs Rad*

2a|z;|

Flipping w; changes a value by at most Ji and the

squares of these changes sum over 4 to at most # at
every query. By Assouad’s lemma a constant fraction
of the signs are wrong unless Ta*h? > cgd®c?; this
spreading of the signal over all coordinates produces
the factor d?. Balancing T'a?h? with d?c? gives the
error ®7. For small T this radius violates the curvature
or the radius constraint, and the bound saturates at
®g. Under Hilbert—Schmidt smoothness the cutoff, or
for even ¢ a ridge, changes the power of d (Section 4).

Persistent errors. A Lipschitz error can be obser-
vationally indistinguishable from a change of the ob-
jective: for any unit vector v, the instances fi(x) =
¥ %UHQ with ne(x) = £M (v, ) give the same
values, and one of them has error at least Jgf—: what-
ever the number of oracle calls. For the adversarial
converse, a perturbation of slope of order \/ae and

radius of order h. lies along a uniformly random unit
. . log(4T'
vector v. With § = ©(min{1, %}),
at a level & of order #v/dd, returns the unperturbed
value outside the cone {|{v,z)| > 0 |/z||}, which the T
queries of a run miss with probability at least %; then

v and —v cannot be told apart, as for convex Lipschitz
functions in Pasechnyuk-Vilensky et al. (2026).

an adversary

Rounds. For Theorem 2(a), the queries of one round
hit a perturbation of radius r at a random center in
B(%) with probability at most (2)? each. For (b),
the minimizer is hidden behind N + 1 perturbations
with nested random centers, as in Dorn et al. (2026,
Appendix E) for exact values: with probability at least
% the queries of round k miss the ball where f differs
from the sum of the first & perturbations, and the
recurrence has scale 11 = cBn_%rf ~! which gives
vy, and (c) follows by comparing vy with %

6 CONVEX FUNCTIONS

This section gives convex upper and lower bounds and
identifies a curvature regime in which central differences
are minimax.

Without strong convexity a gradient error of norm

b costs bR in wvalue. Set V. = L, or V =
min{L, Lz(2R)?~2} for operator smoothness when

2 < B < 3. At the gradient scale h = @((z‘i—i)ﬁ%
the finite-difference bias is at most % At the value

scale h = @((%)%), central differences estimate the
gradient of fy(z) = Ef(z + hW), W ~ Unif(B(1)).
Here only the oscillation of f, — f matters, and
|tr V2 f(z) — tr V2 f(y)| < dV controls it.

Theorem 4 (Convex upper bounds). Let 5> 2, 0 <
L < o0, f € Feux(B,Ls; L, R), and let the noise be
admissible at levels (M, 0,0). An accelerated projected
method on B(R) with the estimate of Procedure 1 at
radius h outputs & € B(R) with E[f(z) — f*] < € in

((%)%1 rounds, as follows.

(a) (Gradient scale.) If h = cMi‘ii)ﬁ,
M < cﬁ% and 6 < CBRE\%, it uses T <
ng—;dz’ﬁ(iLﬂfﬁ)% + Cpd(1 + LTRQ) oracle

calls.

(b) (Value scale.) With central differences (m = 1,
alztlzl)forevery/@, th:(ﬁ)%,M< €

= 16R’
0 < 2, and & < 8Lg(2R)® when V < L, it

uses T < 0‘12":7?%2 +32d(1 + L?Rz) oracle calls,
with an absolute constant C'.

Part (a) has the leading term of Bach and Perchet
(2016); (b) with V' = L is classical smoothing (Flaxman
et al., 2005; Saha and Tewari, 2011) and uses central
differences because ball averages preserve convexity.
Both hold on a compact convex set (), with a minimizer
possibly on its boundary and the diameter of ) in place
of 2R where it enters h, V, M and 0.

Theorem 5 (Convex lower bounds). Let > 2 and
0< L <o0.

(a) Let d > 256, 0 < & < cj min{LsR®, LR?}, and
let the noise be Gaussian. FEvery method that is
e-accurate on Feyx (8, La; L, R) with the operator
seminorm, in any number of rounds, must use

P e min{at, (L) ELEY

9 9

(b) If e < LTRQ and M > % no method is e-accurate
on Fevx(B,Lg; L, R). For every T covered by The-

orem (b), 165 < Mmax(e, T) < 2.

Part (a) extends Rajaraman and Han (2026) to Holder
derivatives of every order. The hard instances have
curvature L, = CBLZ/ Pe1-2/8; fattening them when
L < L. yields the last term. For L > L. and
LﬁRﬁd_ﬁ/4 <e< chBR'B, the lower bound improves
the separable bound (Akhavan et al., 2020, 2024) by
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at least d(®=2)/8_ At higher accuracy its leading term
is d°/20%¢72, a factor d*/? larger than the previous
bound. Under Hilbert-Schmidt smoothness a d?c2c =2
lower bound holds in the regime of Lemma E.G.

For d above the threshold in Section  and L < CgLe,
central differences attain the minimax complexity
d?0?LR?c3 over the stated accuracy range without
requiring 5 or Lg (Lemma L.10(a)).

7 NORMS AND CONSTRAINTS

This section extends the convex lower bounds to general
norms, ¢, and {; geometries, and functional constraints.

Let f be convex with a minimizer in I, and let ||-||4
be a norm on R? with unit ball B. Define [f]s 5 by
replacing the Euclidean norm in [f]gop for z — y and
the arguments of DY f by ||| 5.

Definition 2 (Image ball). A triple (P,z,7) with a
linear P : RY — R", z € R™ and r > 0 is an image ball
of K if |Pul| < [Jul|gz for all u and z + rBy C P(K),
with By the Euclidean unit ball.

For a Euclidean hard function g on R”, f = go P is
convex, has [f]s,5 < [g]s,0p and a minimizer in K, and
a method for f induces a method for g with identical
oracle calls, rounds, and noise. Thus the FEuclidean
lower bounds transfer to /C, as Dorn et al. (2026) showed
for exact values.

Corollary 1 (Any norm and known constraints). Let
(P, z,r) be an image ball of K in R™, and let the noise be
Gaussian. On convez functions with [flg.s < Lg and a
minimizer in IC, Theorem 5(a) with L = oo holds with
(n,r) in place of (d, R), and every e-accurate method
needs cgn?o?e2 oracle calls whenever e < chgrﬁ, for
every n > 1. This remains true for restricted queries
and outputs and for known functional constraints.

For the ¢, ball K = B,(R), 1 <p <2, and [f|g, < Lg
([f]s,8 for the £, norm), coordinate projections are im-
age balls with r = Rn%_%, and the bound becomes
T > clgg—jmin{n%,n?’*%(LﬁTRﬁ)%} for 256 < n < d
and ¢ < c’ﬁLgrﬁ. Let f be convex with [f]s1 < Lg, a
minimizer in By (R) and ||V f]|,, < G there. Under
centered, conditionally sub-Gaussian noise, entropic
mirror descent (Nemirovski and Yudin, 1983; Beck
and Teboulle, 2003) with coordinate finite differences
and independently resampled signs is e-accurate with
T < Cydlog(2d)e2(G2, R? + 02 log(2d) (2222 )57 ) or-
acle calls for M < cs; and § < 055(ﬁ)ﬁ. If
Goo > C’/@LBRB_ld_¥, the noise is Gaussian and
LﬁRﬁd_% <e< c'ﬁL,gRﬁd_%, every method needs

8
ch(@)%a%’2 oracle calls. The bounds are linear

in d up to log?(2d), with accuracy exponents 23/(5—1)
and 2(5 4 1)/; the interval is nonempty above the
threshold in Section Q.

For functional constraints, stochastic Mirror-Prox (Ju-
ditsky et al., 2011) with random-frame finite differences
controls objective error and constraint violation under
calibrated values, bounded multipliers, and a Lipschitz
primal-dual operator. Each oracle call returns the ob-
jective and n. constraint values; Section O gives the
details.

8 EXPERIMENTS

Setup. We use smooth strongly convex test functions
with known minimizers. Panels (a)—(d) evaluate: ad-
missible systematic and adaptive errors at d = 20 and
T = 1.024 - 10%; round complexity on quadratic-log-
cosh objectives with k = 10,100 and T = 1,310,720;
oracle calls needed for ¢ = 2-107% over 8 < d < 64 (and
d = 128 for the separable case); and central, fourth-
order frame, and kernel estimators at equal budgets in
d = 16. Noise is i.i.d. Gaussian with ¢ = 0.03 (0.1 in
panel (b)). Each point averages at least 20 runs, and
40 for d < 16 in panel (c).

Results. Panel (a) scales M and ¢ by the thresholds
in Theorem 1. The error doubles at normalized levels
1.07 and 1.30, close to the predictions 1.11 and 1.37. At
fixed T, panel (b) comes within 3.5 times the statistical
level in 16 and 32 accelerated rounds, whereas two-
phase descent takes 256 and 2048 rounds to come within
1.7 times that level. Panel (c) tests (4): the matched
operator and Hilbert—Schmidt designs give dimension
exponents 2.03 +0.03 and 1.62+0.03, close to 2.00 and
1.59. At equal oracle budgets, panel (d) gives slopes
near T~4/% for the higher-order estimates and 7—2/3
for central differences. Section P provides full protocols,
five additional experiments, and code.
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Figure 1: Checks of (a) admissible errors, (b) rounds,
(c) dimension scaling, and (d) higher-order estimators.
Bars: one standard error; op/HS denote the smoothness
norm.
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A GUIDE TO THE PROOFS

The notation and the noise model are those of Section 2. Constants cg, Cz depend only on 8 and on the fixed
one-dimensional stencil and cutoff functions; other dependences are stated where they occur. Expectations are
over the randomness of the method and of the noise. For unconstrained problems the loss is f(Z) — mingcga f(x);
over a known compact set @ it is f(£) — mingeq f(x) with & € Q; for functional constraints the objective gap
and the constraint violation are bounded separately.

Statement in the main text Proof

Proposition 1 (stencil estimate) Sections C and D, Lemma D.3
Procedure 1, random-frame estimate and restarted Section F.5: Lemmas F.5 and F.6
Nesterov descent

Theorem 1(a) and the achievable levels in (c) Section F: Lemmas F.3 and F.6

Theorem 1(b) and the converse levels in (c) Section E: Lemmas E.3, E.4 and E.7; Lemma H.1

Matching bounds and normalized minimax error (Sec- Lemmas E.3 to E.5

tion 3)

Theorem 2 (rounds) Section G: Lemmas G.3 to G.5

Hessian growing with the gradient (Section 3) Section I: Lemma 1.1

Theorem 3(a), no Hessian bound Section J: Lemmas J.11 and J.17; lower bound from Lemmas E.3
and E.4

Theorem 3(b), logarithmic rounds Section K: Lemma K.2

Converse levels on the classes of Lemma .1 (L = Lg) Lemma E.7; Lemma H.1; proof of Lemma I.1 in Section I
and Theorem 3 (L = 3a)

Two-point feedback (Section 3) Lemmas H.3 and H.4

Theorem 4 (convex methods) Section L: Lemmas L.6 and 1.9

Theorem 5 and the fixed class (Section 6) Sections L.5 and M: Lemmas L.10 and L.11; Lemma E.7
Convex lower bound for d < 256 and Hilbert-Schmidt Lemma E.6

smoothness

Convex adversarial levels (Table 3) Sections H.3 and H.4

Corollary 1, £, and ¢; balls Section N: Lemmas N.3, N.4, N.6, N.9 and N.10
Functional constraints (Section 7) Section O: Lemmas O.5 and 0.9

Comparison with other works (Tables 1 to 3) Section M.4, Section R

Experiments (Section 8) Section P

Comparison with concurrent work Section S

Lemmas D.4 and D.5 show that two features of Definition 1 cannot be dropped. Section K also gives a convex
method without a Hessian bound (Lemma K.3). The sizes of the constants quoted in Section () are discussed in
Lemma G.7, after Lemma K.2 and in Lemma N.11.

B PRELIMINARIES

We write B(z,r) = z + B(r) for the closed Euclidean ball of radius r around z, and ey, ..., eq for the standard
basis of R%.

B.1 Tensors

A k-tensor on RY is an array A = (A;, ;. ); it is symmetric if its entries do not change under permutations of the
indices. We write (A, B)ys = 3° Ay iy Biy i, 50 that [|A]|7g = (4, A)yyg, and Afvy, ..., vg] for the multilinear
form. For j < k, Afvq,...,v,] is the (k — j)-tensor obtained by contracting the first j indices. For a k-tensor A
and an [-tensor A’, A® A’ is the (k + [)-tensor with entries A;, 4, A} .| ;. ., and v® =0 ®--- @ (j factors).
The identity matrix [ is a 2-tensor, and I®™ has the entries [[/-, 1{io,—1 = i2, }.

Lemma B.1 (Elementary tensor facts). Let A be a k-tensor with k > 1, and v € R<.

(a) 1Al < [[Allys < d*=D/2 A, and [|Afo]lgs < llo]l [ Allgs-

op’

(b) |18 ;yg = d™2, and (A, I®™ @ B)ys| < d™/? || Allys | Blls for every (k — 2m)-tensor B.
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Proof. Exactly d™ entries of I®™ equal one and the others vanish, and ||[I®" @ B||yg = [[I®™||ys || Bllyg- With
this, the first inequality in (a), the contraction bound and (b) follow from the Cauchy—Schwarz inequality. The
second inequality in (a) follows by induction on & from ||A[fis = S0 [|Alei]|[5is and [[Aled o, < 14l O

B.2 Taylor remainders

For f € C? and 2,0 € R? let T, f(z;0) = 1_o D7 f(2)[v®7]/j! be the Taylor polynomial of degree ¢, and
T,—; D7 f(z;v) the Taylor polynomial of degree ¢ — j of the tensor-valued map v — D7 f(z + v).
Lemma B.2 (Taylor remainders). Let 3 = q -+~ with ¢ > 1 and v € (0,1], let f € C4(R?), and let z,v € RY.

(@) |f(z+v) = Tyf(z )] < [flsop 0ll” /a!-

DI f(z+v) = Ty DI f(20)| |y < [Fgms 01”7 /(g = )1

(¢) The bound (b) holds with op in place of HS on both sides. For j =1 the left-hand side is then the Euclidean
norm of Vf(z +v) — Ty_1V f(z;v).

(b) Forlgqu,|

Proof. For j = q, (b) and (c) are the definitions of the seminorms. For 0 < j < ¢, with D°f = f, the integral
form of the remainder is

1 —j—1
. , 1— )27 4
DI f(z+v) —Ty—;D? f(zv) = / (( s_) ol (Df(z + sv) — Df(2)) 2] ds.
o W@—J—1)
A contraction with v multiplies the operator norm, and by Lemma B.1(a) the Hilbert—Schmidt norm, by at most
|lv]|. Since fol(l —5)9771s7ds < 1/(q — 7), this gives (a) (j = 0), (b) and (c). O

B.3 Spherical and ball averages

Throughout, U is uniform on S¢~! and W is uniform on the unit ball B(1). For a continuous scalar, vector or
tensor valued function g, a center z € R% and s > 0 let

Sg(s) =Eg(z+ sU), By(s) =Eg(z + sW).

As a function of the center we write A;g(2) = B,(s) for the ball average. Since ||W/|| has density dr?=1 on [0, 1],
= dfl d=18 (sr)dr. The Laplacian A = Y, 9? acts entrywise. For continuous a on [0, so] define the

operator
(Jaa)( / - d/ u) du dt. (B.1)

It is positive (a > 0 implies Jga > 0), and Jg(s2) = s27+2/((25+2)(d+27)), so that (Ji1)(s) = % /(27§ [T/ 2o (d+
2i)).
Lemma B.3 (Finite Pizzetti formula). Let k > 1 and let g be 2k times continuously differentiable near B(z, so).
For 0 < s < sg,

k—1

= 2]3H31d+22) 4PN '

where empty products equal one, and

k—1

- 527 Ajg
= Z . +d/ L(J5Sarg) (sr) dr. (B.3)
= 25T d+2z

The norm of the last term is at most s> supHgC 2lI<s HA g(z || /(2%K! Hl (d + 2i)).

Proof. For g € C? the divergence theorem gives S} (s) = s'~¢ Jo w1 Sag(u) du (for d = 1 differentiate Sy(s) =
(9(z+s) +g(z — ))/2), that is, S; = g(2) + JaSag. Iterating k times gives (B.2). Averaging over the radius
multiplies the coefficient of s*/ by d/(d + 2j), which gives (B.3), and positivity of J; bounds the remainder. [
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Lemma B.3 is a finite form, with an explicit remainder, of Pizzetti’s formula (Ovall, 2016; Toma, 2008).

Lemma B.4 (Gradients of ball averages). Let g : R? — R be continuous and s > 0. Then Asg is continuously
differentiable and

VAsg(z) = C;l]E[g(z + sU)U].

If g is Lipschitz, then Asg is Lipschitz with the same constant. If g € Ct, then VAsg(z) = Bygy(s).

Proof. The identity is Flaxman et al. (2005, Lemma 1), and its right-hand side is continuous in z. The other two
claims follow from Asg(z) = Eg(z 4+ sW), by averaging and by differentiation under the integral. O

We use the Poincaré inequality on the sphere: for d > 2 and a differentiable function ¢ on a neighborhood of
S9! with E¢(U) = 0

EG(U)* < —— ElIVse(U )Z, (B.4)

d
where Vg is the tangential part of the gradient. This is the statement that the first nonzero eigenvalue of the
Laplace-Beltrami operator on S%~! equals d — 1 (Dai and Xu, 2013, Chapter 1). Applied to each component,
it holds for vector and tensor valued ¢, with the sum of the squared component gradients on the right. By
mollification it also gives E¢(U)? — (E¢(U))? < ¢2/(d — 1) for every ¢-Lipschitz ¢ : R — R. In particular, if
e:R?Y — R is odd and (-Lipschitz and (U;)%_; is a uniformly random orthonormal basis, then Ee(U) = 0 and, by
orthonormality,

(B.5)

EHZ

B.4 Testing inequalities
For probability measures P,Q let TV(P,Q) = supy |P(A) — Q(A4)| and KL(P||Q) = [log(dP/dQ)dP (+
without absolute continuity).

Lemma B.5 (Testing and Gaussian observations).

(a) Every test between P and Q has error probabilities summing to at least 1 — TV (P, @), and TV(P,Q) <
KL(P[|Q)/2.

(b) Let an algorithm interact with f or with g through independent N(0,0?) noise, and let P, Py be the laws of
its seed and transcript. If f — g is bounded, then

KL(Py[|Fy) Z (X))

Part (a) is the two-point testing bound and Pinsker’s inequality (Tsybakov, 2009, Section 2.4 and Lemma 2.5).
Part (b) is the chain rule for the Kullback-Leibler divergence (Cover and Thomas, 2006, Theorem 2.5.3):
given the seed and the past, X; is the same under both hypotheses, and the conditional divergence of Y; is

(f(Xy) — Q(Xt))g/(QUQ)-

We use Assouad’s lemma in the following form (Tsybakov, 2009, Section 2.7.2). Let {P,, : w € {—1,1}%} be laws
of transcripts and let w) denote w with its j-th coordinate flipped. For any estimator & of w,

d
%ZEWZH@- £ wi} > g(k%ZTv(m,PM)), (B.6)
w j=1 w,J

which follows from Lemma B.5(a) applied to each pair (w,w)).
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B.5 Spherical caps

Lemma B.6 (Caps). Let d >2, 0 < 60 < 1, w uniform on S%1, and x # 0. Then

P(|(w, 2)] > 0 2]) < 2e~°/2 < 9=/,
By Ball (1997, Lemma 2.2), each of the caps {w : (w, +x) > 0 ||z||} has probability at most e=d0%/2,

C THE FINITE-DIFFERENCE ESTIMATE WITH EXACT VALUES

This appendix analyzes one frame of Procedure 1 with exact values; Section D adds the noise of Definition 1 and
proves Proposition 1 and Lemma D.3.

Throughout, 8 > 2, ¢=[f]—1>2,v=—¢q, m= [¢/2] and t; = j/m, and Lg bounds [f]gop (with 7 =0) or
[f]p.ms (with 7 = 73 from (2)). The weights a1, ..., an solve

Za]t”“ =1{i =0}, i=0,1,...,m—1. (C.1)

The matrix (t?”l) is a Vandermonde matrix in the distinct numbers t? times the diagonal matrix diag(t;), so the

solution exists, is unique and depends only on 8. The constants
Z la;], = Za?, A= ol (C.2)
J
ci = ,Zlajltﬂ (0<i<q) (C.3)

also depend only on 8, and A; < S; since ¢t; < 1. The values of Si,S2, A1 for m < 4 are in Table 4. We use the
notation U, W, Sy, By, As and Jy of Section B.3. For a function g, a center z, a radius h > 0 and u € R? let

Dy ug(2) = % Z a;(g(z + htju) — g(z — htju)). (C.4)

7j=1
With exact values, one frame (Uy,...,Uy) of Procedure 1 returns E?:l Dy, f(2)U;

C.1 Exactness and the mean

Lemma C.1 (Exactness). For every polynomial ¢ on R of degree at most 2m and every h > 0, 3 2254 (¢(htj)—
p(=htj)) = '(0). If [flg.op < Lp and |Ju|| =1, then | Dy f(2) — (Vf(2),u)| < coLgh?".

Proof. The symmetric difference annihilates even powers of s and maps s**',0 <7 <m —1, to h* 3, ajt?i“ =

1{¢ = 0}. For the second claim apply the first to ¢(s) = T, f(2; su), which has degree ¢ < 2m and ¢'(0) =
(Vf(2),u). By Lemma B.2(a) the remainders at £ht;u are at most Lg(ht;)”/q!, and 5= > lagl 2L5(ht;)P /gl =
CQLﬁhﬁ_l. O

Lemma C.2 (The mean). For a continuous g : R — R and h > 0 define the surrogate Syg, and for f € C* the
vector Gp(z), by

Sny(z Za]t Eg(z + ht;W),  Gu(z) = VSLf(z Zajt By (ht;). (C.5)
Jj=1 j=1

Then Sy is continuously differentiable and dE[Dy, yg(z) U] = VShg(z). Consequently, for a uniformly random
orthonormal basis (U;), EY, Dy v,9(2)U; = VShg(2). For g = f this says that the noiseless part of one frame
has mean Gp(z).



Timofei Loginov, Darina Dvinskikh, Nazarii Tupitsa, Osman Osmanov, Yuriy Dorn, Alexander Gasnikov

Proof. By the symmetry U — —U and Lemma B.4,

dE[Dnug(2)U] = %Z%‘JE[Q(Z + ht;U)U] = ZajthAhtjg(Z) = VSng(2),

and for g = f € C" the last claim of Lemma B.4 gives the second expression for G,. Each column of a uniformly
random orthonormal basis is uniform on S¢~1. O

Since Zj a;t; =1 by (C.1), G, is an average of V f over balls with signed weights of total mass one.

C.2 Bias

Lemma C.3 (Bias). For all z and h > 0:

(a) if [flp.op < Lp, then [|Gh(2) = VF(2)|| < exLgh”~";

(b) if [flgus < L and ¢ = 2k + 1 is odd, then ||G(z) — Vf(2)] < g;‘;o, Lgd=k/2pp=1;

(c) if [flsmus < Lp and q = 2k is even, then ||Gp(2) — Vf(2)|| < Cg Lgd~P=D/4pf-1,

Hence ||Gp(2) — Vf(2)|| < CoLgd™™/2hP~1 in both geometries, where Cy, depends only on B, and Cy, = ¢, in the
operator case.

Part (a) is the argument of Akhavan et al. (2024, Lemma 6), written for the stencil.

Proof. In (a) and (b) we expand the ball averages in (C.5) around z. Terms proportional to s* with 1 <7 <m—1
cancel at s = ht; after summation with the weights a;t;, because Y a;t;(ht;)* = h* Y a;t3"*! = 0, and the
constant term gives 3 a;t;V f(z) = V f(2).

(a) Operator norm. By Lemma B.2(c), Vf(z +v) = T,_1V f(z;v) + p(v) with ||p(v)|| < Lg [o°~* /(g — D).
The ball average of the term of degree r of T;_1V f(z; sW) vanishes for odd r and is proportional to s” for
even 7; since r < ¢—1<2m —1, only r = 0 survives. As E ||I/V|\ﬁ71 < 1, the remainder contributes at most

> lasltiLg(ht;)?~1 /(g — 1)! = er Lgh?~ 1.

(b) Hilbert-Schmidt norm, q odd. Let g = Vf € C* and H = AFg. For a unit vector e, (e, H(z) — H(y)) =
(Df(x) — Df(y),e® I®*) ., so Lemma B.1(b) gives

|H () = H(y)|| < d"*Lg ||z —y||"- (C.6)

By (B.2) with k steps, S,(s) is a polynomial in s? of degree k with constant term V f(z), plus J5[Sy — H(2)](s).
Ball averaging keeps the polynomial a polynomial in s2, and since k = m — 1, the weights leave only Vf(z). By
positivity of Jg, (C.6) and (JK1)(s) < s2k/(2%k! d¥),

L d—k/2 B—1
17815 — HEI(s)|| < d*/Las™ (Jf1)(s) < 22—,
and ball averaging preserves this bound. Summation over j with s = ht; gives (b).

(c) Hilbert-Schmidt norm, q even. Here m = k, and by Lemma B.1(b) the scalar function AFf is y-Holder
with constant dk/QLB. Let Ey, = Spf — f. By (B.3) with k steps, the terms with 1 < ¢ < k — 1 cancel and
the term i = 0 gives f(2), so En(2) = >, a;t; R(ht;; 2), where R(s;2) is the remainder of (B.3). For two
centers z, ', R(s;z) — R(s;2') is a positive linear functional, of total mass s2*/(2¥k! Hle(d + 2i)), applied to
AFf(z+-) — AFf(2' + ). Hence

1
[En(z) = En()] < CaLod ™20 |l = 2|, C1= 5 3 fay | £854, (1)
J
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Fix a unit vector e and let h' = hd~'/*. Since [f]g.op < Ls and [Shf]g.op < A1Lg, Lemma C.1 along the line
2+ se gives | Dy ov(2) — Oev(2)| < coLgh/P~! for v = f and < cg A1 Lgh/®~1 for v = Sy, f. By (C.7),

1
| Dy e Ep(2)] < o Z laj| |En(z+ h’tje) — Ep(z— h’tje)| < SlclLﬂd_k/2h2kh/7_1.
J

Since Dy . is linear and 0.Sif = (e, Gp),
e, Gr(z) — VI(2))] < co(1 + A1) Lgh®~! + S1C1Lad /2 h® B/ =1 = (co(1 + Ay) + S1C1) Lgd~P=D/4pf=1

because 2k +v — 1 = 8 — 1. Take the supremum over e.

Finally, 7 =0 in (a), 73 = k in (b) and 75 = (8 — 1)/2 in (¢). O

C.3 Second moment

Fix z and h and let ef(u) = Dy o f(2) — (Vf(2),u) for u € R? an odd C? function. For a uniformly random
orthonormal basis (U;) let Z =Y, ef(U;)U; be the noiseless error of the estimate. By orthonormality, Lemma C.2
and dE[UU "] =1,

E||Z]? = dEes(U)?, EZ = dEles(U)U] = Gi(z) — Vf(2). (C.8)
Lemma C.4 (Derivatives of the stencil error). For |lul| = 1: if [flg.op < Lg, then ||[Ves(u)| < ciLgh?~1; if
[flams < Lg, then | Dies(u)|| g < ¢;LghP~! for 1 <j <gq.

Proof. Differentiating (C.4) j times in u,

hi~1
2

Diej(u) = > at] (D7 f(z + htyu) — (=1 D7 f(z — htyu)) — 1{j = 1}V f(2).
l

Replace D7 f(z & v) by its Taylor polynomial of degree ¢ — j. Its term of degree r survives the signed sum only
if j + 7 is odd, with weight A7+7=1 3", a;#]*". This weight vanishes for 3 < j +r < ¢ by (C.1), and the term
j+r =1 cancels Vf(z). The two Taylor remainders are bounded by Lemma B.2(b),(c). O

Lemma C.5 (Means of odd derivatives). Let [flgus < Lg, let 3 < j < q be odd and k = |(¢ — j)/2]. Then
|EDIes(U)||yyg < CoLph?~td=*/2.

Proof. For odd j > 3 the formula in the proof of Lemma C.4 gives ED7es(U) = W=, ait] Spip(hty). If
k > 1, expand Sp, s by (B.2) with k steps; this uses 2k < g — j derivatives of D’ f. The polynomial terms are
proportional to s?”, r < k — 1, and receive the weights h7+27 1 > alt{+2r, which vanish because j + 2r is odd
and 3 < j + 2r < ¢. In the remainder (for k =0, in Sp; ¢ itself), the tensor AFDIf is a k-fold trace of DIT2k f,
where ¢ — j — 2k € {0,1}. Subtract from it its Taylor polynomial at z of degree ¢ — j — 2k. A linear term has
zero spherical mean, and the constant term AFDJ f(z) is multiplied by (J¥1)(s) o< s2* and receives the weight
> alt{+2k =0, because j + 2k € {¢ — 1,¢} is odd and at least 3. By Lemma B.2(b) and Lemma B.1(b), the rest

has Hilbert-Schmidt norm at most d*/2Lg Hv||ﬁ7j72k at z + v. Positivity of Jg bounds the remaining term by
d*2LesP T2k (J81)(s) < Ls®~7d=*/% /(28 k1),

and s = ht; gives the claim. O

Proposition C.6 (Noiseless error). There is a constant Cyz, depending only on 3, with Cz = 20% in the operator

case, such that B Z|> < C’ZL%d_Thw_z.

Proof. For d = 1 the error Z = e;(1) is deterministic, since ef(—1) - (—1) = es(1), and |ef(1)| < coLgh?~! by
Lemma C.1. Let d > 2. We apply the Poincaré inequality (B.4) once in the operator case, and repeatedly along
the derivatives of ey in the Hilbert—-Schmidt case.

Operator norm. Since ey is odd, Ee;(U) = 0, and (B.4) with Lemma C.4 gives E|z|> = dEes(U)* <
%C%L%hw*2 < 2c1 L3R 2,
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Hilbert-Schmidt norm. Write E ||Z||* = |EZ||*> + E||Z — EZ||?; the first term is at most C’gL%d_Th%_2 by (C.8)
and Lemma C.3. The vector a, = EZ = dE[e;(U)U] is the coefficient of the L?(S?~1) projection of e onto linear
functions, and Z —EZ = 3", (e (U;) — (ax, U;))U;. Hence, with ag = EVey(U) and A; =E HDief(U)Hf{S,

dAs

E||Z ~EZ) = dE(e;(U) - (2., U)" < dE(es (U) = (a0, 0)" < 755

where the last step applies (B.4) to the odd function ey — (ag, -) and then to Vey —ag. For j < g, (B.4) applied
to Dies —EDJ ey gives A; < HEDjef(U)Hils +Aj11/(d—1), and ED7es(U) = 0 for even j, since D’ey is then
odd. Tterating,

4 2
d|[EDIes(U)|s — dA,

E|Z-EZf < 3 Sy Tt

3<7j<q
7 odd

By Lemmas C.4 and C.5 and d/(d — 1)7 < 2/d'~9, the j-th term is at most CBL%hw_Qd_(j_H'L(q_j)/%), and
the last is at most C’gL%h2ﬂ*2d’(q’l). Both exponents are at least [¢/2] > 73, since j — 1+ |(¢ — 5)/2] =
a+37—2)/2] > [(g+1)/2] for j =3, and ¢ — 1 > [q/2] for ¢ > 2. D

D THE RANDOM-FRAME ESTIMATE UNDER THE UNIFIED NOISE

This appendix proves Lemma D.3, which decomposes the estimate of one round of Procedure 1 under the noise
of Definition 1. For d > 2, its parts (i)—(iii) are Proposition 1. Lemmas D.4 and D.5 show that two features of
Definition 1 cannot be dropped: in (C) the o-algebra &; contains the error components of the earlier queries of
the round, and in (L) the function 7 is fixed before the run.

D.1 Setting

We use the notation of Section C, in particular Dy, y, Sh, Gh, €y, the constants (C.2), C}, of Lemma C.3 and Cyz
of Lemma C.6.

One round. Fix a round k. Its center z and radius h > 0 are F;_1-measurable, and Oy consists of the B > 1
independent frames U®) = (Ul(é), e Ug(lé)) of Procedure 1. The query at z + htjUi(e) is labeled (4,1, j,+), and
the queries are ordered lexicographically; any order that does not depend on Oy would do. Its observed value
is YE‘E@’ with error components 52; on?zt and ‘%w and &7 is the vector of the oblivious errors of the round. All
query points are functions of (z, h, ©). Some results of Section N use, in addition, the conditional sub-Gaussian
condition

E[exp(s&f) | &) < exp(s?0?/2) (s € R) for all queries t, (SG)

which implies (C). Independent N (0, 02) errors satisfy it.

Localization. Since h may be small with positive probability, the random vectors below need not be integrable.
Let E, = {1/n < h <mn, |z|| <n} € Fr_1; these events increase to the whole space. On E,, all query points lie
in B(2n), where f and n are bounded, 1/h < n, and all error components are square integrable by (C), (O) and
(A). A statement such as E[¢ | Fz—1] = 0 means that E[1g, ( | Fxr—1] = 0 for every n, and a conditional second
moment is the increasing limit of those of 1g, (. This agrees with the usual definitions for integrable variables,
since 1, E[X | Fr—1] = E[1g, X | Fr—1]- We prove every statement on a fixed E,, without further mention. For
a random vector X let N(X) = (E[||X||* | Fr—1])*/%; then N(X 4 X’) < N(X) + N(X’) almost surely.

Lemma D.1 (Independence within a round).
(a) O is independent of Fr—1 V o(&€}). Hence, conditionally on Fr_1 V o(&}), the frames are independent
uniformly random orthonormal bases, and every column Ui(e) is uniform on S?~1.

(b) Let H be a o-algebra independent of Oy, let X be H-measurable, and let ¢ be jointly measurable with ¢(X, Ok)
integrable. Then E[¢(X,04) | H] = ®(X) almost surely, where ®(x) = E¢(z, Oy).
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Proof. (a) Oy is independent of Fj_1, and by (O) it is conditionally independent of €} given Fj;_;. Hence, for
F € Fj—1 and bounded measurable ¢, v, E[1r¢(&3)1(Or)] = E[1r¢(£})] Ev(Or), which proves (a). Part (b) is
the substitution rule for conditional expectations (Durrett, 2019, Section 4.1). O

D.2 The systematic error

Lemma D.2 (The systematic error). Let n be M-Lipschitz, z € RY, h > 0, and e,(u) = Dy un(2) for u € R%.
(a) e, is odd and (A1 M)-Lipschitz on R%.

(b) Spm is (A1 M)-Lipschitz, so |[VSpn(z)| < A1 M.

(c) If d > 2, then Ee,(U) = 0 and Ee, (U)* < AIM?/(d —1).

(d) If d > 2, then for a uniformly random orthonormal basis (U;) of R?

2 d
= dEe,(U)? < —— AIM>.

d
£t
=1

Ifd=1, then ), e, (U;)U; = e, (1) is deterministic.

Proof. (a) Oddness is clear, and |e,(u) —ey(u')| < ﬁzj laj| 2Mht;||ju —u'|| = AiM |ju—'||. (b) Spnp =
> ajtjAnt;m, and each Apy;n is M-Lipschitz by Lemma B.4. (c) and (d) are (B.5) with e = e, and £ = A M.
For d =1, e, (U1)U; = e,(1) for both U; = £1, by oddness. O

D.3 The batched estimate

Proposition D.3 (Batched stencil estimate under the unified noise). Let f € C? satisfy [flg.op < Lg (with
T=0) or [flgus < Lg (with T = 73), and let the noise be admissible at levels (M,0,6). In round k let z and
h > 0 be Fi_1-measurable, and let g be the output of Procedure 1 with B > 1 frames. Then

g=V[(z)+bz) +(+A,
where b(z) is given in (i), ¢ and A are defined in (D.2) below, and the following hold.

(i) b(z) = Gu(z) — Vf(2) + VSun(2) is F—1-measurable and ||b(z)| < CrLgd~"/2hP~1 + A1 M.
(ii) E[¢ | Fx—1] =0, and for d > 2

1 —T — d0'2
E[ICI | Fre1] < E(CfL%d h2P=2 4 0, M? + Caﬁ),
with Ct = 207, Cy = 443 and Gy = (S + (S2/2)V/3)2. For d = 1, E[[¢||” | Fioa] < Co0?/(Bh?).
(iii) |Al| < V/dS16/h almost surely.

(iv) The vector ( + A = g— Vf(z) — b(z) is Fr-measurable; if 6 = 0, then A =0 and ¢ is F-measurable. The
vector ( = ( + A — E[A | F_1] is Fr-measurable, and

E[ | Feo1] =0,  N() <N(CQ)+VdSid/h,  |E[A | Fea]|| < VdSi6/h.

In particular, the vectors C~ of different rounds form a martingale difference sequence with respect to (Fi)g-

When ¢ > 0, the vector ¢ need not be Fi-measurable, and the vectors ¢ of different rounds need not be orthogonal.
An adversarial error may cancel a centered error, which then stays hidden, and a centered error of a later round,
conditioned only on the past and on the errors of its own round, may be correlated with the hidden one. The
later appendices therefore use ¢ only within one round, through E[(C, ) | Fx—1] = 0 for Fj_;-measurable random
vectors « and through (ii). Sums over rounds use the decomposition g = V f(z) + b(z) + E[A | Fr—1] + ¢ with the
adapted martingale differences ¢ of (iv).
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Table 4: Constants of Lemma D.3; C,, = 442 and C,, = (S + (S2/2)1/2)2.

m (aj) S1 So Ay Cy Co
1 1 1 1 1 4 2.914
8 1 65 5 100
9 9 1 11 2107 11 484
3 27100 10 2 G0 5 25 1649

32 8 32 1 25 480841 93 34596
4 57 52105’ 35 3 11025 35 1225 169.1

with b(z) as in (i). For the other three error components put
WO — €0 (f) o (L’) -
W 2h Za] z]@ - 1]@ Xi 2h Z a’J z]é - z]é 0; 2h ZG‘J ijl 1]@
and let =) =3, w(z) U“) Z60 =3 XEZ)U}Z) and A®) =3 Q Z) A bar denotes the average over the B
frames. Since ), <Vf( ), (€)> Ui(é) =V f(z),
§=Vf(z) +b(z) +C+ A, (D.1)
1B
—V 40 4 T - = ()
(=Y +2°+Z° AfBZA . (D.2)

(i) and (ii). The surrogate gradients are continuous in (z,h), so b(z) is Fr—1-measurable. Its bound follows from

Lemma C.3 and Lemma D.2(b). Since < §1d/h, orthonormality gives ||A H < /dS16/h, hence (iii).

Z

The frame part. By Lemma C.2, applied to f and to n, EY®) = 0, and the Y©) are independent. For d > 2,
Lemma C.6, Lemma D.2(d) and d/(d — 1) < 2 give

E[||[Y[|* | Fuo1] < B~1(207L3d Th*~2 + 4A3M3). (D.3)

For d =1, (ef + €,)(U1)Us = (ey + e,)(1) is deterministic, hence V(¥ = 0.

Random noise. Conditionally on Fj_1 V o(&}), the coefficients w( ) are fixed and the frames are independent and
uniform (Lemma D.1). So the vectors Z%() have mean zero and are orthogonal in conditional L? across frames.

Since N(wy)) < Sy0/h, orthonormality yields
=02
E[|Z°]|" | Fr-1] < dS7o”/(Bh?). (D.4)

The centered part is 2¢ = Y, w,&§, a sum over the queries t = (£, 1, j, £) of the round with w; = j:ajU(Z)/(2hB)
Both w; and the centered errors of the earlier queries are £-measurable, so by (C) the terms w;&§ are centered

and pairwise orthogonal, and IEI[HECH2 | Fro1] < o2y, |lwe||* = dS202/(2Bh?). The two parts need not be
orthogonal to each other; Minkowski’s inequality gives

E[|Z° + Z°||° | Fu1] < (S1 + /52/2)%d0”/(Bh?). (D.5)

Cross terms. Since <Y,wt> is &-measurable, (C) gives E<}7,wt§§> = 0. For the oblivious part, condition on
Fr—1V o(&). Different frames give zero by independence, and within frame ¢

E <Y<‘ U“)> E(es + e,)(UP) - <b(z),EU}“> -0
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by oddness. Thus Y is orthogonal to both noise parts, and adding (D.3) and (D.5) proves (ii). The same
computations give E[¢ | Fx_1] = 0.

(iv). The vector (+A = g—V f(2) —b(2) is a function of the observed values, © and Fj_;-measurable quantities,
hence Fj-measurable. Subtracting the Fj_;-measurable vector E[A | Fi_1] gives ¢, which is centered, and

N(A —E[A | Fr1])? = EB[|A)° | Froa] — |[E[A | Froi]|? < dS262/h2

proves (iv) by Minkowski’s inequality. Martingale differences adapted to (Fj)i are orthogonal across rounds by
the tower property. O

Remark D.4 (The o-algebra in the centered-noise condition). The modified condition. Replace & in (C) by the
smaller o-algebra G; generated by Fi_1, O, the queries of round k, and the observed values of the queries s < ¢
of round k. The decomposition, the bias and the centering in the proof of Lemma D.3 use only o(Fi—1,0x) C G,
so (i), (iii), (iv) and E[¢ | Fr—1] = O remain valid. The variance argument loses the orthogonality of £¢ and & for
s < t, because £¢ = Y, — f(X,) — n(X,) — €2 — &, need not be G;-measurable. Bounding N(Z%(9)) < v/d S10/h by
Minkowski’s inequality, as for the oblivious part, gives only

do?
hZ

1
B[S | Fror] < 5 (CeLEd ™07+ C,M2) + (14 B™/?)" s}
The factor 1/B in front of do?/h? cannot be kept with a constant depending only on 3: an oblivious error can
hide a centered error from the observation, and a later centered error of the round, which may depend on all
frames, can be correlated with the hidden part. The following example loses a factor of order log?® B.

Ezample: the vectors. Let k=1,2=0,h=1, f=0,7=0and § =0. Fix a node j, with a;, # 0, and let only

the queries t;, Ui(z) carry errors. In the sequence space H = ¢%(Z) with unit vectors e,, put

1
Iy =——"—-— (nez, u = Yn_ven, £€=1,... B.

These vectors are orthonormal. First, > 92 =8r~2) . (2n+1)72 = 1. Second, for r # 0,

1 1 1
1977,f‘9n r = o ( - ):Oa
; " w2r; n+i n+r+i

the series converges absolutely, and its partial sum over |n| < K reduces to 2|r| terms of order 1/K. Let P; be

the orthogonal projection onto span{uy,...,us_1}, and put
— ([ - P, _ _ 2 . 2\1/2 >
pr = ( 2)er; o = (ur, Pe) , re=og+ (aj +1—|pel]")" > 0.
The vectors
ye = reus — P, Ve =yo+ e =roae+ Preg
satisfy |lyel|> = (re — c0)? — a2 + |pell> = 1, ye L uy, ..., up_; (both u, and p, are orthogonal to these vectors),

and vy € span{uy,...,upy}. Hence (ys,vp) =0 for ¢ < ¢.

Ezample: the errors. Let oM. .. 0(®) be independent N(0,1,) vectors, independent of ©1, and write U

also for the orthogonal matrix with columns Ui(z). For 1 <p < dand x € Hlet Z,(x) = >, ®nVp,n, Where
Yo = (UM™Mo™) for 1 <n < B and the other 7, ,, are independent N (0, 1) variables, independent of everything
else. Conditionally on ©, all v, ,, are independent N(0,1), by rotation invariance, so

Cov(Z,(x), Iy (x') | ©1) = 1{p = p'} (x,X).
At the query tj*Ui(e) set

e =00, =03 ULy,
p

and let all other errors vanish. Since ng) =2, Uéf)(U(@o(z))p =3, UI()f)Ip(eg)7 the observed error is vp; =

o>, Uzgf)Ip (v¢). Condition (O) holds, since the oblivious errors are functions of oY), ..., 0®). Conditionally on
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O1, the error £° at (¢,4) and the observed errors vy ; of the earlier queries are jointly Gaussian with covariance
o? <UZ-(£)7 Ui(,e/)> (y¢,ver). This covariance vanishes for ¢/ < ¢ by the orthogonality above, and for ¢ = ¢, i/ < i
because Ui([) 1 UZ-(,Z). So, given Gy, £ is N(0,0?): (C) holds with G; in place of &. With & it cannot hold for
large B, since otherwise (ii) would apply.

Ezample: the second moment. Here b(z) =0 and A =0, so ( = g. Since ) _, Uzg,é) Uzsf) = 1{p = p'}, the p-th coordi-

nate of § equals %77, (vs), where v, = >, v¢ € span{uy, ..., ug}, and therefore E |[¢[|* = a3 o*d [vs||? /(4B2).

The inner product (v, ug) equals 0 for £ < £, 7 for £/ = ¢, and (ey, ug) = V¢ for £’ > £, since then Ppruy = uy.
Hence, with Zf;l(n + %)*1 > log %’

‘ 1. 2(B—0)+3
= 19 >71 N —
(v, ug) =re+ > Uy > —log 3

Keeping the at least B/2 indices with 2(B — ¢) + 3 > B + 2, we obtain

a2 o2d B a? B+ 2\ do?
E 2 _ 9 25 %y 2( ) '
||C|| 482 ; <V2,llg> = Q2 0g 3 Bh2

For any constant K the right-hand side exceeds Kdo?/(Bh?) once B is large, although Lz = M = 0.

Ezample: ezxact values. The lower bound above is crude; the norm is explicit. Since ay = ¥y = 2/7 and
2 -1
Ipell” =1-32,2, 97,

B B—¢ 9 9 4 £—1 1/2
2 _ _ 2
[vs] _;(mzlﬁny Te—ﬁ+<ﬂ2+2:1ﬁn> .

A direct computation gives HV2||2/B = 3.77, 5.59, 7.83, 10.47, 11.94 for B = 16, 64, 256, 1024, 2048; it is
2 when the centered and oblivious errors are independent. For m = 1 the bound of (ii), C,do?/(Bh?) with
C, = (1+271/2)2 is violated from B = 1797 on; the displayed lower bound shows this only for B of order 107.

D.4 Lipschitz noise chosen after the frames

Remark D.5 (Lipschitz noise must not see the frames). Condition (L) requires n to be fixed before the run.
Suppose instead that 1 may be chosen after ©y is revealed. We construct such an 7 that shifts the estimate of
one frame by order v/d M. Let s = dE |(U,e;)| = dT'(d/2)/(v/7T((d + 1)/2)). The Cauchy-Schwarz inequality
and Gautschi’s inequality (Gautschi, 1959) give \/2d/7 < »4 < V/d.

Let B=1,£°=¢° =0 and § =0, fix a unit vector v, and let o; = sgn (U;, v) (nonzero almost surely). On the
finite set P = {z+ht;sU; : 1 <i<d, 1 <j<m, s==£1} of query points put n(z + z) = M ||z| sgn (z,v), that
is, n(z + ht;sU;) = Mht;so;. This assignment is v/2M-Lipschitz on P. For two points on the same line, x = 7U;
and y = 1'U;, the values differ by M |r — | = M ||z — y||. For x = rU; and y = r'U;» with i # i', orthogonality
gives ||z —y|| = (r? + r2)Y/2) and the values differ by at most M(|r| + |r'|) < v2M ||z —y||. The McShane
extension (McShane, 1934) n(z) = mingep(n(z’) + v2M ||z — 2'||) is v/2M-Lipschitz on RY and agrees with the
assignment on P. Since ) a;t; = 1, we get e,(U;) = Mo;. The f-part of the estimate still has mean Gj(2), so

Eg — Gi(z) = MZIE[sgn (Ui,v) Uj] = Msegu,  ||Eg — Gp(2)|| > /2/7 Vd M.

For a v/2M-Lipschitz 7 fixed before the frames the same norm is at most v/24; M by Lemma D.3(i). After
rescaling 7 to be M-Lipschitz, the lower bound becomes +/d/m M.

E LOWER BOUNDS

This appendix proves the lower bounds for Gaussian noise and for Lipschitz noise. Lemmas E.3 and E.4 give the
bound of Theorem 1(b) for every budget (Section E.4), and Lemma E.5 the resulting minimax rate for normalized
parameters. Lemma E.6 gives the factor d? for convex objectives used in Lemma N.3, and Lemma E.7 bounds
the admissible level of Lipschitz noise in every ¢, geometry; its Euclidean case enters Theorems 1 and 5.
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Algorithms and minimax risk. The lower bounds use independent N (0, 02) noise or exact values and allow
adaptive randomized algorithms with queries and output anywhere in R%. Such an algorithm draws a random
seed ©g at the start; each query is a measurable function of ©y and of the earlier observations, and the output is
a measurable function of ©¢ and of all observations. Algorithms with rounds (Section 2) are the special case
Oy = (01,0,,...), since the Gaussian noise is independent of all ©;. For a class C of functions on R%, the
Gaussian minimax risk R (C) is the infimum of sup rec E[f(#) — f*] over these algorithms with at most 7" calls
under Gaussian noise. It is nonincreasing in T', since extra calls can be ignored.

E.1 Two localized profiles

Fix a smooth x : R — [0,1] with x(s) = 1 for s < 1/4 and x(s) = 0 for s > 1, for instance x(s) =
d(1 —8)/(d(1 — 8) + (s — 1/4)) with ¢(t) = e~ 1/*1{t > 0}; all derivatives of y are bounded. For a unit vector v
let

Yo() = (v,z) x(|l]*). (E.1)

Lemma E.1 (Radial profile). Let ¢ > 2, v € (0,1], § = ¢+ . There are constants Kg, Ko > 1, depending only
on B and x, such that for all d, all unit v and all z,y:

D% () — DUy (y)llp, < K llz —yll”,
1D (@) — D99y (y)llprs < Kp d' 9272 |z =y,
supHV Uy x)” < K.

op —

Proof. Let s(z) = ||z||%, so that Ds(z)[u] = 2 (x,u), D*s[u,w] = 2 (u,w) and D3s = 0. By the chain rule,
Di(x 0 s) is a sum, over the partitions of {1,...,5} into ¢ pairs and j — 2i singletons, of index permutations of
20—y =0 (||z|*) 220 @ I®i. These terms vanish unless ||z|| < 1, and by Lemma B.1 a term with i pairs has
Hilbert—Schmidt norm at most C} d"/? and operator norm at most C}, where C; depends only on j and x.

By the product rule, D%, is the sum of (v, x) D4(x o s) and of the terms in which v fills one slot of DI=*(y o s);
each of its terms has at most |¢/2] identity factors. A further derivative in a unit direction e replaces (v, z) by
(v, €), turns a coefficient x (||z||*) into 2 (z, e) x" TV (||z||*), or replaces a factor z by e; none of these creates an
identity factor. Hence, with By, F; depending only on ¢ and

sup || D44, ()| gy < Byd /272, sup [|DT ey (@)[e]]] 4o < E,dla/2/2,
z z,[lell=1

Integration along segments gives || D9, (x) — D%, (y)|lys < d\ /2 min{2B,, E, ||z — y||}, and min{A, Bt} <
A'=7(Bt)7 gives the Hilbert-Schmidt bound. On unit vectors every factor (z,u) or (u,w) of these tensors is at
most one in absolute value, which gives the operator bound and the Hessian bound without a power of d. O

The second profile replaces the linear factor by a narrow ridge. Let 9 : R — R be smooth and odd, equal to its
argument on [—1/2,1/2] and vanishing outside [—1, 1] (for instance ¥(s) = sx(s?)), and let Ly = sup |¢'|. For a
unit vector v put ¥, (z) = H(d/* (v, z)) x(||z]|*), a ridge of width d—1/4.

Lemma E.2 (Ridge profile). For every integer j > 0 there is I~(j, independent of d and v, with
sup,, Djz/;v(x)HHS < I?jdj/‘l. Consequently

HDqJ’v(m) - in)v(y)HHs = -’?ﬁdBM = =yl I?ﬁ = (ﬂ?q)lﬂkgﬂ

Proof. In a product-rule term of order j let I derivatives fall on the ridge, giving d"/*9® (d*/* (v, z))v®!, and

the rest on X(Hx||2), giving terms with i identity factors and Hilbert-Schmidt norm O(d*/?) as in the proof of
Lemma E.1, where [ 4+ 2i < j. Since d"/*d"/? < di/*, _each term is O(d?/*). The Holder bound follows as there,
from min{2K,d9/4, K, 1d0T/4} < (2K ,dV*) =7 (K d@tD /47, O
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E.2 The radial family

Let 0 < @ < L, p = min{e, (L — «)/2} and p = a+ p, and let v = 0 for the operator seminorm and v = |¢/2] for
the Hilbert-Schmidt seminorm. For w € {—1,1}% put v, = w/\/g, and for a,h > 0 let

o L/ghﬁil
“= I(ﬁd”/2 ’
Theorem E.3 (Radial lower bound). Let 8> 2, Lg,R,0 >0 and 0 < o < L, let the class Fsc(B, Lg;a, L, R)

be defined with the operator or the Hilbert-Schmidt seminorm, and let p and v be as above. Let Kg, Ko be the
constants of Lemma E.1, Ko = max{1, K3} and

e winf (M) (M) ®

folw) = 5 llall® + ah g, (/1) = G llel + a (v, 2) x(lle]* /32), (E:2)

For every T > 1,

p 2, 8-1 9.2
v 3a 3 -1 —2
(%) 7L S =216 K,7, (B4
T " 6da )’ ] 6 8 ( )
where ag = LgHP™1/(Kgd"/?) = min{(p/ffg)g%(KBdV/2/L5)ﬂ%27aR}. The first term is the smaller one if and
only if T > K3d“*?0®/(16L3H?P).

Y
R (Fse(B, Lg; o, L, R)) > min{cﬁ

Proof. We show that the functions (E.2) belong to the class, bound the error from below by the number of wrong
signs of an estimate of w, and apply Assouad’s lemma (B.6).

Step 1: membership. By Lemma E.1 and scaling, the g-th derivative of the perturbation ah, (-/h) has Holder
constant at most Kzd”/?ah'~" = Lg in the chosen norm, and the quadratic does not contribute since g > 2;
hence [f,]s < Lg. Choose

K2du+20.2 d202
A so that a’h? <

h = min{H, h, e — “9
min{ H, .}, * 1623T = 16T

(E.5)

Since h < H, we have R’ga/h < p and a < aR. The Hessian of the perturbation has operator norm at most
Ksa/h < p, so ol = V?f, = (a+2p)] < LI. The point z¥, = —(a/p)v, has norm a/p < ph/u < h/2, so
x =1and ' =0 at ||z3||* /h2, and V[, (z}) = pa?, 4+ av, = 0. By strong convexity z7, is the minimizer, and
lz5|l < a/a < R. Thus f, € Fee(B, Lg; o, L, R).

Step 2: from the error to signs. For an output & let @; = —sgn(&;). A wrong sign means |§:j - x;‘”| > a/(pV/d),
and strong convexity with p < 2« gives

2 d
Fol@) = fulwl) 2 5 & —ab)? 2 o= " Hay # ). (E.6)
j=1

Step 3: information. Let P, be the law of the seed and the transcript under f,, let w) be w with its j-th
coordinate flipped, and let X, ; be the j-th coordinate of the ¢-th query X;. By Lemma B.5(b),

2a2

2
KL(P, | Poi) = 5B > X7 x(IXel” /02)?.
t

do?
Since XEJX(”XtH2 /h?)% < h? for every query,

1 2Ta*h?

ﬁ ZKL(PwHPw(j)) § W

w,J

Pinsker’s and Jensen’s inequalities bound the average total variation by ahv/'T/(do) < 1/4. By (B.6) the average
number of wrong signs is at least 3d/8, and (E.6) gives

maxE, [fu(2) = fu(zl)] = 3a®/(64c).

Since a = Lgh®~!/(Kd"/?) is increasing in h, substituting h = h, and h = H gives the two terms of (E.4), and
h, < H is the stated condition on T'. O
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E.3 The ridge family

Theorem E.4 (Ridge lower bound). Let 8 > 2, Lg,R,0 >0 and 0 < a < L, and let the class Fsc(B, Lg; v, L, R)
be defined with the Hilbert-Schmidt seminorm. Let p = min{a, (L — «)/2}, let Kg, Ko be the constants of
Lemma B.2, Ly = sup |[¥'|, K} = max{1, Ky} and

Hy = min{(pKs/(K3L))"/ "~ (aRKs /Lg)/ P~}
For everyT' > 1,

Ly’ s s 02\ %5 3a? 3 Bl ~—2
aiE(T) TSR e = 6Ly T K,

NG (Fucl B, Lys 0, L, B)) = min{

«

where ag = LgHgfl/I?g = min{(p/f(é)%(f?g/Lﬁ)ﬁ%?,aR}. The first term is the smaller one if and only if

T > K3d*?02/(16L3 L3 HP).

Proof. We follow the proof of Lemma FE.3; only the functions, their membership and the information bound
change. With p,v,, as there, h > 0 and the ridge width w = hd=/%, let

- B2 (U, T) 2,9 _ Lgw® _ A
fola) = S el + 49 ( 222 )x (e /h2), A= £ ey

Membership. The perturbation equals Al;vw (x/h). By Lemma E.2, its g-th derivative has Hilbert—Schmidt Holder
constant at most Ah~?Kzd?/* = AKgw™" = Lg, so [f.]sns < L, and its Hessian has operator norm at most
Ah~2K,d"/? = Kya/w. Choose w = min{Hy, w, } with

w?® = K2d%%0? |(16L3L3T).

Since w < Hy, we have Kja/w < p and a < aR, hence al < V2fw =< LI. The point —(a/p)v, has norm at most
w/2; there ¥ =1, x = 1 and x’ = 0, so the gradient vanishes, and this point is the minimizer, of norm at most
a/a < R. Thus f, € Fs(B, Lg; a0, L, R), and (E.6) holds with a = A/w.
Information. Since ¥ is Ly-Lipschitz,

~ ~ 2L196L

fo(@) = fum (2)| < Vi 2 x ([l /h%),

and Step 3 of the proof of Lemma .3 bounds the average total variation by Lyahy/T/(do). The choice of w gives
L2a?h? < d*0?/(16T), so this bound is at most 1/4, and the error is at least 3a?/(64a) with a? = L%w%_z/Kg;
the two values w = wy and w = Hy give the two terms.

E.4 Consequences for the strongly convex and convex classes

Let 8> 2, Lg,R,0 > 0and 0 < a < L, let the seminorm be either one, let 7 be asin (2) and p = min{«, (L—a)/2},
and put
d2—7’/(ﬂ—1)02L;/(5*1)

(a®o)?/G-1

2(8-1)/(8-2)
. 14
Py = mln{aRQ, }7

W le = T*((I)O) =
B

(E.7)

so that &7 < @ if and only if T' > Tj,. For fixed 3,a, L, R, Lg, 0, Tiy is of order d2-7/(6-1) < g2,

Proof of Theorem 1(b). In the operator case and in the Hilbert-Schmidt case with odd ¢, Lemma E.3 with v = 7
applies, because then 7 = |¢/2] or 7 = 0 and its exponent 2 — (v +2)// is that of (3); in the Hilbert—Schmidt case
with even ¢, Lemma E.4 applies, because 73 = (8 —1)/2 and 3 — % =2—(2+75)/B. Since d*/? > 1, both a2,/
and a2 /a are at least a constant depending only on 3 times ®y. Hence RS (Fuc (B3, Lg; o, L, R)) > c5 min{®7, ¢}
for every T > 1. The hard functions satisfy ol < V2f < (a+2p)I = 3al; for L = 3a one has p = a, and the
bound holds on Fsc(f, Lg; @, 3, R). For the term M?/«, Lemma E.7(b) with p = 2 and the same Gaussian errors
gives M?/(2a): its quadratic instances have Hessian o, zero Holder seminorm and minimizer norm M/a < R.
The maximum of the two bounds is at least half their sum. O
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With the parameters normalized, the two bounds of Theorem 1 match for every dimension and every budget.

Corollary E.5 (Normalized minimax rate). Let 8 > 2, a =1, L =3, R= Lg = 0 = 1, let the seminorm be
either one, and put p = (8 —1)/B. There are constants 0 < cg < Cg such that for all integers d > 2 and T > 1

S

s min{L (d?)p} < m%(fsC(ﬁu 1;1,3, 1)) < Cp min{l, (%)p}’

and the upper bound is attained under every noise admissible at levels (0,1,0). Consequently there is eg > 0
such that for 0 < € < eg the least number of calls of an e-accurate method under Gaussian noise is of order
dse=PB/B=1) uniformly in d > 2. Here s = 2 for the operator seminorm, s = % under Hilbert—Schmidt smoothness
with even q, and % <s< % with odd q.

Proof. Here p = 1, ®y = 1 and &y = d>~P+7/BT-P = (4°/T)P, so the lower bound is Theorem 1(b). For
the upper bound, ®; > 1, so the budget condition of Theorem 1(a) holds if ' > Dgdlog(2d) for a constant
Dg depending only on 3, and in particular if T > Déds, since s > %; then the error is at most Cg@T and
&7 < 1. For T' < Djd° the method that returns 0 without calls has error f(0) — f* < %Hx*”z < 2, while
min{1, (d°/T)?} > (Dj)~P. For the number of calls, take 5 = c5/2: an error € < 5 excludes the first term of
the lower bound and forces T' > d*(cg/e)'/P, while T = [d*(C/e)'/P] < 2d*(Cg/e)*/P oracle calls suffice. For
oddq7T:(q—1)/2andq<B§q+1give%<s§2—q1§ O

OJ\U‘

Corollary E.6 (Convex objectives: the factor d*). Let 3 > 2 and Lg,R,0 > 0, and let C be the class of
convez q times continuously differentiable functions f on R® with [f]g.op < Lg and a minimizer in B(R). There
are 65,c’ﬁ > 0 such that every algorithm whose expected error is at most € for every f € C under independent

N(0,0%) noise, where ¢ < CZBLBRB, uses T > cpd®0?/e? calls. For the Hilbert-Schmidt seminorm (that is,
with [flgus < Lg in the definition of C) the same holds for ¢ < c’ﬂLgRﬁd’Lq/ﬂ/z. All hard functions have
sz = CﬁLﬁRﬁfzf.

For the operator seminorm and d > 256, Theorem 5(a) is stronger, up to constants by the factor
min{d'/?, (LsR®/¢)*#}. Lemma E.6 also covers d < 256 and the Hilbert-Schmidt seminorm, and it is the bound
transferred in Lemma N.3(b).

Proof of Lemma E.6. The functions. Take v as in Lemma E.3 and the curvature g = 2Ksa/h in (E.2). The
perturbation has Hessian of operator norm at most Kaa/h < /2, so (u/2)I < V2f,, = (3/2)1; in particular f,,
is convex. As in Step 1 of the proof of Lemma E.3, the point —(a/u)v,, of norm h/(2K;) < h/2, is the minimizer;
its norm is at most R if h < 2K,R. Then also a/h = Lgh®~%/(Kzd"/?) < L(2K2R)?~2/ Kz, which gives the
Hessian bound with Cg = 3K5(2K2)?~2/Ks. As in (E.6), strong convexity with modulus y/2 gives

2

fu(2) —min f, > ﬂ 1{w] # w;}.

Large budgets. Choose h by ah = do/(4V/T), that is, h? = Kgd"/>*'0/(4Ls\/T). Then h < 2K, R if and only
if T > Ty = (Kpd”/*'o/(4Ls(2K,R)”? ))2 For such T, Step 3 of the proof of Lemma E.3 bounds the average
total variation by 1/4, and

3a? 3ah 3do

R+ (C — = — .
102 55, 32 64K,  256Ko\/T

All budgets. Put e; = 3do/(256K2y/T1) = chrgRBd_”/2 with ¢ = 3(2K5)#/(64K2Kg). An algorithm with
T < Ty calls has at most 77 calls, so by monotonicity its worst-case error is at least 9%% (C) > &1. Hence worst-case

error € < ¢; forces T > T, and then ¢ > 3do /(256 Ko\/T), that is, T > (3/(256K5))%d?c?% /2. The corollary
follows with g = (3/(256K2))* and c¢j = cj3/2. O



Minimax Oracle Call Complexity, Rounds and Admissible Noise in Zeroth-Order Optimization

E.5 Lipschitz noise

The hard instances for Lipschitz noise are pairs (fy,n4), (f—,n—) with fi +ny = f_ + n_: a Lipschitz noise
cannot be distinguished from a Lipschitz perturbation of the objective. Here 1 < p < 0o, the Lipschitz noise is
measured in [|-[| ,, that is, [n(z) —n(y)| < M [z — yl|,, and B,(R) = {z : [|z], < R}.

Proposition E.7 (Lipschitz noise: lower bounds). Let 1 <p <oo, 8>2, Lg >0, R >0 and M > 0. Let the
centered, oblivious and adversarial components of the noise be given by a rule that does not depend on (f,n), for
instance exact values, or independent N(0,0?) noise and no other component. Consider any algorithm, with any
number of calls and rounds and with queries and output anywhere in RY.

(a) (Convex objectives.) Let L > 0 and M < LRd~"=2/Pl. There are convex quadratic functions fi, f_
with 0 < V2fi(x)[v,0] < L||v\|12) for all x,v and minimizers in By(R), and linear functions ny with
Ine(x) —ne(y)] < M|z —yl|,, such that

N . MR

miax]E[fi(:c) — min f3| > -

(b) (Strongly convex objectives.) Let o >0, M < aR and L > ad?/P=. There are quadratic functions fy, f—
with o ||v||123 < V2fi(x)[v,v] < L ||v||123 for all x,v and minimizers in B,(R), and linear functions ny with
n+(2) =0+ ()| < M|l —yl,, such that

2

miaxE[fi(i) —min f4] > Ev

For p =2 the pair is fi(z) = § ||z F (M/a)v||®, ne(z) = £M (v, x) with a unit vector v.

In both parts Df+ is constant, so [f+]pp = [f+]p.op = [f2]sms = 0, where [f]g, is the Holder seminorm of
DA f with respect to |-, (Section N). Consequently, if the Lipschitz noise is measured in |||, and 0,6 > 0 are
arbitrary, then for every number of calls T':

o ife < LR2d=1"=2/P1/2 then Myax(e,T) < 2¢/R on every class that contains the convex quadratic functions
[ with V2 flv,v] < L ||U||Z2) for all v and a minimizer in By(R);

o if L > ad?P~ 1 and e < aR?/2, then Mpyax(e,T) < V2ae on every class that contains the quadratic
functions f with o HUH; < V2f[v,v] < L Hv||12) for all v and a minimizer in By(R).

Such classes are the convez q times continuously differentiable f with [flg, < Lg, V2 f(z)[v,v] < L ||v||127 for all

z,v and a minimizer in B,(R) in the first case, the analogous class with o ||vHi < V2f(x)[v,v] < L ||v||12) in the
second case, and, for p =2, Feyx(8,Lg; L, R) and Fs.(B, Lg; o, L, R) with either seminorm.

Proof. Two indistinguishable instances. For ;>0 and w € R? put fi(z) = & ||z F w|)? and 74 (z) = £p (w, ).
Then fy +ny = %(Hx”z + |lw||?) for both signs. As the remaining noise does not depend on (f,7), induction
over the queries shows that the joint law of all queries, observations and the output z is the same under both

instances. Since min f1 = fi(fw) = 0, the parallelogram law gives
1 . 12 ) 2 1% 2
3 SEL(E) = SR + wl?) > & .
+

The functions fi have Hessian ul and constant D?f., and by Holder’s inequality 74 is p ||w
respect to [|-||,,, where p* = p/(p — 1).

Choice of u and w. With 1 = (1,...,1), take

o -Lipschitz with

p<2 p=2
(a) w=Rd~'P1, p= Md*/*'/R w=Rey, p=M/R
(b) w= (M/a)d~"?1, p=ad*P! w=(M/a)ey, p=«
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In each case p|wl,. = M; moreover [|w||, = R and plwl® /2 = MR/2 in (a), and |wll, = M/a < R and
pllwl* /2 = M?/(2c) in (b). Since o] < ||o]l, < d"/*=/2jv] for p < 2 and d"/*=/2 |ju]| < ||oll, < [jv]| for p > 2,
the assumption on M in (a) gives u|jv||*> < L ||11H1277 and the assumption on L in (b) gives « Hv||12) <ul)? <L ||v||]2J

Admissible levels. Let the centered, oblivious and adversarial components vanish; this is admissible at levels
(M, 0,6) for all 7,8 > 0. In the convex case let M > 2¢/R and M’ = min{M, LRd~""~=2/?l}. Then M'R/2 > ¢
because ¢ < LR?d~11=2/Pl /2 an M’-Lipschitz noise is admissible at level M, and the functions of (a) with M’
belong to every class of the first kind; so no method is e-accurate at level M on such a class. The strongly convex
case is the same, with M > v/2ag, M’ = min{M, aR} and (b). O

For p = 2 the bound in (b) is attained by the exact minimizer of the observed function: if & minimizes f + 7,
then ||V f(2)|| < M because 7 is M-Lipschitz, and strong convexity gives f(2) — f* < M?/(2).

F STRONGLY CONVEX OBJECTIVES: ORACLE CALLS, ROUNDS AND
LIPSCHITZ NOISE

This appendix proves the upper bound of Theorem 1(a) and the achievable levels in Theorem 1(c). Both methods
of Procedure 2 call the estimate of Procedure 1 once per round. The two-phase method is analyzed in Lemma F.3;
it is projected onto B(R) and uses an upper bound on the Hessian only there, which Section I needs. The
accelerated method is analyzed in Section F.5. The optimization lemmas hold for any oracle with a bounded bias
and conditionally centered noise.

Procedure 2 Strongly convex methods with random-frame estimates
Require: radius h; a, L, R; k = L/a; choose (a) with N, B, or (b) with J, (B;);_; from Lemma F.6
: (a) two phases (N even): z1 =0, ko = 16x, P = Projp(g)
:fork=1,...,N do > one round each
step v = ﬁ if k< %, else v, =

1
2
4
3 a(h—N/21ko)
4 zk1 = P2k — vk Gn,8(21))
5. return & = ZQ{:N/zﬂ wkzk/ Z;@‘V:N/QJrl W, W = k — % +ko—1
6: (b) accelerated (J stages): (%) =0, § = g;i, No = [5vk]
7: for stages j=1,...,J do > the number of frames B; doubles
8 . =x9=2a0"b
9

: for k=0,...,Ny—1do
10: Yk = T +0(xr — Th-1), Thy1 = Yk — Gn,B, (Yr)/L
11: () = TN,

12: return & = (/)

Setting. We use the class Fs. (8, Lg; o, L, R) with either seminorm, x = L/a, and the noise of Definition 1.
The methods also know d, T and the stencil constants. Since h2 = d?>t7¢?2/ (L3T) by (3),
d*c?

L3d~Th2P7% = = ady, (F.1)
T Th2.

and & = &7~ F-D/F where ®; is the value of & at T = 1.

The estimate. Consider round k of Procedure 1 with an Fj_i-measurable center z, a deterministic radius
h >0 and B > 1 frames; it makes 2mdB calls. By Lemma D.3, it returns g = Vf(z) + b(z) + ¢ + A, where:

El) b(z) is Fi_1-measurable and ||b(z)|| < bf + b, with by := C, L d=7/2hP=1 and b, = A M;
f n f B n

(B2) E[¢ | Fr1] = 0 and E[||¢|]* | Fr_1] < v2/B, with v? := CyL3d™Th?P=% 4 CyM? + C,do?®/h? (also for
d=1);
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(E3) ||All < bs := v/d S16/h almost surely.

The constants are those of Lemma D.3. Only the sum ¢ + A is Fr-measurable. As explained after Lemma D.3,
we use ¢ only through (E2) and through E (¢, w) = 0 for square-integrable Fj_1-measurable random vectors w.

F.1 Projected descent in two phases

The first phase contracts the initial distance with a constant step, and the second uses decreasing steps and
weighted averaging, as in Lacoste-Julien et al. (2012, Section 3.2), with an offset that keeps the steps small. The
following computation is shared by all two-phase methods of the paper.

Lemma F.1 (Two-phase recursion). Let a,¢ >0, B,V >0 and ko > 1, and let numbers Ay, Fy, > 0 and steps
wr > 0 satisfy, for the indices k specified below,

Ap1 < (1= ap) Ay — cprFr + B + g V. (F.2)
(a) Let (F.2) hold for k=1,..., N with pi = 2/(a(k + ko)), and let wy =k + ko —1 and W = ZIJLI wg. Then

N
1 akiAN; B 4V
=5 By < 20 Z4 27
szlwk k= TeN? + c+acN

(b) Let (F.2) hold for k =1,..., Ny + Na, with a constant step pr, = p for k < Ny, where ap < min{1,2/ko},
and pn,+x = 2/(a(k + ko)) for 1 <k < Ny. If Ny > ko, then, with wy, and W as in (a) for N = Na,

No 2

1 ak Al 2B 6)
— F < 207 p—apNy 4 22 .
w ;wk Ntk = cN2 ¢ + c + acNy

Proof. (a) Since 1/(cur) = a(wy + 1)/(2¢), dividing (F.2) by cpy gives

a B BV

Fy < ?((wk — DAL = (wr + DAg1) + — + B2

c c c

Multiply by wy and sum. The distance terms telescope because wg41(wg+1 — 1) = wi(wy + 1), and at most

scko(ko — 1)A1 remains. Moreover wypuy < 2/a and W = N(N + 2ky —1)/2 > N2%/2.

(b) In the first phase 0 < 1 — ap < 1, so the recursion can be iterated; dropping Fy > 0 and summing the
geometric series gives Ay, 41 < (1 —au)M Ay +B/a+ pV/a, and pV/a < 2V/(a?ke). Insert this into (a), applied
to the second phase, and use (1 — au)™ < e~ %Nt and Ny > k. O

Lemma F.2 (Two-phase projected descent with a biased oracle). Let K C R? be closed and convex, and
let f:R* = R be twice continuously differentiable and a-strongly convex, with its minimizer =* in KC and
V2f(z) = LI for x € K; put kK = L/a. Let (Fi)k>o0 be a filtration and let 21 € K be Fy-measurable with
llz1 — «*|| < R. Suppose that at every Fj_1-measurable center zj, € IC an oracle returns an Fy-measurable vector
gk =V () + 05+ G+ Ak, ol <6, Akl <bp as., BlG | Froa] =0, E[IG|* | Faoa] < 0*.
Fiz integers N1 > 0 and Ny > 16k, let kg = 16k, and run, with the Euclidean projection Proj, onto IC,
1

L k=1,...,Ny,
_ ] ) 4L
Zpa1 = PrOJ,C(Zk — Uk gk), Vg = 4 k=N N; = N.
R — = +1,..., + Na.
ok — Ny + ko) ' L
Output
Ny +Ns Ni+N2
&=w1 Z W Zk wy =k — Ny +ko—1, W= Z W -
k= N7 41 k=N1+1
Then

R? 7(b+bp)? 4842
ah” —Ny/sR) (b+bp) n v

Elf(@) - 1< % ok 2
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Proof. Write Dy = E ||z, — 2*||*, F, = E[f(2x) — f*], ux = bx + Ay and b = b+ bp, so that |ju|| < b. By
induction, zj € K is Fr_1-measurable and square integrable, so E (x, zr, — 2*) = 0.

For z € K the segment from z* to z lies in K, so Vf(2) = Q(z — 2*) with Q = fol V2f(z* 4+ t(z — 2*)) dt and
al < @Q < LI. Hence Q? < LQ, and strong convexity gives

IVFEIP < LVIG),z =27, §(Vf(),2—a") 2 f(z) = [ +alz -2, (F.4)

the second by adding (V f(2),z —a*) > f(2) — f* + § ||z — 2*||” to half of (Vf(z2),z — z*) > a ||z — z*||*. Since
2% € K, D1 < K|z — vegr — 2*|%, and [lgrl|® < 21|V f (z1)||> + 462 4 4 || ||”. Every step satisfies vy, < 1/(4L),
since 4/(a(ko + 1)) < 1/(4L), so the coefficient of E (V f(z;), 2, — *) > 0 is at most —2u, + 2Lv} < —3u.
Young’s inequality 2b |z, — 2*|| < o ||zx — 2*||* /2 + 262/ and (F .4) give

Djsr < (1 - %)D 2(52 + v2). (F.5)

This is (F.2) with a = /2, c =1, B = 2b*/a, V = 4(b* + v?) and the steps of Lemma F.1(b) with u = 1/(4L),
for which ap = 2/ko = 1/(8x) < 1. Since D1 < R?, Ny > ko and Ny > 16, Lemma F.1(b) and the convexity of f
give (F.3). O

F.2 Oracle calls and rounds without acceleration

Theorem F.3 (Strongly convex objectives: oracle calls and rounds). Let f € Fy and let the noise be admissible
at levels (M,0,0). Let N > 32k be even, B > 1 an integer and h > 0. Run Lemma F.2 with K = B(R), z1 =0
and N1 = No = N/2, where the oracle of round k is the estimate of Procedure 1 with center zy, radius h and B
frames; this is variant (a) of Procedure 2. The method uses N rounds and T' = 2mdN B calls, and

R2
2

192mC,d?o?

1
—N/aer) 1 [(210& +3CR) Lgd TR+ (F.6)

M? d62
+ (2143 4+ 3C s 2152

E[f(#) - 1] <

(a) Let 0 >0 and T > 2mdN. With B = |T/(2mdN)]| and h = hy the method uses at most T calls, and

Elf(2) - 1] <

2 2 2
af; o~ N/ (165) M do (F.7)

+C¢(I3T+CM7 + Cs— B2
T
where
Cy = 21C} + 3C; + 384mC,, Cu = 2147 + 30, Cs = 21853,
Moreover d6?/(ah?) = (T2 /(do?))®r

(b) Let 0 >0 and
Nr = 2|max{16r, 8rlog(aR?/(2®7))}].

If T > 2mdNr, then (a) with N = Ny uses Ny < 2+ 32k + 16k log™ (aR?/(2®7)) rounds, at most T calls,

and ) s
R . M
E[f(2) — f*] < (Co + )‘I’T+C'M7+Ca R
T
The condition T > 2mdNr, which is equivalent to B > 1, holds whenever
T > 8md + 64mdrk [1 + log(64mdk) + log™* PT e (F.8)
1

The same holds if the upper bound V2f < LI is assumed only on B(R).

For 6 =0, L > a and T > Ty, (see (E.7)), Theorem 1(b) shows that the bound in (b) is optimal up to a factor
depending only on 3; the same holds for the accelerated bound (F.12) below.
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Proof. Apply Lemma F.2 with b = by + by, bp = bs, v2 = v} /B and N; = N = N/2. Its hypotheses follow from
(E1)—(E3), since each center is measurable before its round, and they involve the Hessian only on £ = B(R); the
estimate itself uses no Hessian bound. Using (bs + by, + b5)* < 3(b% + by + b3) and 96/(NB) = 192md/T" < 3
gives (F.6).

For (a), |z] > x/2 for x > 1 gives T/2 < T' < T; substitute (F.1). For (b), the definition of Ny makes
the initial-error term at most ®y. Moreover &1 > &1 /T and logT < T/(64mdk) + log(64mdk) — 1 imply
2mdNy < T/2 + 4md + 32mdr[1 4 log(64mdr) + log™ (aR?/(2®1))], so (F.8) suffices. O

F.3 An accelerated method with inexact gradients

The method of the next lemma is the constant-momentum scheme of Nesterov (2004, Section 2.2), run with
inexact gradients.

Lemma F.4 (Accelerated method with inexact gradients). Let ¢ : R? — R be differentiable and p-strongly convex
with an L,-Lipschitz gradient. Put k, = Ly /pt, w = Kj;l/z, 0= (1-w)/(1+w), and let x}, be the minimizer of
@ and p* = gp(x@). Let (Fi)r>o0 be a filtration, let xo be Fo-measurable and square integrable, x_1 = x¢, and for
k>0

9k
L,

yr = T + 0z — T_1), Tht1 = Yk — gk = Vo(yr) + ur + G,

where gy, is Fiy1-measurable, ||lug|| < b almost surely, E[Cx | Fi] = 0 and E[||G|* | Fi] < v2. Let Vo =
o(x0) — ¢* + & ||wo — x;HQ. Then for every K >0

N 1 \K 302 3, /R, v?
Elp(zx) — 9" < (1- 2\/17) BV + o (F.9)
© ®

Proof. Write z* = x7,, Vj, = Vo(yr) and ex, = ug+Ck. Put vg = xo, mi, = (1—w)vg+wy and vgr1 = mg—(w/ 1) g
By induction, (1 + w)yx = x + wvk, S0 mp —x* =y — 2* + (1 — w)(yx — xx)/w. The vectors yi, vi and my are
Fr-measurable and square integrable. For Vi, = () — ¢* + (1/2) [[ox — 2*||%, the estimate-sequence argument
of Nesterov (2004, Section 2.2), with the error retained, gives

Vit1 < (1 = w)Vi — w (ek; viy1 — 7). (F.10)

Indeed, smoothness gives w(zr+1) < @(yi) — |\Vk||2/(2L¢) + Hek||2/(2L¢,). Expand ||vgt1 — 2*||%, bound
|l — 2*||* by convexity of the squared norm, and use w2/ = 1/ L., the formula for my, strong convexity at y
and convexity between y, and . This leaves

2 2 2
— ||V + |le
ool = 194 + el

Vit < (1 -w) 5T
2

w(eg, mp — ™).

The numerator equals 2 (e, gx), and gi/L, = w(my — vg41); this proves (F.10).

Since vgy1 —2* = (my, — 2* — (w/1) Vi) — (w/p)ek, where the first vector is Fi-measurable, conditional centering
and the Cauchy—Schwarz inequality give

E (¢, ur) + E |G| < vt v?

L, =L

—wE (Ck, kg1 — 2%) =
®

Pathwise, Young’s inequality gives —w (ug,viy1 — %) < (w/2)Ver1 + wb?/p. Hence (1 — w/2)EVyyq < (1 —
w)EVy + ¢, where ¢ = wb?/p + (bv + v?)/Ly,. With p= (1 —w)/(1 —w/2) <1 —w/2, iteration yields

EVi < p"EVy + 2¢/w < (1 — w/2)XEVy + 3b? /p + 30 /(wLy,),

where we used 2bv < b + v? and wL, > p. The claim follows because the function gap is at most V. O
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F.4 Restarts with growing batches

Restarting an accelerated method in stages is a standard way to obtain linear convergence for strongly convex
problems (cf. the multistage method of Ghadimi and Lan, 2013). In the next lemma the batch size doubles from
stage to stage, and the bias and the residual variance are unknown to the method.

Lemma F.5 (Restarts with growing batches). Let ¢, u, Ly, K, be as in Lemma F.J, let xo € RY be deterministic,
||2. Let 0 < e < Vy, let v2_ >0 be a known

and let Vy be a known number with Vo > ¢(x0) — ¢* + 5 | To — T, o

number, and put

o 12, /ko v2
J= [bg2 ?} No=[5F;], ¢ =27V, B;= max{l, [#] }
$=g

Let 20 = xy. For j =1,...,J (stage j), run Ny iterations of the method of Lemma F.J started at xo = x_, =
2= each iteration using a batch of B; samples, and let 29 be its last iterate. Number the iterations of all
stages consecutively by i =0,1,...,JNg — 1. Let (F;)i>0 be a filtration such that the gradient of iteration i is
Fir1-measurable and, if iteration i belongs to stage j, its error is u; + ¢; with

lus|| < b almost surely, E[¢ | Fi] =0, IE[HQH2 | Fi] <vZ./Bj + 12,
where byr > 0 are unknown. Then

3 4h2 4 Ry r?

Elp(z)) — 0] < T+ — + Y2 F.11

(o) = o) < Jet o+ S (k1)

The procedure uses JNy < (1+1logy(Vo/2))(1+5,/F,) iterations (rounds) and Z'jjzl NoBj < JNo+ 28802,/ (1)
samples. In particular, if r = 0 and b*> < pe/16, then E[p(z()) — ¢*] < e.

Proof. Let E; = E[p(z)) — ¢*] and G = 3b?/p + 3, /R, 12 /L,. The starting point of each stage is measurable
before the stage, so Lemma F.4 applies to every stage. In it, (1 —1/(2,/r,))N0 < e~5/2 < 1/8, the batch size
bounds the sampling term by €;/4, and, after the first stage, strong convexity bounds the initial potential by
twice the starting gap. Thus

Ey <Vo/8+G+e1/4, E;j<E;_1/4+G+ei/4 (j>2).
Unrolling and using ¢; = 2/79¢; gives E; < /4 + (4/3)G + /2, which is (F.11) since £ < .
The round count is JNp. Moreover B; < 1412, /k 02, 27 /(L, Vo), Z'jjzl 29 < 4Vy/e and Ny < 6, /K. Therefore

sam

>_; NoBj < JNo + 28802, /(ue). For r =0 and b? < pue/16, the error bound is at most ¢. O

F.5 Accelerated rounds with random-frame estimates

The batch sizes are chosen from the stochastic part v2,, = C,do?/h? of the variance in (E2). The remaining

part r2 = CfL%d*ThQB’2 + C,,M? is not divided by the batch size in the analysis, which keeps the batch sizes
independent of the unknown level M.

Theorem F.6 (Accelerated method with explicit constants). Let 8 > 2, Lg,a,R >0, L > o, k = L/a and
o >0, and let Fye = Fse(B, Lg; @, L, R) be defined with either seminorm. Put

A =1152mC,, Cacc = A + 1207 + 4C, O3 = 1243 + 40, Cacc = 1257,

and Vo = (L + a)R?/2.
(a) Fixed budget. For T > 1, put h = hy, ¢ = A®p and v2,,, = Codo®/h%.. If Vo < e, output & = 0 and set
J = 0. Otherwise run Lemma F.5 with o = f, p=a, L, = L, zg = 0 and these Vo, €, V2, that is, variant

(b) of Procedure 2 with

No = ’75\/E“7 J = |—10g2(f}0/<€)—|, &j = 27jf}0’ Bj = max{l, [12\/Evs2am/(l’€j)-|};
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each gradient estimate is Procedure 1 at the center yy, with radius hy and B; frames. If T > 4mdNyJ, the
method uses at most T calls and N = NoJ < (14 5y/k)(1 4 logd (LR?/(A®7))) rounds. For every f € Fac
and noise admissible at levels (M, o,9),

dé?

M2
E[f(&) - f] < O3 0r + O + O3 20 (F.12)
« ohi
A sufficient condition for T > 4mdNyJ is
+ W
T > 48mdv/r [1og2(51md\/ﬁ) +log] E]' (F.13)
1

(b) Target accuracy and admissible errors. Let 0 >0, 0 < e < LR? and

aed” 28—2
h = .
(8(120§ +4cf)Lg)

Run Lemma F.5 as in (a), but with target €/2, radius h and v2,,, = C,do*/h*. The method uses NoJ
rounds, where J = [logo((L + a)R?/e)] < 2 + logy(LR?/¢), and

MmO 0™ < € (12(6) + |1 + los 2]

calls. It satisfies B[f(Z) — f*] < e for every f € Fs. and noise admissible at levels (M, o,0) with

T < 2mdNoJ + (F.14)

where cg depends only on B. The batch sizes do not depend on M or §.

The accelerated method is not projected: its centers, queries and output may lie outside B(R), as Definition 1
allows, and the proof uses the Hessian and estimator bounds on all of R%.

Proof of Lemma F.G(a) and of the upper bound in Theorem 1(a). Iteration i of Lemma F.5 is round k =4 + 1,
so the filtration of the lemma is (Fx_1)r>1 of Definition 1. By (E1)-(E3), the oracle of a round k of stage
J, with center y, has error v + ¢, where u = b(y) + A satisfies |Ju|| < by + b, + bs, E[¢ | Fr—1] = 0, and
E[[¢)|* | Fro1] < v2/Bj + 12, where 12 = CtL2d~"h3’ ™% + C,,M?2. By (F.1),

d52 1}2 2 2

b? b2 T r M
f 5 sam

— =C,=®p, — =CiPr+C,—. F.15
ah%v o d T o f T+ n o ( )

L =CPr, 2=57
o b*T> o 1

Smoothness bounds the initial potential by Vy. If Vy < ¢, then f(0) — f* < ¢ = A®p, which implies (F.12).
Otherwise Lemma F.5, /k/L < 1/a and (by + b, + bs)*> < 3(b} + by + b3) prove (F.12). The same lemma
bounds the number of frames by NoJ + 28802, /(aA®r) = NoJ + T/(4md), so the method makes at most
2mdNyJ + T/2 < T calls when T > 4mdNyJ. Since Vo < LR?, J < 1+ logy (LR?/(A®7)).

A direct computation with Ny < 6y/k, @7 > ®1/T and logT < T/a + loga — 1 for a = 48md+/k/log2 shows
that (F.13) implies T' > 4mdNyJ.

Theorem 1(a) follows with Cg > max{51m, Ca, C3¢, C2}: since A > 1 and Vy < LR?, its budget condition
implies (F.13), and d&?/(ah?) = (T'6%/(do?))®1 by (F.1). O

Proof of Lemma F.6(b) and of the achievable levels in Theorem 1(c). As in the proof of (a), with target £/2 and
radius h, the bound (F.11) is at most 3¢/8 plus (12CZ + 4Cf)L%d_Th25_2/a = ¢/8, the contribution of the
smoothing bias and of its residual variance, plus C3°M?/a + C2°°d6? /(ah?) < €/4; the sum is less than €. The
sample bound of Lemma F.5 gives (F.14), since h/h. depends only on 3 and Ty () = d?0?(ae)"1h-2 by (4) and
(5); for the same reason h(ae/d)'/? = (h/h.)d.. The converse bounds in Theorem 1(c) are proved in Lemma E.7
and Section H. 0
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G LOWER BOUNDS ON THE NUMBER OF ROUNDS

This appendix bounds from below the number of rounds needed on Fy. by algorithms that request at most n
values per round, with exact values or with Gaussian noise. Section G.2 treats one round and Section G.3 treats
N rounds, both with the tilts of Section G.1; Section G.4 deduces the necessary number of rounds (Lemma G.5),
and Section G.5 compares it with the upper bound. For 8 = 2 and noisy values, Duchi et al. (2018) proved the
one-round bound n~2/(4+t% on smooth strongly convex functions, which is the exponent of Lemma G.3 at 3 = 2.

Setting. Throughout this appendix 8 > 2, ¢ =[f] —1> 2 and v = 8 — ¢ € (0, 1]; the numbers Lg, o, R > 0
and L > 3« are fixed, and Fye = Fee(B, Lg; @, L, R) is defined with the operator seminorm (the Hilbert—Schmidt
seminorm is treated in Lemma C.6). We write vol for the Lebesgue measure on R? and f* = min f.

Definition G.1 (Rounds with a bounded number of calls). Let N,n > 1 be integers. An algorithm with N
rounds of at most n calls draws independent random elements O, ..., Oy with laws fixed by the algorithm. In
round k it makes at most n calls at points of R% that are measurable functions of 1, ..., 0 and of the answers
of rounds 1,...,k — 1. The output & is a measurable function of ©1,...,0y and of all answers. The answer
to a call at X; is either the exact value Y; = f(X;), or Y; = f(X;) + & with independent N(0,0?) variables &,
independent of ©1,...,0x (the Gaussian model). For a class C and o > 0 let

Rnn(C;o) = inf sup E[f(&) — f*],
fec

where the infimum is over all algorithms with N rounds of at most n calls, with exact values if ¢ = 0 and in the
Gaussian model if o > 0.

This is the round structure of Section 2, and the Gaussian model is the oracle of Definition 1 with only the
centered component. Calls whose answers are ignored do not change the law of the output, so in the proofs we
may assume that every round has exactly n calls. An algorithm with N rounds and T calls in total has at most
T calls per round, so every lower bound on Ry, below also holds, with n = T', for such algorithms.

G.1 Tilts

Let x be the cutoff and Kz, K3 > 1 the constants of Lemma E.1. For z,v € R? and r > 0 the tilt with center z,
slope v and radius r is

Pyr(@) = — v,z —2) x(|z — z||° /r?). (G.1)

Lemma G.2 (Translated and rescaled tilts). Let z,v € R? andr > 0. The function P, ,r is infinitely differentiable
and vanishes where ||z — z|| > r; where ||x — z|| < 1/2 it satisfies P,y r(2) = — (v,2 — 2) and VP, , .(x) = —v.
Moreover

[Peurlpop < Ka ol 7172, sup ||[V2P...(2)
z€RI

< Ko ||v|| /7 (G.2)

op —

Proof. The support and the local form follow from x =0 on [1,00) and x =1, x' = 0 on (—o0,1/4]. For v # 0
let u = v/ ||v]|; with the profile v, of (E.1),

sz,r(m) = - HU” Twu«x - Z)/T)a DkPZﬂ%T(‘r) = - ”U” ri=k Dk¢u((x - Z)/T), (G-3)

and the operator-norm bounds of Lemma E.1 give (G.2). O

G.2 One round

Theorem G.3 (One round with Gaussian noise). Let 0 > 0 and let n > 1 be an integer. Put

=l (7)) nlr (55 5mrz) )
T = minq — r=ming 7, ( —"——5 :
2'\KyLg ’ "\16-2d nL%

Then )
3L 3

2
64 aKj

S)cil,n(]:sc; O') > 7"2([’71)- (G4)
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Consequently Ry p(Fse;0) > cin2B=1/@28+d) for every n > 1, where

3L .{7 (KEUQRdY;M}zwl)
“ 7 61aK? '\16- 2723

does not depend onn, and 2(8 —1)/(26+d) < (8 —1)/8 for every d > 1.

Proof. We hide a sign perturbation at a uniformly random point of B(R/2), bound the information that one
round gives about the sign, and reduce the error to a test of the sign.

Step 1: hard functions. Let a = Lgr®~1/Kp. For z € B(R/2) and w € {—1,1} let
few(@) = allz — Z||2 + P, —vae, r(2) = aflz — 2”2 +wa e,z — 2) X(Hx - Z||2 /r2)'

By Lemma G.2, [f.wlgop < Kgar'™® = Lg, and since r < 7 the Hessian of the tilt has operator norm
at most Kea/r = KoLgr?=2/Kg < a. Hence ol < V2f,, < 3al < LI, and a < ar/K, < ar. The point
x% , = z—wae; /(2a) satisfies Hmzw —z|| = a/(2a) < 7/2, 50 by Lemma G.2 V f. (2% ) = 2a(a} ,—2)+wae; = 0.

By strong convexity x% , is the minimizer, and ||x‘;w|| < R/2+7r/2<3R/4. Thus f, ., € Fe.

Z,w

Step 2: information. Fix an algorithm with one round of n calls at X, ..., X,,, which are functions of ©;. Let Z
be uniform on B(R/2) and w uniform on {—1,1}, independent of each other, of ©; and of the noise, and let P,
be the joint law of ©; and of the answers when the objective is f, .. Since

fon(@) = fooa(2)| = 2a|(er,z — 2)| x([lx — 2|* /r*) < 2ar 1{|lw — 2| <}
and the law of (X1,...,X,,) does not depend on (z,w), Lemma B.5(b) gives

2a2r?

KL(P, | P. 1) < o
g

n
ZP(HXi -zl < 7).
i=1

For every fixed x, P(||z — Z| < r) < vol(B(r))/vol(B(R/2)) = (2r/R)?, and Z is independent of the queries. Let
E, denote the average over z distributed as Z. By Pinsker’s inequality (Lemma B.5(a)) and Jensen’s inequality,

172 g 2y dy 1/2 2dn[2p26+d 172 1
Ey TV(Py 1, Py <(lE KL(P P_) <7( (7)) :<a7) <-
z (Pz1,Pz-1) < Sz (Pz1llPz,-1) _J”R Kgngd =4
by the choice of r.
Step 3: from the error to a test. Given z, let @ = 1 if Z; < z; and & = —1 otherwise. The first coordinate of

x%, 18 21 —wa/(2a), so & # w implies ||& — xsz > a/(2a), and then f, (%) — min f,, > a?/(8a) by strong

Z,w

convexity. For fixed z, @ is a test between P,; and P, _q, so by Lemma B.5(a) and Step 2, P(&w # w) >
%(1 —EzTV(Pz1,Pz,-1)) > %. The worst-case error over F. is at least the average over (Z,w), so

3037202

3
"R edak?
8 640K}

fsetg_zclE[f(i)*f | > -

The algorithm was arbitrary, which proves (G.4).

Step 4: the power of n. Since n~ Y2+ <1 r > min{F, (Kgasz/(lﬁ . 2dL%))1/(25+d)}n‘l/(zm‘d), which gives
the bound with ¢;. Finally 2(8 —1)/(26 +d) < (8 —1)/8 is equivalent to d > 0. O

The queries of one round cannot concentrate near a perturbation at a uniformly random location.

G.3 Several rounds: nested tilts

The construction adapts the smooth nested perturbations of Dorn et al. (2026, Appendix E) to rounds and to a
fixed Holder seminorm.
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Theorem G.4 (Several rounds). Let N,n > 1 be integers and put

. Ong ﬁ Lﬁ
= R Iy = — P
" mm{ ’ (8K2L5) } N 2aKs(N +1)
and define recursively
0i=On10" (1<i<N+1), ri=(@ANn) Y (1<i<N). (G.5)

Then, for every o > 0,

3« _
RN (Foe; 0) 2 R (Faes 0) > Arits  ons1=711(0n7]77)

<rf—1g’”1—1 B-1)(B-1N 1)

2 (4Nn)"  dm . (G.6)

In particular Ry n(Fec;0) > enn™ "~ for every n > 1, where

28-1)((B-1)N —1) 3o o-2) 2=y 1)

2 —v
= = — I3 4N)™UN G.7
- e ev= e (4N, (@)
and cy does not depend on n.
Proof. We hide the minimizer behind N + 1 tilts with nested random centers Z, Zs,.... With probability at

least 3/4, every query of round k misses the ball around Zj in which f differs from the sum F}, of the first k tilts.
The algorithm then behaves as if it saw only F}, in round k, and it learns nothing about the sign of the last tilt.

Step 1: scales. By the choice of rq, and since Ko > 1 and N > 1,

1

INrP P
NS 16K,(N + 1)

< (G.8)

1
32°
If r; < rq, then o;/r; = 19Nr572 <1/32 and ri41 = (4Nn)’1/dgi < 0; <71;/32 < ry. By induction, r;11 < g; <
r;/32 for 1 <4 < N and on+1 < ry41/32; hence 9,41 < 0;/32, and for 1 <i < N +1

N+1

32 T
Z 0; < 379 < 31 (G.9)
Jj=i

Step 2: hard functions. Let Wy, ..., Wy be uniform on B(1) and w uniform on {—1,1}, all independent. Put
Vi=0;W,; for i <N, Vny1 =wonti1€1, Zo=0and Z; =Z;_1 +V; for 1 <i < N+ 1, and

k
Fk(x):O‘HmHQ+ZPZ]‘—1,206VJ‘,TJ'($) (OékSN"’_l)v f:FN+1~ (G]-O)

=1

Since ||V}|| < ¢j, Lemma G.2 bounds the seminorm of the j-th tilt by QQKBer;_B =2aKgdn = Lg/(N + 1),
and the quadratic contributes nothing, so [f],op < Lg. The Hessian of the j-th tilt has operator norm at most
20K50j/r; = 204K219N1"f_2 < a/(8(N +1)) by (G.8), so al < V?f <3al < LI. By (G.9), |Zn+1 — Zj—1| <

;\:;1 o1 < r;j/31, so by Lemma G.2 the j-th tilt has gradient —2aV; at Zn41, and Vf(Zn41) = 2a(Zn41 —
Z;V:ng V;) = 0. Thus every realization of f has the unique minimizer Zy 1, of norm at most r1/31 < R, and lies
in Fye.

Step 3: localization. For 1 < k < N,
f(x) = Fi(x) whenever |z — Zk|| > rr41. (G.11)

The difference f — Fj is the sum of the tilts j =k +1,..., N + 1. The tilt j = k + 1 has center Z; and radius
rig1. For j > k+2, (G.9) gives ||Z;1 — Zi|| < re41/31, hence |z — Z;_1|| > Drppq > reg1/32 > rpg0 > 15
All these tilts vanish at x.

Step 4: a truncated run. Fix an algorithm with N rounds of n calls and exact values, with ©4, ..., Oy independent
of (Wy,...,Wx,w). We allow its queries in round % to depend also on Vi, ..., V;_; and its output on Vi,..., Vy,
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which only enlarges the class of algorithms. In the truncated run, with the same ©1,...,0y and Vi,...,Vn,
the calls of round k are answered with the values of F}, instead of f; let X Boly-- X k,n De its queries in round
k and T its output. Since Fy depends only on Vi,..., Vs, induction on k shows that X3, is a function of

(©1,...,0k,V1,...,Vix_1) and Z a function of (04,...,0xn,V4,..., V).

For 1 < k < N let Ey be the event that HX;H — ZkH < Tpy1 for some i < n. Given O1,...,05, Wy,... , Wi_1,
which determine Xk,i and Zj_1, the vector Wy, is uniform on B(1) and Zy = Zi_1 + 0k Wg; hence each query
satisfies HX';“ — ZkH < 741 with conditional probability at most (rpy1/0x)? = 1/(4Nn). A union bound over

the Nn queries gives
N
1
P(H Ek) <7 (G.12)

On g = ﬂfcvzl E} the actual and the truncated runs coincide: if they agree before round k, the queries of round &
agree, and on Ef the answers agree by (G.11). In particular &£ =% on G.

Step 5: the error with exact values. By strong convexity, f(Z) — f* > § |2 — ZN+1|| , where Zny1 = Zn +

wont1€e1. The variables 1¢g, & and Zx are functions of (04,...,0y, Wl, ..., Wx), which is independent of w,
and %Zoe{—l 1} ly — ogNHelHQ = ||y||2 + Q%H_l for every y € Rd. Conditioning on these variables and using
(G.12),

~ (07 ~ 2 3a
E[f(x) - f*i > 511":[1@ i|33 —ZN — WQN+1€1H ] 9 QN+1 P(G) > 3 0N+1
The left-hand side averages the error over realizations of f in Fi., so the worst-case error is at least 3% QN 41 As
the algorithm was arbitrary, Ry n(Fec; 0) > 3203 ;.

Step 6: Gaussian noise. An algorithm with exact values can simulate a given algorithm for the Gaussian model
with the same rounds and calls: it draws the noise variables as part of ©; and adds them to the exact answers.
Its queries and output have the same joint law, hence the same error on every f, so Ry n(Fsc; 0) < Ry n(Fec; 0).

Step 7: the endpoint. By (G.5), log 0,41 = (8—1) log 0;+log ¥ — % log(4Nn) and log 01 = log 9y +(8—1) logry.
Solving this linear recursion gives
B-—HN+1 1

al _yN+1 _B-(@B-1yN-1
ont1 ="y 0 7T (am)

GRS
which is (G.6) because (8 — 1)Vt =1+ (8 - 2)% Squaring gives 2203 | = cyn V. O

The shifts o; = 19Nrf ~1 are much smaller than the radii ri, so the radii shrink faster than geometrically. This
is forced by the fixed Holder seminorm: by (G.3), a tilt with slope of norm 2ap and radius r has seminorm
2007 7P [1] 5.ops Where [1,]5.0p > 0 does not depend on wu, so shifts proportional to the radii would give tilts with
seminorms growing like r? P Foro>0and N = 1, Lemma G.3 is stronger than Lemma G.4, whose exponent is
v =2(8-1)/d>2(8—1)/(26 + d); with exact values, Lemma G.4 is the only bound of this appendix.

G.4 Rounds needed for the sequential rate

Corollary G.5 (A necessary number of rounds). Let o > 0, let d, 8, Lg, o, R and L > 3« be fized, and let
N > 1 be an integer such that N =1 or

d(B —2)

B-DN <1+ 2

(G.13)

Then for every k > 0,
lim n%7 (log(n+ 1) %Nn(fsca o) = 00.

n—oo

Consequently, if there are C,k > 0 such that for all sufficiently large n some algorithm with N rounds of at most
n calls satisfies sup ;e 7. E[f (%) — f*] < Cn~B=1/8(log(n + 1))*, then

N > Ng(d) := rnax{2, [iogﬁ_l (1 + d(ﬁ2g2)>" } (G.14)
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Proof. If N = 1, Lemma G.3 gives Ry (Fsc;0) > cin2B=1/(2F+d)  with an exponent smaller than (8-
1)/8. Otherwise (G.13) is equivalent to vy < (8 — 1)/ for the exponent vy of (G.7), and Lemma G.4 gives
RN (Fse;0) > exyn~"N. In both cases the risk is at least a positive constant, independent of n, times n~¢ with
e < (B—1)/8, and n(P=1/B=¢(log(n + 1))~* - oo.

Under the assumption of the second claim, Ry, (Fue; o) < Cn~BF=D/B(log(n + 1))* for all large n, so neither
N =1 nor (G.13) holds. Thus N > 2 and N > loggz_;(1 +d(8 —2)/(28)), which gives (G.14) because N is an
integer. O

For 8 = 3, for instance, Ng(d) = max{2, [log,(1 + d/6)]}, which is 2 for d < 18 and 5 for d = 100. For fixed
B, Ng(d) grows like logd/log(8 — 1), and as § | 2 the logarithm in (G.14) tends to d/4. By the remark after
Lemma G.1, the corollary also holds with n replaced by the total number of calls T

G.5 Discussion

Remark G.6 (Hilbert-Schmidt seminorm). For a g-tensor A, ||Al|yg < d@=1/2|A], (Lemma B.1(a)). Hence the
class Fyc(8, Lg; o, L, R) defined with the Hilbert—-Schmidt seminorm contains the class defined with the operator
seminorm and the constant Lgd*(q’l)/ 2 and its minimax risk is at least as large. So Lemmas (.3 and G.4 hold
for the Hilbert—Schmidt seminorm with Lg replaced by Lgd’(q’l)/ 2 in all parameters. For fixed d this changes
only the constants ¢; and ¢y, and Lemma G.5 holds unchanged.

Remark G.7 (Size of the constants). The constants of Lemma G.4 are small: by (G.8), the factor
(19N7"'f)72)2((ﬂ_1)N+1_1)/(5_2) in (G.7) is at most 32-2((B-D""=D/(8=2) which is below 1074 for 8 = 3 and
N =3.

H ADVERSARIAL AND LIPSCHITZ ERRORS

This appendix proves the bound on dmax in Theorem 1(c) and the adversarial levels for convex objectives stated
at the end of Section 6. Achievable levels follow from the descent results of Sections F' and L: for strongly convex
objectives they are Lemma F.6(b). The impossibility bounds use a hiding argument in which the adversarial
error is a fixed function of the query point: Lemma H.1 for strongly convex and Lemma H.2 for convex objectives.
Section H.5 treats two-point feedback and a probability criterion.

H.1 Setting

Admissible levels. Let C be a class, ¢ > 0, T > 1 and M,o > 0. Then dyax(e,T) is the supremum of the
0 > 0 for which some algorithm with at most T oracle calls, in any number of rounds, is e-accurate on C at levels
(M,0,6). The level Myax(e,T) is defined in the same way, with o and § fixed. For M = 0, respectively 6 = 0,
these are the admissible levels of Section 2. Noise admissible at some levels is admissible at all larger levels, so
both quantities are nonincreasing in the levels held fixed.

Classes and scales. Let 8 > 2, ¢ = [8] — 1 and m = [¢/2], and let [f]g and 7 be as in Section 2. We use
Fse = Fse(ByLp;a, L, R) with 0 < a < L and k = L/«, and Feyx = Fevx(8, Lg; L, R). For € > 0, the quantities
T, (¢), he and &, of (4) and (5) satisfy

ds?

T, (g) = d*0?(ae)'h_2, L%d*Thgﬁ*2 = ae, oz = o (H.1)
€

and for o > 0, (3) gives @7, (.) = € and hr = hg,.

H.2 Strongly convex objectives

Constants. Put p = min{«, (L — «)/2}; let x, Kg and K be as in Lemma E.1, and ¢, Ly, I?g and Ko as in
Lemma E.2.

e In the operator case, and in the Hilbert—Schmidt case with odd ¢, put rz = (\/32K5)ﬁ, =1, K, =
max{1, K2} and v, = 7.
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o In the Hilbert-Schmidt case with even ¢, put rg = (\/32I?g)ﬁ, l, = Ly, K, = max{1, K5} and v, = 0.

Define

R? 1 200 qv-/(8-2)
o ( prﬁ ) B-2 }7 Chid - 2\/?56*7"3 (H2)

Theorem H.1 (Hiding adversarial errors, strongly convex case). Let 8 > 2, 0 < a« < L, R, Lg > 0 and
C = Fu(B, Lg; o, L, R) with either seminorm, and let g and Chia be as in (H.2). For every e € (0,&¢], every

T>1andalloc >0,
Smax (e, T) < Chia min{Vd, \/log(4T) } 6..

The adversarial error that achieves this is a fized function of the query point, and the other noise components
vanish.

By Lemma F.6(b), the level ¢z, is admissible with at most Cg (T () + dy/k [1 + log(LR?/¢)]) oracle calls, so the
bound is attained up to the factor Cs min{+/d, \/log(4T)}.

Proof of Lemma H.1. Hard functions. Put a = v/32ae, p = a + p, fo(z) = plz)* /2 and h = rghe, and let
v € S, In the operator case and in the Hilbert-Schmidt case with odd g, let

_ 2 /52 _ Lgh”!
fo(@) = fo(x) + a{v,z) x([z]” /h7), G*W-
In the Hilbert-Schmidt case with even ¢, let @ = hd~/* and
_ _ - LgwP~1
fol@) = fo(@) + aw9((v,z) fo)x(|2* /B?),  a= ﬂT-
B

In both cases the second expression for a equals v/32ae, by (H.1) and the choice of 73, and the condition ¢ < gq
is equivalent to a < aR together with K*a/fz < p in the first case, or K,a/w < p in the second. As in the
membership proofs of Lemmas E.3 and E.4, [f,]3 < Lg, al X V?f, < (a+2p)] < LI and z} = —(a/p)v € B(R).
Both families satisfy f_, — fo = —(fv — fo), 2%, = —x and

|fo(@) = fo(@)| < bual(v,2)| ]zl <h} (= €RY). (H.3)

Hiding. Let 0 = min{1,\/2log(4T)/(d—1)} for d > 2 and § = 1 for d = 1, let A, = {z : |(v,z)| > 0 |||/}, and
put dpia = £xabh. The oracle returns Y, (z) = fo(2) if |f,(z) — fo(z)| < 6nia and Y, (z) = f,(z) otherwise. Its
error Y, — f, is a Borel function of the query point bounded by d&piq, hence admissible at level dp;q for any round
structure; the other noise components are zero. By (H.3), Y, = fo outside A,.

Let v be uniform on S?~!, independent of the seed © of the algorithm. Run the algorithm on the exact values of fj,
and let X9 ..., X9 be its queries and 7 its output; they depend only on ©. On Q, = {X? ¢ A, for every t < T},
the run on Y, has the same queries and answers, by induction over rounds, so & = Z. If § = 1, then A, is empty.
Otherwise Lemma B.6, conditionally on ©, gives P(X? € A,) < 2e~(@=19*/2 — 1 /(2T). In either case a union
bound gives P(Q2,) > 1/2.

Error. The event 2, does not change under v — —v, and (|ly — z||* + |ly + z||*)/2 > ||z||*. Applied with z = a7
and y = T, strong convexity and pu < 2« give, with E, the average over v,

« a2 CL2

EE[fo(@) = fola})] 2 5 5P(R) = 7o =

> 5 2%,

so some instance has error larger than e. Finally < 2min{1, \/log(4T)/d} for every d > 1 and ah = v/32rg\/d é.,
hence dmax(€,T) < Ohid < Chia min{\/g, v/1og(4T)} 0. O
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H.3 Convex objectives: achievable levels

For convex objectives the gradient must be known to accuracy of order /R instead of \/ae, and both methods of
Theorem 4 are e-accurate for adversarial levels of order eh/(Rv/d), the gradient accuracy times the radius divided
by Vd. At the gradient scale h < (ed™/?/(LgR))"(#=1 and at the value scale h = (¢/(8V))"/? with V as in
Section 6. For 7 = 0 and u = £/(LgR’) < 1 the first radius is of order Ru'/*=Y. For 8 € (2,3], V < Lg(2R)?~2
gives a value-scale radius of at least (25+1)*1/2Ru1/2, which is larger for 8 € (2,3) and u < 1, so there the value
scale tolerates the larger level up to constants. For 8 > 3 only V = L is available, and the value scale tolerates
the larger level if and only if L < e/h?, with h the gradient-scale radius.

H.4 Convex objectives: an impossibility bound

For minimization over a ball with queries in the ball, the obstruction of Pasechnyuk-Vilensky et al. (2026), built
from linear functions, gives a bound of the same order for every class that contains linear functions. Linear
functions have no minimizer on R?, so for F..x we combine the localized functions of Lemma E.6 with the hiding
argument of Lemma H.1.

Proposition H.2 (An impossibility bound for convex objectives). Let § > 2, L,R,Lg > 0 and C =

Fevx(B, Lp; L, R), with either the operator seminorm (v = 0) or the Hilbert-Schmidt seminorm (v = |q/2]). Let
Kpg, Ky be the constants of Lemma E.1, Ko = max{1l, Ko}, and

o in{ Ls(2K>R)P ( L )%(321?21{5&’/2)/3%}
c 32K, Kpdv/2’ \96K3 Ls '

For every e € (0,¢.], every T > 1, every number of rounds and all M,o > 0,

Smax (e, T) < 64K, smin{l, 10g(4T)} = 64K, min{v/d, \/log(4T) } —.

d Vd
Proof. Put h = (32KyKsd"/?c/Lg)'/?, a = Lgh®~'/(Ksd"/?) and p = 2Ksa/h, so that ah = 32K, and
1= 64K2¢/h%. For v € S¥ ! let fo(z) = pllz||® /2 and fu(z) = fo(z) + a (v,z) x(|lz||* /h2). As in the proof of
Lemma E.6, with v in place of v, and h in place of h, [fu]s < Lg, (u/2)I < V2f, = (3u/2)I, and f, has the
minimizer x5 = —(a/u)v, of norm h/(2K5). The two conditions in ¢ < &, are ||z%|| < R and 3u/2 < L, so f, € C.

The proof of Lemma H.1 applies with the same 6, A,,Y, and dniq = afh. Strong convexity with modulus y/2 in
its last step gives

) _
. . pwasl ah
Ev]E v - Jv 2 T a = — = De.
Since ah = 32K5¢ and 6 < 2min{1, \/log(4T)/d}, the asserted bound follows. O

H.5 Two-point feedback and the probability criterion

Remark H.3 (Two-point oracles). In two-point feedback a call specifies two points , 2" and returns f(z) + n(z) +
&+ 6 and f(a') +n(z') + & + 6}, where &, & are stochastic (centered plus oblivious) errors and the adversarial
errors d;,; are bounded by ¢ and chosen as in (A).

(1) Achievability. Suppose that the stochastic part is shared, £ = ¢’, and that one call queries z + ht;U; and
z — ht;U;. The stochastic error then cancels in every difference of the stencil, and the Lipschitz and adversarial
parts are as before, so the estimate is that of Lemma D.3 at levels (M, 0, d). Hence Lemma F.6(b) and Theorem 4
hold with o = 0, with T counting oracle calls and md oracle calls per frame. In particular, the levels cg/ae and
. are attained with Cgmdy/k [1 + log(LR?/e)] oracle calls, and & does not depend on o. Without sharing, a
call consists of two one-point queries of the same round, and the one-point results apply.

(ii) Impossibility. The two instances of Lemma E.7 have the same function fi + 74, so its proof applies to
every feedback that depends on the objective only through f + n and whose other noise components do not
depend on (f,n), in particular to two-point feedback. The hard instances of Lemma H.1 and Lemma H.2 have
M = o = 0 and an adversarial error that is a fixed function of the point. Feedback that returns these values
at r points per call is simulated by r one-point queries, so the proofs apply with T queries: for d > 2 let
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0 = min{1, /2log(4rT)/(d — 1)}, and § =1 for d = 1. If § = 1, the cone A, is empty and P(Q2¢) = 0. Otherwise
6% = 2log(4rT)/(d — 1), and the union bound for the event €, of the proof of Lemma H.1 and Lemma B.6 give

P(QS) < 2rTe (@=D0/2 — 1 /2,

Both bounds hold with log(4rT’) in place of log(4T). For r = 2, log(87) < 2 log(4T'), so the constants grow by at

most m

Remark H.4 (The probability criterion of Pasechnyuk-Vilensky et al. (2026)). Pasechnyuk-Vilensky et al.
(2026) require P{f(z) —inf f < ¢} > 1 — w for a fixed w € (0,1/2) (called 8 there). The hiding ar-
gument also applies to this criterion, with r > 1 points per call as in Lemma H.3(ii). For d > 2 take
0 = min{1,\/2log(4rT/(1 — 2w))/(d — 1)}, and § = 1 for d = 1; then E,P(Q¢) < (1 — 2w)/2, by the same two
cases (A, = 0 if # = 1, the union bound otherwise), where IP refers to the randomness of the algorithm for fixed v
and E, averages over v uniform on S%1.

On 2, the outputs for v and —v coincide, and one point x cannot solve both instances. Otherwise strong convexity
would give ||z — 2%, ||z + 23||> < 26/« in Lemma H.1, and < 4¢/p in Lemma H.2, and the parallelogram identity
would give |z7|* < 2¢/a, respectively < 4e/u; in these constructions, however, ||z%]|> > 8¢/a, respectively
= 16¢/u. Hence, for each v, the success probabilities for v and —v sum to at most 1 + P(2¢). Averaging over v,
the mean success probability is at most (1 + E,P(Q¢))/2 < (3 — 2w)/4 < 1 — w, so some instance is solved with
probability less than 1 — . Therefore the levels of Lemma H.1 and Lemma H.2, with log(4rT/(1 — 2w)) in place
of log(4T), are not admissible for this criterion. This covers the deterministic oracle of Pasechnyuk-Vilensky et al.
(2026) with unrestricted queries.

I HESSIAN GROWING WITH THE GRADIENT

This appendix states and proves Lemma I[.1, which Section 3 summarizes. Throughout, f belongs to
Fse(B, Lg; o, 00, R), with either seminorm, and satisfies

IV2f (@)l < Lo+ L1 [Vf(@)Il  (z €RY) (L1)

with Lo > 0 and Ly > 0, the condition of Zhang et al. (2020). At the minimizer V f(z*) = 0 and V2 f(2*) = al,
so a < Lg. The method is the projected two-phase method of Lemma F.3, which needs an upper bound on the
Hessian only on B(R); the two lemmas below provide it.

Theorem I.1 (Hessian growing with the gradient). Let 8 > 2, a,Lg,R,Lo,0 > 0, Ly > 0, and let f €
Fue(B, Lg; a, 00, R), with either seminorm, satisfy (1.1). Put Leg = min{Loe?1® Cy(Lo(1+ L1 R)?2+ L RP~2)}
and ket = Le /. If T > Cpdren(1 +log(dkeg)+log™t (aR?/®1)), the projected two-phase method with Leg in place
of L and radius hr satisfies (6) for every noise admissible at levels (M, a,9), in at most Cgren(1+log™ (aR?/®71))
rounds. If Lo > «, the lower bounds of Theorem 1(b), (¢) hold with L = Ly.

Lemma 1.2 (Growth along rays). For every x, with s = || — ||,

L ) .
(IVf(z)| < L—O(eLls —1) (Los if Ly = 0), Hsz(a:)Hop < Loels.
1
Proof. Write x = o* + su with |lul| = 1 and put g(¢t) = ||V f(z* + tu)||. Integration of the Hessian along the
segment and (I.1) give g(t) < w(t) := Lot + Ly fot g. Then w(0) =0 and w’ < Ly + Lyw, and multiplication by
e~ 11t and integration bound w, hence g, by the first claim. Inserting it into (I.1) gives the second. O

Lemma 1.3 (Polynomial growth). For every x, with s = ||x — z*||: if ¢ = 2, then HVQf(a:)HOp < Lo+ Lgs?~2%;
if ¢ > 3, then, withn =q— 2 and C,, = (n+ 1)n",

HVQf(I)HOP < eCpLomax{l, Lis}" + %

Lgsﬁiz.
Proof. Both seminorms bound [f]g,0p. If ¢ = 2, then HVQf(x*)Hop < Lo by (1.1), and || V2 f(z) — V2f(x*)H0p <

LgsP=2. Let ¢ > 3 and s > 0, write = z* + su with |lu| = 1, fix unit vectors v,w and put p(t) =
D2 f(z* + tu)[v,w]. Then ¢ € C™, and (™ (t) = DI f(x* + tu)[v,w,u,...,u] is y-Holder with constant Ls. By



Timofei Loginov, Darina Dvinskikh, Nazarii Tupitsa, Osman Osmanov, Yuriy Dorn, Alexander Gasnikov

Lemma B.2(a) in dimension one, the Taylor polynomial P of degree n of ¢ at 0 satisfies |p(t) — P(t)| < St™+7
for t > 0, with S = Lg/n!, and n+~ = —2. Let r = min{s,1/L1} (r =sif L; =0). On [0, 7], Lemma 1.2 gives
|o] < eLg, hence |P| < eLg+Sr™*7. Lagrange interpolation at the nodes ir/n, 0 < i < n, whose basis polynomials
are bounded at s > r by (ns/r)", gives |P(s)| < (n+ 1)(ns/r)"(eLo + Sr"*7). Since (s/r)"r"t7 < s"*7 and
s/r = max{1, Ls},

lo(s)| < |P(s)| + Ss" ™7 < eC,Lomax{1, L1s}" + (C,, +1)Ss” 2.

The supremum over v, w is the operator norm of the symmetric matrix V2f(z). For s = 0 the claim follows from
(I.1). O

For z € B(R) we have ||z — 2*|| < 2R, so the two lemmas give V2f < Loz on B(R) with

C,+1
n!

Log = min{Loe2L1R, eCLomax{1, 2L, R}" + LB(QR)B‘Q} (1.2)
for ¢ > 3, and with the second term replaced by Lo+ Lg(2R)?~2 for ¢ = 2. Since max{1, 2t} < 2(1 +t), this is at
most the value min{Le?“1 % Cy(Lo(1 4 L1 R)72 4+ LsR%2)} used in Lemma 1.1, and both are at least Lo > a.

Proof of Lemma I.1. Upper bound. Apply Lemma F.3(b) with Leg in place of L and ke = Lo/ > 1 in place
of k. By the remark after that theorem, it needs the Hessian bound only on B(R), which (I.2) provides; the
estimate of Procedure 1 uses no bound on the Hessian, even at queries outside B(R). The budget condition (F.8),
the number of rounds and the bound (Cg + 1)®1 + Cay M? /o + CsdS? /(ah%) take the form stated in Lemma 1.1
after enlarging Cj, since dd?/(ah?.) = (T6%/(do?))®r.

Lower bounds. A function with V2f < Lol satisfies (I.1) for every L; > 0. If Ly > «, the class therefore contains
Fse(B, Lg; @, Lo, R), on which Theorem 1(b) and the converse bounds of Theorem 1(c) hold. O

Remark 1.4 (The power of L1 R). For 4 < 8 <5, so that ¢ =4 and n = 2, the power n in Lemma 1.3 cannot be
lowered. For k > 0 let fy(z) = [z + If—;x‘f Then V2 fi(z) = I + k?z2eje] = I, D*fj, is constant, so [f]s = 0,
and the minimizer is 0. With ¢t = k |z4], Vka(at)Hop =14+t <243t+1t> <2+ 3k||Vfe(2)], so (I.1) holds
with Ly = 2 and L; = 3k, while at x = Re; the Hessian has norm 1 + (LlR/3)2. Hence no bound of the form
Cmax{l, L1 R}* + C' on B(R) with a < 2 and C,C" independent of L; holds on these classes.

Remark 1.5 (Rounds). The accelerated method of Lemma F.6 is not projected: its extrapolated points may leave
B(R), where (1.2) does not bound the Hessian. Whether a round bound proportional to /keg log(1/¢) suffices
under (I.1) is open.

J POLYNOMIAL-PILOT METHODS FOR STRONGLY CONVEX
OBJECTIVES

This appendix proves Theorem 3, except for the method with logarithmically many rounds, which is treated in
Section K. In this class, the curvature of f and the coefficients of its Taylor polynomial of degree ¢ may have
arbitrary magnitude. The methods below estimate this polynomial from function values and then minimize the
remainder. The upper bounds are Lemma J.11 (8 > 4, T > Cod?) and Lemma J.17 (2 < 8 < 4, T > Cyd?),
where Cy depends only on 8, a, R, Lg, 0; Section J.6 combines them with the lower bound of Theorem 1(b).

J.1 Setting

Throughout this appendix 8 > 2, ¢ =[] —-1>2,v=—q € (0,1], m = [¢/2] and o, Lg, R > 0. We write
B(ry={z:|z]| <r}, R=R+1, f*=minf, K; = (d';j) for the dimension of the space of polynomials of
degree at most j on R, and pg = (8 — 1)/8, so that ®7 of (3) is proportional to T-P#. As in Section 2, either
Lg bounds [f]gop and 7 =0, or Lg bounds [f]|sus and 7 = 75. In both cases [f]gop < Lg, and only the stencil
bounds (J.2) depend on the choice.

Definition J.1 (Class, centered noise and minimax risk). The class Fs.(8, Lg; o, 00, R) is the class of Section 2
with L = oo V2f = al, [f]lsg < Lg and z* € B(R), while derivatives of orders 2,...,¢ may have arbitrary
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magnitude. The noise is centered at level o > 0if n =0, £&° =0, §; = 0 and the centered component satisfies (C);
a query X; then returns Y; = f(X;) + & with

El& | &] =0, E[E2]&] <>

For a class C, Ry (C; o) = inf sup E[f (&) — f*], where the infimum is over all algorithms that know d, T, 3, o, R, L, 0
and make at most 7" oracle calls in any number of rounds, and the supremum is over f € C and all noises centered
at level o.

A function with V2f = ol is a-strongly convex, so its minimizer exists and is unique. Adding a polynomial
of degree at most ¢ to f adds a constant to D?f and changes neither [f]g,op nor [f]sus. Exact values and
independent N (0,02) errors that are independent of ©1,0,, ... are centered noise at level o. For centered noise
the error & = Y; — f(X}) is a function of the query and the answer. Hence F;_; contains the errors of the rounds
before round k, and & contains Fj_1, © and the errors of the earlier queries of round k.

The stencil under centered noise. Let the center z of round k£ be bounded and Fj_i-measurable, and let
the radius A > 0 be deterministic. We write gj,(z) = gp,1(2) for one round of Procedure 1 with one frame (2md
oracle calls). Lemma D.3(i), (ii) and (iv), with M =5 =0, £&° =0 and B = 1, give

gn(2) =VIE)+b) +¢ b)) <bn, B Fea] =0, E[ICI1* | Faa] << (J.1)
where b(z) = Gi(2) — V f(z) is Fr_1-measurable, ¢ is Fi-measurable, and

do?

by = CoLgd 7?17t G =CeLidTh*P T + Coas

(J.2)

for d = 1 the variance bound holds a fortiori. Since E[||b(2) + C||* | Fu—1] = [|b(2)||> + E[|[C||* | Fr—1], for every
bounded Fj_i-measurable random vector w and every event G € Fy_1,

E[(¢w)la] =0, E[lgn(z) - VF(2)I” 1a] < (0} + i) P(Q). (J:3)

With B frames, (J.1) and (J.3) hold with ¢7/B in place of <7, and so does Lemma J.9 below.

Conventions. Minimizers and projections of known continuous functions over compact sets are chosen by
Lemma J.2, so they are Borel functions of the data; computation is not charged (Lemma J.18). We write
1X| . = (E[X[")"/* and clip|_; ;)(x) = max{—b, min{b,z}} for b > 0. In statements, Cs and cs depend only on
B. In proofs, C' and ¢ denote positive numbers that depend only on 3, a, R, Lg,o and on integers fixed in the
proof as functions of 3; they never depend on d or T', and their values may change from line to line.

J.2 Tools

Lemma J.2 (Borel choice of minimizers). Let X be a metric space, Y C R™ compact, K C X x Y closed with
nonempty sections K, = {y : (z,y) € K}, and ¢ : K = R continuous. There is a Borel map 7 : X — Y with
m(z) € Ky and ¢(z, m(x)) = mingex, ¥(z,y) for every x.

Proof. Extend 1 to a continuous function on X xY" by Tietze’s theorem. For closed F' C Y, the set {x : K,NF # 0}
is the projection of the closed set KN (X x F') along the compact factor Y, hence closed. Every open subset of Y is
a countable union of closed sets, so x — K, is weakly measurable with nonempty compact values. The measurable
maximum theorem (Aliprantis and Border, 2006, Theorem 18.19), applied to —% on the Borel o-algebra of X,
gives . O

The next lemma concerns the median of block means (Nemirovski and Yudin, 1983; Hsu and Sabato, 2016), for
errors that are martingale differences rather than independent.

Lemma J.3 (Medians of block means under martingale noise).
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(a) Let r be odd, j = (r+1)/2, and let Z1, ..., Z, be real random variables adapted to a filtration (G;)i_, with
E[Z? | Gi—1] < wv for all i. Let med be their median. Then

|med|2j < Z H 7?2

S ieS

the sum being over all S C {1,...,r} with |S| = j. Hence E|med|” < (;)vj, and P(jmed| > u) <
(;) (v/u?)? < 2" (v/u?)? for u > 0.

(b) Let medy,...,med; be as in (a), each with its own filtration, and Ey = max; |med;|. For u > 0 and
0<a<?2j,

J .29 .
P(Ey > u) < JQT(%> . E[ES{E, > u}] < J2"0 Zj%aua—%.

(c¢) Let the noise be centered at level o, and let the queries of round k be made in an order that is fized before
the round. Let I,...,I. be disjoint sets of queries of the round such that every query of I; precedes every
query of I;y1, let w, be deterministic numbers, and put Z; = thi w&;. Let G; be the o-algebra generated
by Fir—1, Ok and the errors of all queries of the round up to the last query of I;, and Go = Fr—1 V 0(Oy).
Then (Z;) is adapted to (G;), E[Z; | Gi—1] =0 and E[Z? | Gi_1] < o? doien wi.

Proof. (a) At least j of the Z; have absolute value at least |med|, which gives the pointwise bound. For
S = {iy < --- < i;}, conditioning successively on G; . _1,...,G;, 1 gives E]],cq Z2% < v9; the integrands are
nonnegative. Summation over S and Markov’s inequality give the moment and tail bounds.

(b) The first bound is a union bound, and the second follows from it and E[E§1{Ey > u}] = u*P(Ey >
w)+ [ at '"P(Ey > t) dt.

(c) For t € I; we have G;_1 C &, so the tower property gives E[§; | G;_1] =0 and E[¢? | G;_1] < 02. For t < t' in
I;, & is Ey-measurable, so E[&:& | G;—1] = 0. Expanding the square proves the claim. O

Lemma J.4 (Maximum-volume design). Let ¢ = (¢1,...,0x) be a basis of the polynomials of degree at most
qonRY, K = K, let D C R? be a closed ball of positive radius, and let J > K. Let x1,...,x; € D mazimize

det G, where G = Z;-le (zi)d(z;) . Then G = 0 and sup,ep d(z) ' G o(z) < K/(J — K +1).

Proof. The maximum exists by compactness, and it is positive because the vectors ¢(x), z € D, span RX: a
polynomial that vanishes on a ball is zero. Fix # € D and append the row ¢(x)" to the J x K matrix with
rows ¢(z;) . By maximality, replacing one of the first J rows by the last one does not increase det G, so the
first J rows form a dominant submatrix, and Mikhalev and Oseledets (2018, Theorem 4.2) gives ¢ € R’ with
o(x) =, cip(x;) and el < K/(J — K +1). The smallest ||c|*> among such ¢ equals ¢(z) TG 1¢(z). O

Lemma J.5 (Polynomials on balls). Let p be a polynomial of degree at most ¢ on R and p > 0.

(a) HVZP(x H <q¢*p 2SUPB(zp) Ip| for [|z]| < p.

op —

(b) supp,) pl < CE(p/a) supp(a) lp| for 0 < a < p, where CF*' = 377 % /5.

Proof. By Markov’s inequality (Borwein and Erdélyi, 1995, Chapter 5), a univariate polynomial ¢ of degree at most
q satisfies sup_, 4 [¢'| < (q/1) sup(_¢ ) || for t > 0. (a) For a unit vector u, apply it twice to ¢(t) = p(z + tu)
on [—p, p]; the points  + tu lie in B(2p), and ¢”(0) = u' V2p(z)u. (b) For a unit vector v, applied j times to
o(t) = p(tv) on [—a,d] it gives | (0)| < (¢*/a)’ SUPp(q) [p|- Insert this into the Taylor expansion of ¢ at 0 and
use (p/a)’ < (p/a". o

For data y € R/ at the nodes of the design of Lemma J.4 let Iy = ¢ ¢, with ¢ = G713, y;¢(x;), be the
least-squares fit by a polynomial of degree at most ¢. It is linear in y and reproduces polynomials of degree at
most q.
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Lemma J.6 (Stability of the fit). Let the design of Lemma J.4 be taken on D = B(s), s > 0, with J = 2K, and
put Tg = \/2K,. If max; |y;| < @, then supp [Hy| < Toy. If s = 2R, then also HVQHy H < T9y for||z|| < R,

op —
where Ty = Tog*/ R

Proof. The fitted values (Ily(z;)); are the orthogonal projection of y onto a subspace of R’, so ¢'Ge
> Hy(xl) < Ji?. By the CauchySchwarz inequality and Lemma J.4, |ly(z)]* < (¢ Gc) ¢(z) TG 1¢(x)
2K,y* on D. The second claim follows from Lemma J.5(a) with p = R.

OOIA I

J.3 Pilot fit, guard and corrected residual method

The pilot. Fix a radius s > 0, the design z1, ...,z of Lemma J.6 on B(s) (J = 2K, nodes), an odd integer
r > 3 and an integer £ > 1. In one round, query every node r¢ times, node after node, and split the ¢ values at
x; into r consecutive blocks of £ values. Let f; be the median of the r block means at z;, let P =11 f be the fit of
these medians, and put v; = f; — f (x;) and Ep = max; |v;]. The pilot uses ng = 2K r¢ oracle calls in one round,
at points fixed in advance. Outside Section K we take s = 2R. Let p; = L5(2R)ﬁ_j/(q —j)! for 7 =0,2, and for
a tolerance 6 > 1 put

Ty =00+ To(00 +0), Ao =02 +T2(00+9). (J.4)

Since R > 1 and € > 1, both numbers are at most C\Kgb.

Lemma J.7 (Accuracy of the pilot). Let f € C? with [f]g.op < Lg, and let t =T, f(0;-) be its Taylor polynomial
of degree q at 0 (Section B.2). On every realization, suppg ) [P —t| < To(Lgs?/q! + Eo). If s = 2R, then on
every realization

sup |f — P| < 00 + To(00 + Eo), sup ||[V*(f — P)(l")Hop < 02+ I'2(00 + Eo); (J.5)
B(R) zeB(R)

in particular, on the event {Ey < 0} the residual g = f — P satisfies |g| < Tg and ||V2g||Op < Ag on B(R). If the
noise is centered at level o, then for u >0

)(T-H)/

P(EO > U) < J2" 5 Eol{Eo > ’LL} < 2J2" (T—H)/Qu*r. (JG)
E

fu?

Proof. The fit is linear and reproduces t, so P—t = II((f —t)(z;)), + Iv. By Lemma B.2(a), |f —t| < Lg Iz)® /q,

which is at most Lgs?/q! at the nodes, and Lemma J.6 gives the first claim. For s = 2R write f— P ( t)—(P—t).
On B(R), |f —t| < go and, by Lemma B.2(c) with j = 2 and V?t(z) = T,_2D?f(0;z), Hop < 09;

Lemma J.6 bounds P — t and its Hessian. This gives (J.5).

For the tails, v; is the median of the r block means of the errors at x;. By Lemma J.3(c) with weights 1/¢, these
means satisfy the assumption of Lemma J.3(a) with v = 02 /¢. Lemma J.3(b) with j = (r+1)/2 and a = 1, where
2j/(2j — 1) < 2, gives (J.6). O

Lemma J.8 (Polynomial-value guard). Let P be continuous, let xp minimize P over B(R), let z € B(R) and
Y > 0. Output & = z if P(2) < P(zp) + 27, and & = xp otherwise. If suppp) |f — P| < T, then f(2) < f(2).
On every realization, f(&) — f* <27 + 2supgg) [f — P|.

Proof. If supg(gy [f — P| < T and 2 is rejected, then f(2) — f(xp) > P(2) — P(zp) — 2T > 0. In both cases
# € B(R) and P(2) < P(xp)+2Y < P(z*) + 27T, because z* € B(R). Comparing f with P at & and at «* gives
the second claim. O

A corrected residual method. Let P be a polynomial of degree at most ¢ that is Fj, -measurable, where k; is
the last round of the pilot, let g = f — P, and fix a radius h > 0. At a center € B(R) the residual oracle makes
one round of Procedure 1 with radius h and returns o(x) = gp(x) — VP(z). By (J.1), 0(x) = Vg(z) + b(z) + (:
the residual gradient is estimated with the error of g, and no coefficient of P enters the bounds. With step sizes
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pr > 0 and a starting point z; € B(R) that is measurable with respect to the rounds before the first iteration,
iteration k uses two rounds:

2
. ) — 2
Yk € argmm{P(x) + (0(2k), ) + M},

Zir1 = Projpp (Yr — e (0(yr) — 9(21)))-

(J.7)

The first line treats the known polynomial exactly; the second corrects the step with a fresh estimate at yg, as in
the forward—backward—forward method of Tseng (2000). By Lemma J.2, yi is a Borel function of P, 0(zk), 2k
and pi. Hence zj is measurable with respect to the rounds before iteration k, y; with respect to these and the
first round of iteration k, and both lie in B(R). If HV29Hop < A on B(R) and uxA < 1/2, the objective of the

first line has Hessian V2f — V2g + u; 'T = (o + A)I on B(R), so yj, is unique although P need not be convex.

Lemma J.9 (One corrected step). Let f € C? with [flg < Lg, V2f = al for some a > 0, and a minimizer
x* € B(R). Let G € Fy, be an event on which ||Vzg(m)Hop < A for all x € B(R), where A > 0 is a number. Let

Ap =E[||zk — :r*||2 1¢], Fr =E[(f(yx) — f*)1c] and Vi, = b3 + 2. If upA < 1/2, then
A1 < Ay — 20 Fy + A Rby + 8pi Vi,
and if moreover o > 0 and apy <1, then

« 2 b?
Apg1 < (1 - %)Ak —2upFr + % + 8 V.

Proof. Omit the index k and write u = 2*, w = z—y, ¢ = p(v(y) —0(2)), e, = 0(2) —Vyg(z) and e, = 9(y) —Vg(y).
Steps 1 and 2 hold on every realization in G.

Step 1: the first line of (J.7). The optimality condition at y over the convex set B(R) 3 u gives (w,y — u) >
pu{VP(y)+o(z),y —u). Add {c,y — u) to both sides. Since VP + Vg = Vf and V2f = al,

«
(wey—u) > u(VI(y) +eyy—u > u(f(y) —fw)+ 5 lly —ul® + <€y,y—U>);
the error e, has canceled.

Step 2: the second line. Since y — ¢ —u = (z —u) — (w +¢), we have |ly — ¢ —ul|> = |z —ul®* =2 (w + ¢,y — u) —
|w]|* + ||¢/|>. The projection onto B(R) 3 u is nonexpansive, so Step 1 gives

2 2 2 2 2
21 = ull™ < 2 —ull” = 26(f(y) = f(w) — enlly — ull” = 2 ey, y — u) — [lw]|” + [lc]”

On G, Vg is A-Lipschitz on B(R), and pA < 1/2 gives |[c|® < 2p2A2 lw]|® + 4p?(|ley||> + lle-||?) < L [Jw]® +
42 (fley|* + fle=%).

Step 3: expectations. Multiply by 15 and take expectations. The centers z and y are bounded and measurable
with respect to the past of their rounds, and G belongs to that past. By (J.1) and (J.3), e, = b(y) + ¢, with
E[(Cysy — u) 16] = 0, and E[(|ley||* + [le=[|*)1e] < 2Vi. For the first claim, bound —2u (b(y),y — u) < 4,uRb2h
2403, |

a )
this leaves the term —E[(%£ [ly — ul|” + 1 w|®)1g], and ||z —ul® < 2|y —ul® 4+ 2 |w||®* with ap < 1 gives

2 2 2
G lly —ull” + 3 llwl” > % [z —ull”. .

and drop the remaining nonpositive terms. For the second, bound —2u (b(y),y —u) < |y — ul® +
2
|

Both the restarted method below and the metric method of Section J.5 lead to the recursion (F.2), which is
solved by Lemma F.1.

Proposition J.10 (Restarted corrected method). Let f € Fue(8, Lg; a, 00, R), let G and A be as in Lemma J.9,
and put kg = max{7,16A/a}. Run Ny > 0 iterations of (J.7) from z; = 0 with the step 8/(a(ko + 1)), and
then Ny > 1 iterations with the steps 8/(a(k + ko)), k = 1,...,Na. Output § = W=} ZkNil WEYN, +k, Where
wr=k+kyo—1and W = Zk wyg. The method uses 2(N1 + Na) rounds of 2md oracle calls each, and if No > ko,
then
ak?R? 202 96(b2 +<2)
E =\ _ f* 1 < 0 —2N1/(ko+1) ““h h h .
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Procedure 3 Pilot fit and corrected residual method (5 > 4)

Require: budget T'; d, 8, a, R, Lg, 0; the stencil of Procedure 1

P g |—/B-| _1’w<_(q_2)/(4q)’ 0« 1%

choose an odd r > 3 with w(r — 1) > pg + 3, and ¢ < max{1, [160]}

run the pilot of Section J.3 on B(2R) (one round, ng = 2K,r{ oracle calls)
P < fit of the medians of block means

A<+ Ag, T+ Yy from (J.4), ko + max{7,16A/a}

Nit < \_(T — ’I’Lo)/(4md)J, N1 < I_Nit/2J7 N2 < Nit — N1

h (d1+7—0.2/(L%N2>)1/(25)

run Lemma J.10 with the residual oracle 0(x) = gp(z) — VP(z); obtain §
return the output of the guard of Lemma J.8 with candidate § and level T

Proof. All steps are at most 8/(a(ko + 1)), hence pupA < 1/2 and apy < 1. Lemma J.9 gives (F.2) with a = /4,
c=2,B=2b2/aand V = 8(b7+c?), and the steps are those of Lemma F.1(b), with ay = 2/(ko+1) < min{1,2/ko}.
Since A; < R? and, by convexity, f(y) — f* < W3, wi(f(yn,+%) — [*), Lemma F.1(b) gives the claim. [

J.4 Budget of order d? for g >4

Theorem J.11 (Polynomial-pilot upper bound, 8 > 4). Let 8 > 4, a,R,Lg,0 > 0, and let the noise be
centered at level o. There is Cy, depending only on B,a, R, Lg, o, such that for every d > 1 and every T > Cyd?,
Procedure 3 uses at most T oracle calls in 1+ 2Ny, rounds and satisfies

E[f(i')ff*] SCﬁ(I)T fOT everyfe]-'sc(ﬂ,Lg;a,oo,R),

for the operator seminorm with T = 0 and for the Hilbert-Schmidt seminorm with T = 73.

Proof. Write p = pg. Here ¢ > 4, so w = (¢ —2)/(4q) € (0,1/4) and § =T* > 1. The integer r depends only on
B, £ only on o, and 02/¢ < 1/16. Let G = {Ey < 0}; it is determined by the pilot round.

Step 1: oracle calls. BEach factor of K, = [[",(d + i)/i is at most d + 1, so K, < 29d% and ng < 27 1rld?.
Let Cp > max{29"2r¢,32m}. Then ng < T/2 and T/(8md) > 4, so Ny, > T/(16md) > 2, Ny > T/(32md) and
N7 > Niy/4. The method uses at most ng + 4mdNy, < T oracle calls.

Step 2: the radius. Put X = L%d_7h25_2. The choice of h gives X = do?/(Nah?) = Lé/ﬁd_T/B(dUQ/Ng)p,

and Ny > T/(32md) gives X < (32m)Pa®r, because 2p — 7/8 = 2 — (2 + 7)/B. By (J.2), b7 = CZX and
s? = (C¢ + C;N2)X. Hence

2b7 N 96(b? + ¢7)

” A < C1(32m)P O, Cy = 98CE + 96C¢ + 96C,. (1.8)

Step 3: the event G. By Lemma J.7, on G the residual g = f — P satisfies HV29||OlD < Ap and |g| < Ty on B(R).
Since Ag < C'\/K,0, we have kg +1 < CdQ/QT“’, and T > Cpd? gives d < T4, Hence

Nit S Tlfw
o+ 1= Cdita2

1_1_
>cT2 a7 ¥ =cTY,

because % — é = 2w. After increasing Cy, No > ko and 2N;1/(ko + 1) > ¢T“. On G the guard does not increase

the value (Lemma J.8), so Lemma J.10 with A = Ay and (J.8) give

E[(f(2) — f)1e] < %Rze_cw + Oy (32m)P O

Step 4: the complement. On G° we have Ey > 6 > 1, so Lemma J.8 and (J.5) give f(Z) — f* < 2Ty + 200 +
2T (00 + Eo) < C/Ky Eo. By (J.6) with 02/£ < 1/16, E[Eglge] < J2776°" < 2K,0~". Since K, < 2747 < 29T
and wr > p+ 3,

E[(f(&) — f*)lge] < CKY?07" < CT®/*~+r < o771
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Step 5: conclusion. The exponent 2 — (2 + 1)/ of d in ®r is positive, because 7 < (8 — 1)/2; hence & >
o~ L¥P52PT—P_ After increasing Cy, the remainders of Steps 3 and 4 are at most 7 in total, and E[lf(z)—f* <
(C1(32m)? + 1)®p, where the constant depends only on . The pilot uses only [f],0p < Lg, which holds in both
cases, and 7 enters only through (J.2). O

J.5 Budget of order d? for 2 < 3<4

For g € {2,3} the fit of Section J.4 needs of order d? values, and its curvature bound Ay grows like \/E , which
is too large when T is of order d?. We replace it by an estimate of Hy = V2 £(0) whose error in operator norm
grows more slowly than d. For 2 < 8 < 3 the quadratic model built from this estimate is accurate on B(R), and
the method of Section J.4 applies. For 3 < 8 < 4 the cubic part of f is not estimated. Instead, convexity bounds
the variation of V2 f relative to Hy (Lemma J.14), and projected steps in a metric calibrated by the estimate of
Hj replace the corrected method.

Lemma J.12 (Robust estimate of a symmetric matrix). Let M, be a deterministic symmetric d x d matriz,

oo >0, and v > 2 an integer. Suppose that observations Y1,Ys,... are made in an order fized in advance, each
referring to a pair (i, j) with i < j, and that Y, = (M), j, + &n, where (&,) is adapted to a filtration (H,) with
E[£, | Hn-1] = 0 and E[E2 | Hp 1] < 02. From 2v observations of every pair one can compute a symmetric
matric M with "
(B |1 = 2| )" < €00 /dlog2d),
op

where C,, depends only on v.

Proof. Let £; = log(2d) and b = oq \/cm. For every pair, let ¢;; be the median of the first 2v — 1 observations,
let Y}, be the last one, and put

Mij = Mj; = eij + clip_y ) (Y} = ci5)-
We write M — M, as a bias matrix plus a matrix martingale.

Step 1: one entry. By Lemma J.3(a) with r = 20 — 1, w;; = ¢;; — (M,);; satisfies Bw?? < (**,1)03". Let H];

be the o-algebra before Y.’j and 5 the error of YZ’J Then Mij — (M,)ij = wij + clipi_p ) (& — wij) = wij + Xij,

7
where w;; is the conditional mean given ng. Clipping is 1-Lipschitz, and a 1-Lipschitz function of a real random
variable has at most its variance; applied to the conditional law of €, this gives E[x?j | Hi;] < o?. Moreover

|Xij| < 2b. Since E[g | Hig] =0,

If |wij] < b/2, then [clip;_, ;(z) — 9:’ = (|2 — b)4 and (]é —wi
Otherwise |w;;| < |wi;| +b < 3 |wij].

=~ 01 < (€] = b/2)4 <282/, 50 [miy| < 2030,

Step 2: the bias matriz. The entries w;; with |w;;| < b/2 form a matrix of operator norm at most 2do3 /b. The

others form a matrix of operator norm at most F' = (3, ; 9wi2j1{|wl-j| > b/2})'/2, the sum running over ordered
pairs. Since |w|” 1{|w| > b/2} < (2/b)? |w|*", Minkowski’s inequality in L*/2 gives ||F||%, < 36(21’;1)2/vd203/b2.

< 2/b.
| < Cudot /o

Hence the bias matrix w satisfies H @] op

Step 3: the martingale part. Let E;; = eie;r and E;; = eie;r + eje;-'— fori<j,and Y = ZK]. Xi; Fij, summed in
the order of the observations Y;’] This is a martingale of symmetric matrices whose increments have operator

norm at most 2b, and its predictable quadratic variation is at most o2 Y, ;B = do2I. The matrix Freedman
inequality (Tropp, 2011, Theorem 1.2), applied to Y and to —Y, gives

u?

P(|Y] . >wu) <2d (*7
(Y[op = u) < 2dexp 2do? + 4bu/3

) < 2/ ) 4 g/,

With ug = 209vdly 4+ 3blg, the right-hand side at v = ug + s, s > 0, is at most e—s*/(4dog) 4 e—35/(8%) " and
L < Cy(ug + ooVd +b).

integrating the tail gives H 1Yl

Step 4: conclusion. We have M-—M,=w+ Y, do?/b = bly = 59\/dl; and ooVd+ b < Cog/dly. O
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Lemma J.13 (Hessian pilot). Let 2 < 8 <4, f € C? with [flg.op < Lg, Ho = V2f(0), let the noise be centered
at level o > 0, and let v > 2 be an integer. For p > 0 and i < j consider the difference quotients

Y(pei) —2Y(0) + Y (—pe;) Yiplei +e;)) = Y(plei — ¢5)) = Y(p(ej — €i)) + Y (—plei +¢;))
P ’ 4p? ’

where Y (x) is a fresh value at x each time, and let H be the matriz of Lemma J.12 computed from them with
p = (c/Lg)"/?(log(2d)/d)"/?#). This uses at most 8vd? oracle calls in one round, and

(E|

where C,, depends only on v, 3, Lg,0.

v v , 1
)< Cyd” =34+l

H - H,
Mop 4" 28

Proof. The query points do not depend on any observation, so they form one round with an order fixed in advance;
there are 2vd(d 4+ 1)/2 quotients of at most 4 oracle calls each. The error of a quotient is a combination of at
most four errors of consecutive queries whose squared coefficients sum to at most 6/p*. Hence Lemma J.3(c)
gives the assumptions of Lemma J.12 with o2 = 602/p*.

The means of the quotients are

1 11
(My)is = / (1 —[s]) Oii f(spes) ds, (M., )ij = i/,l /71 0i; [ (p(se; + tej)) ds dt.

-1

For ¢ = 2, |V2f(y) — HOHOp < Lg |lyll’ 2. For ¢ = 3, Lemma B.2(c) gives V2 f(y) — Ho — D3f(0)[y]Hop <

Lg Hy||ﬁ =2 and the linear term averages to zero, because both weightings are symmetric under y — —y. The
points have norm at most v/2p and 3 — 2 < 2, so every entry of M, — Hy is at most 2L5p'6_2 in absolute value
and || M, — HOHop < 2dLﬂ,0'3_2. With Lemma J.12,

’ )1/1} <G, \/igx/dlog(Qd) + 2dLgpP~2.

(EHFI—HO
op p

or the given oth terms are constants times o 0, "% witha=5++ <1, and lo <
For the given p both imes L7/ o1=2/8d"(log(2d))'~* with a = 1 + 1 < 1, and log(2d) < 2V/d

gives d*(log(2d))' ¢ < 2d(1+®)/2 = 24", O

The next lemma, used for 3 < 8 < 4, is a Holder version of an inequality of Glaeser (1963, Lemme I); a related
bound is Nesterov (2021, Lemma 3).

Lemma J.14 (Relative curvature). Let 3 < 8 <4, so that ¢ =3, and let f € C3 with V*f = oI and [f]g.op < Lg.
Put 3 =03—-2¢€ (1,2, v=1-1/3 € (0,1/2], Hy = V2£(0) and, for a unit vector w, g, (z) = w' V2f(z)w.

(a) ||V gu(@)]| < 2Ly gu(2)" for all z.
(b) For 9> 0 and ||z|| < o, C; ' Ho X V2f(x) X C,Ho with Cy = [1+ 22(Lg/a)"/*]”.

(¢) For ||z|| < R, $Ho — el 2 V*f(x) X 3Hy + ¢l with ¢ = 3LgR*.

Proof. (a) The gradient Vg, (z) = D3 f(z)[w,w, ] is (3 — 1)-Hélder with constant Lg, so for a unit vector u and
s> 0,

L
guw(x + su) < guw(z) + s (Vg (x),u) + ?ﬁs".

If Vgu(x) # 0, take u = —V g, (2)/ |Vguw(2)| and s = (g (2)/Ls)*/*. Since g,, > 0, this gives s || Vg, ()| <
(14 1/5)gu(x) < 2g,(x), which is (a).

(b) By (a), ‘V(g}/”)” = %1V Vgl < %Lé/%, SO |gw(:r)1/" —gw(O)l/"| < 2—%9[/2/% for ||z|| < o. Since
Guw > ¢, this gives gy, (x) < C,9,(0) and g.,(0) < Cpgw(z) for every unit w.
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(c) Let ||z|| < R and hy, = ¢4,(0). By the Holder bound and (a),
L5 ¥4 1/74 v ¥4
190(2) = hu| < (Vg (0), )| + —=R* < 2Lg" Rhy, + Lg R

With z = h,,/(LgR*) we have 2L15/%Rh}j) = LgR*-2z", and 2z < z/2+ 2 for z > 0, because z¥ < max{1,/z}
and 2v/z < z/2 + 2. Hence |gy(x) — hy| < hy/2 + 3LgR* for every unit w, which is (c). O

Lemma J.15 (Spectral initialization). Let f be as in Lemma J.1/ with minimizer * € B(R). Let A = ol

be a symmetric matrix with eigenvalues a; > --- > aq and orthonormal eigenvectors o1,...,04, let Ex =

— Hyl|_ ., write x; = (x,0;), and let Cx = xzixi < i}, which contains x*. ut Ry = an
A~ Hyl,,, wri d let C R Vi}, which *. Put Ry = RVd and

Eg=1+ 2ﬂLé/%Rd + (Lg/#)R7. Starting from xo = 0, make d updates

.’EtJrLi = Clip[,R’R] (xt,i — a;lgi(xt)), Z = ].7 e ,d,
where §(xzt) = V f(x:) + (¢ s any gradient estimate and §; = (J,0;). Let u be the projection of xq onto B(R) in

the norm ||y|| 4 = (y" Ay)'/2. Then, on every realization,

lu — 2*||%, < 8OR?d*E3 + 12R?d + 12R*dER +4d Y ||G.|P”.
t<d

Proof. We bound the entries of V2f — A on Cy4 in the rows of the large eigenvalues, show by induction that these
coordinates contract, and add the coordinates with small a; at the end.

Step 1: entries of the Hessian. For i # j, polarization with wy = (0; & 0;)/V/2 gives

a; + a;

Dgf(O)[Oi,Oj, ] = %(v9w+ (0) - ngf (0))7 Juwy (0) < wacAwi +FEa= + Ea.

With Lemma J.14(a) this gives, also for i = j, || D3 f(0)[o;,0;,]|| < 2L1/ *(max{a;,a;} + E4)". By the Holder
continuity of D3f, ||V f(y) — Ho — D3 f(0)[y]|
basis (0;),

op < L llyl|”* /5, and every y € C4 has ||y|| < Rq. Hence, in the

» v L ¥
[(V2£(4) = A)ij| < Ea+ 2L Ra(max{ai, a;} + Ea)" + 2RT  (y € Ca).

Let J4 = (1+ E4 +2d=4)% and let k4 be the number ofi with a; > Ja. For i < k4 and any j, a := max{a;,a;} >
Ja > 1 gives Eq <+/a, a+ E4 < 2a and, since v < 1 5, (a+ E4)¥ < v2a. Hence

’(VQf(y) — A)Z-j| < Eqy/max{a;, a;} (i <ka, yeCa). (J.9)

Step 2: one update. Let e; = x; — 2*. Both z; and z* lie in the convex set C4, so Vf(z) = Ae; + Mye; with
= fol(VQf(:r* + ser) — A) ds, whose entries obey (J.9) in the rows i < k4. Clipping fixes «} and is 1-Lipschitz,
80 |eg1,i] < ai_l |(Mzer)i + Cii|. Hence, with z! = \/a7|et7¢|, for i < kg

2 < 5y Z +Z4 Z lee s+ 11Gell

j<ka ji>ka
where for j > k4 we used a; < a;, and a; > 1.

Step 3: induction. Let By = 0 and By, = By/2 + 2RdZ4 + ||(;||. We show by induction that z! < ,Bt for
i <min{t,ka}. Let ¢ <min{t + 1,k4}. In the bound of Step 2, the indices j < min{¢,k4} satisfy Z; < By and
Ea/v/min{a;, a;} < Z4/+/Ja < 1/(2d), so they contribute at most B;/2. The other indices satisfy j > i, hence
aj < a;. Their terms are at most Zqe; ;| < 2R=Zy (for j < ka use z%/,/a; = |e; ;]), and there are at most d of
them.

Step 4: conclusion. After d updates, By < 4RdZ, + Doied2” (d—1-1) ||CtH By the Cauchy—Schwarz inequality,

the indices i < k4 contribute at most dB2 < 32R?d3E% +4d ", ¢l to |jag — x*||2A. The other indices have
a; < Ja <3(1+4 E% +4d*E2) and |eq;| < 2R, so they contribute at most 12R?d + 12R?*dE?% + 48 R2d®Z2. Finally,
the projection onto B(R) > «* in the norm ||-|| , does not increase the distance to z*. O
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Lemma J.16 (Projected steps in a calibrated metric). Let f € Fye(8, Lg; a, 00, R) and let ko be a round. Let
a nonempty compact convex set T C B(R), a symmetric matric S and a point 1 € T be Fy,-measurable,
with S = AI for a number A > 0. Let ug € (0,1] be a number and G € Fy, an event on which x* € T and
psS = V2 f(z) = 28 for all x € B(R). Fiz a radius h > 0, let ko = max{7,24/us}, and after round ks run, with
one round of Procedure 1 (one frame, radius h) per iteration,

Thy1 = Projy (z — S gn (1)), k=1,...,N1+ Na,

where Proj5- is the projection onto T in the norm |lyllg = (v Sy)Y/?, ur = 8/(us(ko + 1)) for k < Ny and
pny ek = 8/(us(k + ko)) for 1 < k < No. Output & = W1 Z]kvjl WEEN, +k, where wy = k + kg — 1 and
W =3, wi. Then & €T, and if Na > ko,

N X 1kS _ony J(kot1) |2 8by  48(b; +<i)
E — f1¢] < B8R0 2N/ (ko DR |15y — 1 .
[(7@) = 1")16] < Te [l =a"lls 1e] + 0+ — 5N,

Proof. The centers lie in 7 and are measurable with respect to the past of their rounds, so & € 7. Let
Ay = E[[lzy, —a*[§ 1e], Fr = E[(f(zx) — f*)16], Vi = b} + <}, and [ly[ls+ = (y"S™y)/2.

Step 1: two inequalities on G. As in the proof of Lemma F.2, on G and for x € B(R) we have V f(z) = H(z — z*)
with H = fol V2 f(z* + s(z — 2*)) ds, now with pgS < H < 2S. Hence H'/2S~1H/2 < 2], and

IVf(@)ls+ <3 (Vf(@),x—a*),  (Vf(a),z—a") > fx) = f*+ 1 o — 2|5

Step 2: one step. Write gi(zx) = Vf(zx) + br + i as in (J.1). On G the projection is nonexpansive in [|-||g and
x* €T, so
2 2 _ _ 2
lorsr = 2*lls < llek — 2l = 20k (Gn(2n), 2 — 2) + pg g ()l -

Multiply by 1¢ and take expectations. We use Step 1, (J.3), ||y||§_1 < lyli? /A, ||§h||§_1 < 2HVf||§_1 +
2 [bx, + Cellg-+ and

uws 41k

2 [[brllg-1 llew — 27[ls < [ *Hs+ ||bk||s L

All steps satisfy ur < 8/(us(ko + 1)) < 1/3, so the terms with <Vf(mk),xk —2*) > 0 have total coefficient
—2puy + 3p2 < —pg. This gives (F.2) with a = pg/4, c =1, B = 4b? /(usA) and V = 2V}, /A, and the steps are
those of Lemma F.1(b), with au = 2/(ko + 1) < min{1,2/ko}. That lemma and the convexity of f on T prove
the claim. O

The method for 2 < § < 4. Procedure 4 collects the two constructions. Let o’ = 2 + be as in Lemma J.13,
w=(1-4d")/4 and § = T¥. With fresh values for every quotient, Lemma J.13 w1th moment parameter v uses
nyg(v) = 2v(3d + 4(‘21)) = 20d(2d + 1) oracle calls. The numbers Sy < Cd® and, for 3 > 3, F; < Cd?*+! are the
explicit moment bounds of Step 1 of the corresponding part of the proof of Lemma J.17; they depend only on d
and the known parameters.

Theorem J.17 (Quadratic-pilot upper bound, 2 < 8 <4). Let 2 < 8 <4, a,R,Lg, 0 >0, and let the noise be
centered at level o. There is Co, depending only on B3, a, R, Lg,a, such that for every d > 1 and every T > Cod?,
Procedure 4 uses at most T oracle calls, in 1 + 2Ny, rounds for B < 3 and in 1 + d + Ny, rounds for 8 > 3, and
satisfies

E[f(z) — f*] < CpPr for every f € Fsc(B, Lg; 00, R),

for the operator seminorm with T = 0 and for the Hilbert-Schmidt seminorm with T = 73.

The algorithm does not use the events G of the proofs. For 5 > 3 every output lies in the trust set 7, and (J.11)
below takes the place of the polynomial-value guard.

Proof for 2 < f < 3. Here ¢ =2, m =1, p = pg, and v is the integer of Procedure 4, which depends only on 5.
We follow the proof of Lemma J.11.

Step 1: the pilot. It uses ng < C,d? oracle calls in one round. By Lemma B.2(a), | f(z) — Tof(0;2)| < Lg ||x||B /2,
so the mean of (Y (e;) — Y (—e;))/2 is within Lg/2 of 8;f(0), and its error has conditional variance at most /2.
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Procedure 4 Quadratic startup without a Hessian bound, 2 < f < 4
Require: d, 5, o, Lg, R,0,T, with the onset of Lemma J.17; the stencil of Procedure 1
1: if 2 < B <3 then
2: Choose an integer v > 2 with w(v —1) > a'/2 + pg + 2
3: In one round form H by Lemma J.13 with parameter v, the median ¢ of 2v — 1 values at zero, and, for
each 4, the median §; of 2v — 1 fresh differences (Y (e;) — Y (—e;))/2
4: P(z) < é+ (g,x) +a T Ha/2, ng < ng(v) + (20 — 1)(2d + 1), A <S40, T + S40
Ni¢ = [(T = no)/(4md)], N1 < |Nit/2], Ny < Nip — Ny, h < (d* 702 /(LENy))"/ 25
6: Run Lemma J.10 from zero with this P, A, h, N1, Na; return its averaged output after the guard of
Lemma J.8 at level T
7: else
8: Choose an integer v > 2 with w(v —1) > (8 +1)/2+ pg + 2
In one round form H by Lemma J.13 with parameter 2v; raise every eigenvalue below « to «, obtaining A
with ordered eigenbasis (0;)
10: Run the d updates of Lemma J.15 from zero. In update ¢, estimate coordinate ¢ by the median of 2v — 1
fresh directional stencils (C.4) at x;, with direction o; and radius 1; query all coordinates in one round
11: w4 Projp g Ta, no < nu(20) + 2m(2v — 1)d?, Ag = Saf, Ky < Fy4f
12: T+ {xeB(R):|x— u||124 <Kyl A a+3LgRP72+ Ay, S« A+ Al us < a/(4A)
13: N« (T —no)/(2md)], Ny < |Nit/2], Ny < Nip — Ny, h < (d*702/(LENy))"/ (25)
14: return the weighted average of Lemma J.16, run from 1 = v on T with S, ug, h, N1, Ny
15: end if

o

By Lemma J.3 and Minkowski’s inequality, ||¢ — f(0)|| ;2. < Co and ||[|g — V£(0)|/||;. < Vd(Lg/2 + Co). On
B(R),

LgRP . R? | - B N
=Pl < Z5 e = fOI+RIG = VIO+ 5 [ A = Hol| . [V =P, < LR+ || — Ho

op

op

With Lemma J.13 and v/d < d*’, Minkowski’s inequality gives an explicit number Sy < Cd* such that
Z:Sd_lmax{l, sup |f — P|, sup ||V2(f—P)|| }
B(R) B(R) °

satisfies EZ? < 1.

Step 2: the event G = {Z < 0}. Tt is determined by the pilot round, and on G the residual satisfies
| V2(f - P)||Op <S¢ =Aand |f — P| <S40 =7 on B(R). As in Steps 1 and 2 of the proof of Lemma J.11,
after increasing Cy the oracle calls are at most T, Ny, > T/(16md), N2 > T/(32md), and (J.8) holds. Now
ko+1< Cd*T and d < VT, so

N; Ti-w 1+a’

1—w— _ w
o1 Cqre 2T T E =l

because 1_2‘1l = 2w. As in Step 3 there, E[(f(Z) — f*)1¢g] < O‘TR?G’CTN + C1(32m)PPrp.

Step 3: the complement. On G¢ the guard gives f(#) — f* < 2540 + 25,7 < 4S4Z. Since Z1{Z > 0} < Z°01~,
E[(f(2) — f*)lge] < 4840' 7" < CT/>~=(=D < o772,

Both remainders are absorbed into @ as in Step 5 of the proof of Lemma J.11. O

Proof for 3 < 8 <4. Here ¢ =3, m =2, p=pg, »,v,c are as in Lemma J.14, and v is the integer of Procedure 4.
A preliminary stage estimates Hy and a point u near z*; Lemma J.16 then runs on a trust set around u, in a
metric calibrated by the estimate of Hy.

Step 1: the preliminary stage. Lemma J.13 with 2v in place of v gives H in one round. By Weyl’s inequality

. s0 HA—H <|[fr—my|| and B4 <2 FI—HO‘ :
op op op op
the eigenvectors are chosen by Lemma J.2. In the updates of Lemma J.15, each value of the stencil (C.4) with

the smallest eigenvalue of H is at least o — HH — Hy
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h =1 in the direction o; has mean within c¢oLg of (Vf(z:),0;) (Lemma C.1, with ¢g from (C.3)), and its error
has conditional second moment at most So0?/2 (Lemma J.3(c)). By Lemma J.3(a) and Minkowski’s inequality,
E[||¢||*" | F]¥/ %) < CV/d given the past F of the round. The stage uses ng < 16vd? + 2m(2v — 1)d? oracle calls
in 1+ d rounds. Since Z2 < Cd* and d*Z% < CdP*!, Lemmas J.13 and J.15 and Minkowski’s inequality give
explicit numbers Sy and Fy with

|1Ball 20 € Sa < Cd”,  ([Wallpo € Fa< Cd*, Wa=Ju—a*|}. (J.10)

Step 2: the trust set. Let Ag = Sq8, Ky = Fyf and T = {x € B(R) : ||z — uH2A < Kt }, a nonempty compact

convex set. On the event G = {E4 < Ag, Wa < K, } we have 2* € T. Let Cg be the number C, of Lemma J.14(b)
at o= R, and ||yl 5, = (y" Hoy)'/?. For every x € T and on every realization, Lemma J.14(b), Hy < A+ EAI

and ||z — x*Hi < 2K, + 2W4 give
* C *
@) = 7 < Sl = 2|, < Cn(Ke + Wa +2R*E). (J.11)

By (J.10) and Markov’s inequality, P(G¢) < 072V + =¥ < 26~v. Hoélder’s inequality and (J.11) then give
E[(f(z) — f*)1ge] < CF40'~" for every T-valued random point .

Step 3: the calibrated metric. Let A =a + ¢+ Ao, S= A+ Al and ps = o/(4A) < 1. On G, Lemma J.14(c) and
A— Aol = Hy X A+ Aol give, for z € B(R), V?f(z) 2 3A+ (3Ag+ )] X 2S and V2f(z) = 2A— (A0 + O)1.
The convex combination of the last bound and V2 f = ol with weights A = a/(2A) and 1 — )\ gives

V() = SA+ (1 - N~ A(BAo + @)1 = s,

because A/2 = pg and (1 — A)a— A(FAo +0) > a— A = < > ugA.

Step 4: optimization. After increasing Co, ng < T/2, Ny, > T/(8md) and Ny > T'/(16md), so the choice of h gives,
as in Step 2 of the proof of Lemma J.11, b2 + ¢ /Ny < (CZ + Ct + Cyy)(16m)Pa®r. Since usA = a/4, the last
two terms of Lemma J.16 are at most Co®p, where Cy depends only on . Here kg = max{7,96A/a} < cde'Tv
and d < VT, so Ni;/(ko + 1) > ¢T% as for B < 3, and Ny > kg after increasing Cy. On G, Hufz*Hé =
Wi + A |lu— 2*||> < Fs0 + 4AR?, so the first term of Lemma J.16 is a power of T times e =T

Step 5: conclusion. The output lies in 7, so by Step 2 and d < /T the contribution of G¢ is at most
CF 0'—? < cTF+)/2=w(v=1) < OT~-P=2_ Both remainders are absorbed into ®7 after increasing C, as in the
proof of Lemma J.11. The preliminary stage uses only [f]g.op < Lg. O

J.6 The minimax rate

Proof of Theorem 3. Upper bound. For 2 < < 4 it is Lemma J.17, and for § > 4 it is Lemma J.11. Both
methods use at most CgT'/d rounds (Lemma J.19).

Lower bound. Apply Theorem 1(b) with L = 3a and M = 0. Its proof (Section E.4) gives c¢g > 0 and C{,
depending only on 3, «, R, Lg, o, such that every algorithm with 7' > C{d? oracle calls, in any number of rounds,
has worst-case error at least cg®r over the functions with al < V2f < 3al, [f] 3 < Lz and minimizer in B(R),
under independent N(0,0?) errors. These functions belong to Fu. (3, Lg; o, o0, R), and these errors are centered
noise. Taking Cy > C} in Lemmas J.11 and J.17, and since d? > d?, both bounds hold under the stated budget
condition.

Logarithmically many rounds. This is Lemma K.2; the size of its pilot is estimated after its proof. O

J.7 Remarks

Remark J.18 (Computation). The methods of this appendix use exact minimizers of known functions over balls,
and the oracle model does not charge this computation. The maximum-volume design depends only on d, ¢, R and
is computed once; any design with the conclusion of Lemma J.4 can replace it. For 8 > 4 the guard needs a global
minimizer of a polynomial of degree g > 4 over a ball, which is a nonconvex problem. On the event where the
analysis takes place, the objective of the first line of (J.7) has Hessian at least (o + A)I on the ball; off that event
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an exact global minimizer is still used. For 2 < 8 < 3 the polynomial P is quadratic, and both minimizations
are trust-region subproblems. For 3 < 8 < 4 the method uses eigendecompositions and projections onto B(R)
and onto the intersection of B(R) with an ellipsoid, in the norms |[-|| , and ||-||g of Lemmas J.15 and J.16, and
minimizes no polynomial of degree three.

Remark J.19 (Rounds). The pilots for 8 > 4 and for 2 < 8 < 3 are single rounds, because their query points are
fixed in advance; for 3 < 8 < 4 the preliminary stage uses 1 + d rounds. The method of Lemma J.10 uses two
rounds of 2md oracle calls per iteration, and that of Lemma J.16 one. Hence the number of rounds is of order
T/(md): apart from the 2md oracle calls of one stencil, the methods are sequential.

Remark J.20 (Oblivious noise). The stencil tolerates oblivious noise (Lemma D.3), but the analysis of the
one-round pilots does not. Condition (O) bounds the second moment of an oblivious error only given Fj_1, so
the oblivious errors at all nodes of the pilot round may equal =W for one random variable W with EW? = ¢2.
The medians of block means then have only the tail of W, Lemma J.3(a) does not apply, and the event {Ey > 0}
is no longer negligible in the proof of Lemma J.11. A bias of order ¢ alone would be harmless, since the proofs
use only Fy < 6. Lemma J.12 uses the centering both in its bias bound and in its martingale part. We therefore
treat centered noise only.

K LOGARITHMIC-ROUND POLYNOMIAL CORRECTION

The methods of Section J have a small polynomial startup, but their optimization steps are sequential. Here
a more accurate pilot, whose residual has curvature bounded independently of d, allows epochs with doubling
numbers of frames: the statistical rate is the same, the number of rounds is logarithmic, and the startup is
larger. All startup calls are counted in the budget. We also treat convex objectives without a Hessian bound
(Section K.3).

The notation is that of Section J.1, K = K,, and Lg, o, R > 0. In Sections K.1 to K.3 the noise is centered at
level o (Lemma J.1).

K.1 A pilot with dimension-free residual curvature

Let 'y = V2K and Cg‘)l be as in Lemmas J.5 and J.6, and define

| 1/~ ad
H, = CP(2R)" =min{l,(—L 6= (= 1,[1602/627}.  (K.1
L= PR, mm{ (s57) } s =m0 ()
The pilot is that of Section J.3 with design radius s = a, this £ and an odd r > 3. Let P be its fit, Fy the largest
absolute error of its medians, G = {Ey < 0}, and, with g, 02 as in Section J.3,

4
q
U=o00+1, A=g2+?. (K.2)
Unlike Ty and Ay in Section J.3, U and A do not depend on d.
Lemma K.1 (A rescaled polynomial pilot). For every f € C1(R®) with [f]g.op < Lg, this pilot uses Qpi = 2K1l
calls in one round. On G,
sup |f — P| < U, sup ||V2(f—P)||0p <A
B(R) B(R)
If f also has a global minimizer in B(R), then for every candidate in B(R) the output & of the guard of Lemma J.8,
with level U, satisfies B[(f(&) — f*)1ge] <4UK27".

Proof. Let t = T, f(0;-). By Lemma J.7 with s = a, supg(,) [P — t| < Lo(Lga?/q! + Ep). Since a < 1 < 2R,
Lemma J.5(b) with p = 2R multiplies this bound by Hya™9, and (K.1) gives Hya~TLga® /¢! = H,TgLga” /q! < %
and H,a Ty = 1/(26). Hence, on every realization,

1 B,
sup |[P—t < -+ —. (K.3)

On G this is at most one. On B(R), Lemma B.2(a),(c) give |f —t| < go and ||[V?(f —1)|lop < 02, and Lemma J.5(a)
with p = R gives ||VZ(P — t)|lop < ¢*/R? on G. This proves the bounds on G.
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Procedure 5 Polynomial pilot and batched residual correction

Require: T,d, 3, L, R,0 (also « in the strongly convex case); the pilot, guard level U, starting point and
schedule (nj, Bj, hj, fj k, wji) of Lemma K.2 or Lemma K.3
1: In one round acquire all Qpi pilot values and fit P
2: Select xp € argming(g) P; set 2 = z2p (Lemma K.2) or 2(?) =0 (Lemma K.3)
3: forj=1,...,J do
4 21 2G=1)
5 for k=1,...,n; do
6 U, < gn,;,B, (2x) — VP(z) from a fresh stencil block
T g argming o {P@) + (00) + 2 — 20l /(2050}
8: Uy < gn;,B; (Yr) — VP(yx) from a fresh stencil block
9 Zpt1 < Projp gy (yr — .0y — 92))
10: 29« 357 wikyr/ Dol wik
11: return 2(/) if P(2(”)) < P(xp) 4 2U, and zp otherwise

By (J.6) with 2K nodes and o2/¢ < 62/16, E[Eglg:] < K027". By Lemma J.8 and (K.3), f(2) — f* <
400 + 3 + Ey/0 on every realization, which is at most 4UEy/6 on G¢. O

K.2 A statistical rate in logarithmically many rounds

Procedure 5 runs a pilot and then J epochs of the corrected method (J.7). Epoch j makes n; iterations with B;
frames per stencil, radius hj, steps p; ; and averaging weights wj; 1, and starts from the output of the previous
epoch. The algorithm uses Qpi1 +4md ijl n;B; callsin 1+2 ijl n; rounds: in each iteration the second center
depends on the first stencil, while the B; frames of one stencil are queried together. Polynomial minimization
and the guard need no calls.

Theorem K.2 (Logarithmically many rounds). Let f > 2, o, Lg,0,R > 0, and let f € Fs(5, Lg;a, 00, R)
with centered noise at level 0. Run Procedure 5 with the pilot of Section K.1, where r is the smallest odd
integer v > 3 with AUK2™" < @, with Qpi1 = 2Krl, the guard level U, the starting point 200 = zp, and, for
ko = max{7,16A/a} and n = [2ko],

1/(28)
. d'*+7o? 8
L= B, =271 h: = —— = — o=k +ko—1
n; =n, j ) j (L%TLBJ‘> s Hijk a(k‘—i—ko)’ Wik + Ko s

for the epochs j =1,...,J, where

J = Llog2 (1 + m)J . (K.4)

If
Qe <T/2,  T—Qu>4mdn, 201677 <&, (K.5)

then the algorithm uses at most T calls in exactly 1+ 2nJ rounds, which is at most a constant multiple of 1+log T,
with the constant depending only on B,a, Lg, R, and its output satisfies

E[f(z) — f*] < Cpr.

Proof. The epochs use 4mdn(27 — 1) < T — Qpq calls, and n depends only on 3,«, Lg, R. Write p = pg and
A; =E[(f(2Y9)) — f*)1g]. On G, |f — P| < U on B(R) (Lemma K.1), so Ay < 2U.

Consider epoch j. Its starting point 20~ € B(R) is measurable with respect to the earlier rounds, and all its
steps are at most 8/(a(ko 4+ 1)). Hence Lemma J.9, with B; frames, gives (F.2) with a = «a/4, c =2, B= 2b,217_/oz
and V = 8V}, where V; = b,%j + g,%j/Bj. Lemma F.1(a) with N = n and the convexity of f give

: bi, 64V,
MOB[20 — o] + 4 2L, (K-6)

2
A, < o
7= 8
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Strong convexity and n > 2k bound the first term by A;_,/16. For Q; = 4mdnBj, the radius h; gives

12a-mp2-r = 90 = (Am)Padq,
pe T nB;h? 7

so Aj < Aj_1/164 Cg®q,. Since ®g, , = 2PPq, and 27 /16 < 1/8, induction gives A; < 2U16™7 + C3Pq, with
a new Cjg. Maximality of J gives Q7 > (T — Qpi1)/4 > T/8, so (K.5) yields A; < Cg®p. On G the guard does
not increase the value (Lemma J.8), and on G° Lemma K.1 and the choice of r bound its contribution by ®7. O

Size of the pilot. For fixed 3, o, Lg, o, R and sufficiently large K, the quantities a, § and £ in (K.1) are bounded
above and below by positive multiples of K~/ g—(a/7+1)/2 and K9/7+1 respectively; these multiples depend
only on the fixed parameters. Since &1 > ¢T'~P#, there is also such a constant C for which r < C(1+log(2+d+1T)).

Consequently,
Qpit < CK 297 (1 +log(2+d+1T)).

For integer 3, the right-hand side is at most another such constant times dﬁ2*1(1 +log(24+d+1T)), and the onset
conditions (K.5) hold once T' exceeds a polynomial in d, up to logarithmic factors. This startup is much larger
than those of Lemmas J.11 and J.17. The leading constant Cz depends only on 3; the startup and the number of
rounds also depend on «, Lg, 0, R.

K.3 A polynomial-pilot method for convex objectives

Let f € C?(R?) be convex with [f]3 < Lg and a global minimizer z* € B(R); strong convexity is not assumed.
We use the pilot of Section J.3 on B(2R) with tolerance 1, ¢ = max{1, [166%]} and an odd r > 3, so that
Qpit = 2K7rL. Let Uy = Y1 and A; be the numbers (J.4) with § = 1, and

Apil = 2U1 + 2@0 + QFOQO + 2F0.

Theorem K.3 (Polynomial-pilot upper bound for convex objectives). Under the assumptions just stated, let

N >1 and
1/(28)
A7 g2 1 R
h=< g) , V=10 +<p, MZmin{ }

LZN 2A1" BNV,

with by, s, from (J.2). Run Procedure 5 with this pilot, the guard level Uy, the starting point 200 =0 and one
epoch (J =1) withny =N, By =1, hy =h, p1r = p and wy , = 1. The output satisfies

A R?
E[f(3) — ] < Cﬁ{ i +RL16/ﬂa(ﬂl)/ﬁd(ﬁ17)/(2[3)]\](ﬁl)/(2ﬁ)} b AR (K.7)
The algorithm uses Qpi1 +4mdN calls in 1+ 2N rounds.

Proof. Let G = {Ey <1}, Ay = E[||zx — 2*[|?1g] and F), = E[(f(yx) — f*)1g]. On G the residual Hessian is at
most A; on B(R) (Lemma J.7) and pA; < 1/2, so Lemma J.9 with o = 0 gives A1 < Ap—2uFy+4uRby +8u?Vj,.
Summing over k < N, and using A; < R? and convexity, we obtain for the average j = z1) of the y;

R? A R?
E[(f(§) — f)1a] < T 2Rby, + 4V, < Ev +2vV2R\/V),/N + 2Rby,.
The radius gives X := L%d_ThQB_Q = do?/(Nh?), hence b} = C2X, Vi,/N < (CZ + Ct + C,)X and VX =
Llﬁ/’go(ﬁ_l)/Bd(ﬁ_l_ﬂ/@mN_(B_l)/(w). On G the guard does not increase the objective. On G¢, Lemma J.8 and
(J.5) bound its gap by ApuEop, and (J.6) gives E[Eglge] < K277, O

With the whole budget, let
Sy = RLE/BO'(’B_U/BCZ1_(2+T)/(25)T_(5_1)/(25),

let r be the smallest odd integer r» > 3 with A, K2™" < Sy, and N = |(T — Qpn)/(4md)]. If Qpu < T/2,
T > 16md and Ay R%*d/T < Sy, then T/4 < 4mdN < T — Qpi, and (K.7) gives E[f(2) — f*] < CpSr with at
most 1" calls.
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Ellipsoidal norms. Let 3 be a known invertible matrix and ||z||s = ||Xz||. Lemmas K.2 and K.3 apply to
f(z) = f(X712), with each query z made at ¥~1z. Function values and their errors are unchanged, so these
results hold, with the same calls, rounds and noise levels, when strong convexity, the localization of 2*, the Hélder

seminorms ([f].0p,x = [f]s,0p and [f]s,us,x = [f]s,us) and the Lipschitz constant of 7 are measured in || - ||x and
its dual norm. No factor depending on the condition number of ¥ appears.

L CONVEX OBJECTIVES: UPPER BOUNDS

This appendix proves the upper bounds of Section 6 for minimization over a compact convex set (), where the
minimizer may lie on the boundary with a nonzero gradient; the class Fevx(8, Lg; L, R) is the case Q = B(R)
(Lemma L.1). The gradient-scale bound, Lemma L.6, rests on projected methods with a bounded bias (Sections L.1
and L.2). The value-scale bound, Lemma L.9, rests on descent on the ball average of f (Section L.3). Section L.4
simplifies their constants. Section L.5 proves the upper bound of Lemma [.10, whose lower bound is proved in
Section M, and Section L.6 gives the achievable level of Lipschitz noise.

Setting. For a nonempty closed convex set K C R?, Proj is the Euclidean projection onto K, and for r > 0
K,=K+rB(1) = {z e R?: dist(z, K) <r};

this set is closed and convex, and K, + sB(1) = K, for r,s > 0. The random vector W is uniform on B(1) and
U is uniform on S?~!. For a function g defined near z + hB(1) we write g (v) = Eg(z + hW). With v = 5 —q as
in Section 2, we put ¢y = 1/((14+7)(2+ 7)) < 1/2. Rounds and noise obey Definition 1.

Definition L.1 (Constrained problems). Let Q C R? be nonempty, closed and convex with diameter D =
sup, e llz — yll € (0,00); thus @Q is compact. For a closed convex set K C Re let FX (B, Lg; L) be the set of
real functions f that are defined and ¢ times continuously differentiable on an open set containing K and satisfy

0= V*f(x) LI (z€K), ||Df(z) =Dyl < Lple—yl" (z,y€K),

where the norm of Df(x) — Df(y) is ||, ( =0) or ||-|us (7 = 75). A constrained problem consists of @,
a starting point zg € @, a number R € (0, D] and an objective f with a minimizer u € arg ming f such that
|lzo — u]| < R. Each result below states the smoothness of f near @ that it uses. A method knows @ through
Projg, and it knows xo, R, D and the parameters of the class. All its queries lie in ()5, where & is the radius of
its stencil, and it outputs a point & € Q); its error is E[f(Z) — ming f].

By integration along segments, the Hessian inequalities imply that f is convex with an L-Lipschitz gradient on
every convex set on which they hold. If the projection onto @ N B(xg, R) is available, @ may be replaced by this
intersection and D by its diameter, which is at most min{D, 2R}.

Known parameters. The methods of this appendix know Projg,, zo, 8, L, R, D, o, d, the target accuracy ¢
and the constants of Lemma D.3 (explicit for m = 1). They know Lg, except for the method of Lemma L.9(b).
They do not use M, &, f or n; the numbers M below are design values. We assume L > 0 and Lg > 0: an affine
objective satisfies the assumptions with every L > 0, and if Lg = 0, every statement holds with any LIB >0 in
place of Lg. The case o = 0 is included; the terms containing o then vanish.

The estimate. The next lemma is Lemma D.3 for an objective that is smooth only near the set that contains
the centers.

Lemma L.2 (The estimate near a set). Let K C R? be nonempty, closed and convez, let h > 0, and put ¥ = 2
if the Holder bound is measured in the Hilbert—Schmidt norm and q is even, and ¥ = 1 otherwise. Let f be q
times continuously differentiable on an open set containing Kyp, with ||[Df(x) — Dif(y)|| < Lg ||z — y||" for
all x,y € Kyp, and let the noise be admissible at levels (M, 0,d). Consider round k of Procedure 1 with B > 1
frames, the deterministic radius h and an Fi_1-measurable center z with values in K. Then all queries of the
round lie in Ky, and the conclusions (i)—(iv) of Lemma D.3 hold. In particular

g=Vf(z)+bz)+(+ A, (L.1)
where b(z) is Fr—1-measurable, ¢ + A is Fp-measurable, E[C | Fr—1] =0,

Ib(2)| < CoLgd™ ™21+ M, |A] <

almost surely,
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and
1

E[lC? | Fir] < 5

The bound (L.2) also holds for d = 1.

(CfL2d—Th2B—2 +CM? 4+ C dLQ). (L.2)
B n 7 h2

Proof. All queries lie in Kp. The Taylor, Pizzetti and Poincaré arguments in Section C use only the ball
2+ hB(1), except for the Hilbert-Schmidt bias with even ¢: its additional difference of radius k' = hd~1/* uses
z4 (h+ h)B(1) C Kap,. So the stated neighborhood contains every point used by those proofs. The surrogate
gradient is continuous on K by dominated convergence on compact subsets, so its value at the predictable center
is measurable. The noise part of the proof of Lemma D.3 is unchanged, and its stronger d = 1 variance bound
implies (L.2). O

For m = 1, that is, for 8 € (2, 3], the stencil is the central difference: t; = a; = 1, and S, f = fr, Sy =1y in
(C.5). Hence
Vf(z) +b(z) = Vfu(z) + Vin(z),  [[Vi(2)] < M, (L.3)

and S; = S, = A, =1,C, =4and C, = (1+ 2_1/2)2. In the operator geometry also C}, = ¢; = 1 and
Cr = 4¢3 = 4 (Section D and (C.3)).

L.1 Projected methods with a bounded bias

In this subsection @ is as in Lemma L.1, and ¢ is differentiable on an open set containing ), convex on @, with
IVe(x) = Vo) < L|z—yl| for z,y € Q. Let (Fi)r>o0 be a filtration; in the applications it is the filtration of
Definition 1, and step k is round k. In step k an Fj_i-measurable point z € @, the center, is submitted to an
oracle, which returns an Fj-measurable vector

gk = V(2) + bi + Ibell < bas., ElG|Feo1] =0, E[G|* | Fuo1] < v} (L.4)

In the applications by contains the adversarial part of the estimate, which may depend on (; so by and ( are
not assumed to be Fi-measurable. The comparator u© € @) is an arbitrary fixed point. In the applications it
minimizes f on @, possibly at a boundary point with V f(u) # 0, and in Lemma 1.9 it need not minimize ¢ = fj.
For z,y € @ the segment [x,y] lies in @, so integration of V¢ along it and convexity give

oY) < p(x) + (Vo(r),y — z) + g ly — z)?, o(y) > (@) + (Ve(z),y — 7). (L.5)

Lemma L.3 (Projected stochastic gradient). Let 21 = x¢ € Q and 0 <v <1/(2L). Fork=1,...,N submit the

center zy, and let zpy1 = Pron(zk —vgi). Let zy = % iv:; 2. For every u € Q,

2
Elo(zZn) — p(u)] < % —+ 1/11]23 + Db. (L.6)

In particular, let ||xg — u|| < R, U > vp and v = min{1/(2L), R/(vpV2N)}, with v =1/(2L) if vp = 0. Then

Ble(an) — olu)] < S+ Y208

Proof. This is the standard analysis of projected stochastic gradient descent for smooth objectives, with the bias
kept. By induction, z € @ is Fr_1-measurable. Fix k. The projection inequality (zx — vgr — 21,4 — 2k+1) < 0
gives

+ Db. (L.7)

1 2 2 2
v g 2kr1 = u) < 5 (ll2k = ull” = 21 = wll” = llze4n = 2l%). (L.8)

By (L.5) for the pairs (zx, zp+1) and (z,u), ©(z41) — o(u) < (Vo(zr), 21 — u) + L [|zpq0 — ]2, Write

Vo(zr) = ge — br — iy bound (gi, zp41 — u) by (L.8), — (b, 21 — u) by bD, and — (Ck, zrt1 — 2) by v [|CGell” +
lze41 — z&]l® /(4v). Since v < 1/(2L), the terms with ||zz41 — 2&]|° have a nonpositive total coefficient, and

2
o o=l ~ 2k —u

2
o(2r41) — p(u) < o) + |Gkl + 6D — (Cr 2 — ) - (L.9)
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The last term has mean zero, because z; — u is bounded and Fj_i-measurable. Summing over k = 1,..., N,
taking expectations and using the convexity of ¢ on @ proves (L.6). For the tuned step, 1/v < 2L + o5V2N/R
gives R?/(2vN) < LR?/N + Rog/V2N, and vv} < Rog/V2N. 0

The accelerated method below is a variant of the AC-SA method of Lan (2012) for convex objectives, run with a
biased oracle.

Lemma L.4 (Accelerated projected method). Let To =0, T'y = k(k+1)/2 and pr, = k/T, =2/(k+1) fork > 1.
Letvg =29 € Q and 0 < vy <1/(4L). For k=1,...,N submit the center zy, where

2k = (1 = pr)Tr—1 + prvk—1, vy, = Projg (vi—1 — ok gr), r = (1 = pr)Tr—1 + PV

Then for every u € @,
|zo — ul? (2N + 1) vpv%

— < . .
Elp(zn) — o(u)] < NN 1 1) 3 + Db (L.10)
In particular, let ||xo — u|| < R, o > vp and vy = min{1/(4L), R/(vpN>/?)}, with vy = 1/(4L) if vp = 0. Then
4LR?> 2Rv
Elp(zn) — p(u)] < E 1 Db. (L.11)

+
N2 VN
Proof. All iterates lie in @, and zx,vp_1, xr_1 are Fi_i-measurable. Write v, = vpk. Smoothness, convexity, and
T — 2k = pr(vp — vg—1) give

plar) = o(u) < (1= pr)(elan—1) = (w) + pr (Vip(zr), v — u) + S Lo o — v |

Split the oracle error as in the proof of Lemma L.3: apply the projection inequality to (gk,vr — u), bound
the bias term by bD, and use — (Cx, vx — vi_1) < i [|Cell® + lok — ve_1]|” /(4v1). The remaining coefficient of
lvg — ’uk_1||2 is nonpositive because 2Lprry, < 1. Multiplication by T’y yields

o1 — ul® — |fox. — ul

Plp(a) — () < Troa(plan) — p(w) + i

+ vok? [|Cul|? 4 kD — k (G, vp—1 — 1) .

The last term has mean zero. Summing, dropping the final nonpositive distance, and using " k% = N(N +
1)(2N +1)/6 proves (L.10). Finally 1/vy < 4L + v5N3/?/R, (2N +1)/3 < N, and Nyyv% < Rop/VN give
(L.11). O

Remark L.5 (The bias does not accumulate). In Lemma L.4 the quadratic upper model uses the exact gradient
V(zr), and the bias enters only through pi (b, u — vg) < prpbD, because vy, is projected onto the bounded set
Q. So the accelerated method pays the same bias term Db as the plain method; for an unbounded feasible set the
argument gives no bound. Treated as an inexact oracle in the sense of Devolder et al. (2014), a gradient error of
norm b on a set of diameter D has accuracy of order bD, and the fast gradient method accumulates it into a
term of order NDb. A bound of the same form as (L.10), with noise weighted by k/T"x and multiplied by the
diameter, is Proposition 3.5 of Cohen et al. (2018).

L.2 The stencil as a biased gradient

The next corollary uses only Lemma L.2 and the lemmas above. Its accelerated form is Procedure 6, which with
m = 1 is also the method of Lemma L.9(d).

Corollary L.6 (Direct projected methods). Let Q, xg, R and D be as in Lemma L.1, let € > 0, and put

ed™/?\ 7 do2

1 B—1 — € — - v
h = (4 (1-1( ) , =— 52 — de 'rh2,8 2 M2 iy
(4Cy) ) SAD v, = CrLg +C, +C 2
Let ¢ be as in Lemma L.2, and let f be q times continuously differentiable on an open set containing Qyp, with
0XVf(z) LI (z€Q), [ID'f(x) - DUf(y)] < Lsllz =yl (2,y € Qun),

and with a minimizer u € argming, f such that ||z — ul| < R; for instance, f € F&3"(8, Lg; L) with such a
minimizer. Let the noise be admissible at levels (M, 0,6). Consider the following two methods; in both, the oracle
of round k is Procedure 1 at the center zy, with radius h and B frames.
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Procedure 6 Projected acceleration with batched scalar stencils
Require: Q, Projg, vo € Q; h,m, N, B, vy from Lemma L.6(b), or m =1 and h, N, B, vy from Lemma L.9(d)
1: vg < 29
2: for k=1,...,N do
3: pr — 2/(k+1); 2z < (1 — pr)xp—1 + PEVE—1
4: Acquire g at zi by Procedure 1, radius h, B frames
5: vk, = Projg(vi—1 — vokgr)
6.
7

zp — (1 — pr)zr—1 + pruvg
return zy € Q

(a) Run Lemma L.3 with ¢ = f and z1 = xo, output Zy, and take

N[ B o[BG g

(b) Run Lemma L.J with ¢ = f and vy = ¢, output xx, and take

512 mdR25? T, 1 RVB
— 2 = 7h == O = i AT ~ AT3/2
N =[+/32LR?/=], To 922 , B [deNW’ Vo mln{4L, T, N3/2 }

Suppose M < M and § < eh/(851Dv/d). Then both methods query only points of Qp, both outputs & lie in Q
and satisfy B[f (%) — ming f] < &, and the number of calls is T = 2mdNB < Ty + 2mdN, where, explicitly,

256m Cy (4CH) ™1 02 15 Rz(LﬁD>5%+ RQ<160f 40")}7 (L.12)

Ty =6| 551 d— (==t ==
0 9 22 mepe ooz T oaz

3

with 6 =1 in (a) and 6 =2 in (b).

Proof. Let z be the center of round k; it is Fi_i-measurable and lies in (). By Lemma [..2 with K = @, the
queries lie in @, and the returned vector is g, = V f(2x) + b + (& with by = b(2) + Ak, E[(x | Fr—1] = 0 and,
since M < M, E[||C]|* | Fr_1] < ©#2/B. The choice of h gives C, Lgd~"/2hP~1 = ¢/(4D), so

i+A1M+\/g516< E+i+i i

<b:= —_— = .
el < b= 75 h  —4D ' 8D ' 8D 2D

Thus the setting of Section L.1 holds for ¢ = f, which is convex with an L-Lipschitz gradient on ), with
v% =97 /B and Db < g/2.

In case (a), (L.7) with 5 = o5, /v/B bounds the error by LR?>/N + /2R, /v/NB + Db. Here LR?>/N < /8,
and NB > Ty/(2md) = 128R*v? /(9?) gives V2Rv;,/vV/NB < 3¢/8. In case (b), (L.11) bounds the error by
ALR?/N? + 2Rv),/\/NB + Db, where 4LR?/N? < /8 and NB > 256 R202/(9¢2) gives 2Rv,/v/NB < 3¢/8. In
both cases the sum is at most €, and f(u) = ming f.

Finally, B < Ty/(2mdN) + 1 gives T < Ty + 2mdN, and inserting

’ - ; 1 2 . (LgD\#
L3 = M2 =S = (aCy) a7 (222
? 16CZD?’ GiaTpe  pE o o) e

into Tp gives (L.12). O

L.3 Value analysis of the ball average

The method of this subsection is projected stochastic gradient descent driven by central differences, analyzed as
descent on the ball average fj. It uses central differences for every 3: for § > 3 the stencil of Lemma D.3 has
m > 2, and its surrogate Sy, f has weights of both signs and need not be convex.

Lemma L.7 (Values of the ball average). Let Q and D be as in Lemma L.1, and let h > 0.
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(a) Let v € (0,1] and 8 =2+, and let f be twice continuously differentiable on an open set containing Qp,
with HVQf(x) — ng(y)H < Lgllz—vy|” for all z,y € Qp. Then for x € Q,

op —
Fu@) = 1(@) 4 5o P @)+ rule), @) € L L < e Lo, (L13)
h\T) = T 2(d+2) X Th\T), TR _d+ﬁﬂ = CyLp N .
and |tr V2 f(z) —tr V2 f(y)| < dLg ||z — y|” for all x,y € Qn.
(b) Let f be differentiable on an open set containing Qn and convex on Qp, with ||V f(x) = V()| < Lz -yl

for x,y € Q. Then fr is defined and continuously differentiable on an open set containing @, with
Vin(x) =EVf(x+ hW) for x € Q. It is convex on Q, ||V fr(z) — V()| < Lz —y| for z,y € Q, and
d
0< fn(z) — < ——Lh? .
< i@) = @) < 5yt @eQ)
If moreover f is twice continuously differentiable on an open set containing Qp,, then 0 < tr V2 f(x) < dL for

x € Q.
(c¢) Under the assumptions of (b), for all z,y € Q,

Lh?
F@) = ) < fula) — o) + 2o (L1
Under the assumptions of (a) and (b), for all x,y € Q,
Lh? LsD'h?

f@) = f(y) < ful@) = faly) + S(B),  S(h):= min{ + 207L5hﬂ}. (L.15)

2’ 2
In particular, under (a) and (b), for x,y € Q,
ltr V2 f(z) — tr V* f(y)| < dmin{L, Lg ||z — y||"} < dmin{L, LgD"}.

Proof. (a) For z € Q and ||v]| < h, Taylor’s formula with integral remainder and the Hélder condition give
1
£ +0) = £(2) = (9 5(),0) — 39 @losel] < Lo ol [ (=00t = e, L ol
0

Averaging over v = AW, with EW =0, EWW T =I/(d+2) and E||W|” = d/(d + j3), proves the identity. The
trace bound follows from [tr A| < d|| 4],

(b) By Lemma B.4, whose proof is local, f, is continuously differentiable near @ and V f,(x) = EV f(z + hW) for
x € Q. Since x + hW € Qy, for = € @, averaging preserves convexity and the Lipschitz constant of the gradient
on Q. Averaging 0 < f(z +v) — f(x) — (Vf(x),v) < L||v]|* /2 over v = hW, with E||W||* = d/(d + 2), gives the
value bounds. When the Hessian exists, its eigenvalues lie in [0, L] on @), which proves the trace bounds.

() The difference (f(x) — f(y)) — (fa(x) = fu(y)) equals (fn = f)(y) = (fn — £)(x). Part (b) bounds it by Lh?/2,
and part (a) by h?dLgD"/(2(d + 2)) + 2¢,Lgh®. The last claim combines the trace bounds of (a) and (b). [

Lemma L.8 (Central differences for objectives with a Lipschitz gradient). Let K C R? be nonempty, closed and
convez, let h > 0, let f be differentiable on an open set containing Ky with ||V f(x) = V()| < Lz —yl|| for
x,y € Ky, and let the noise be admissible at levels (M, 0,6). Consider a round of Procedure 1 with m =1, an
Fr_1-measurable center z with values in K, the deterministic radius h and B frames. Then the queries lie in Kp,

_ Vs
9=V +Vm(2) +C+ A, Vi) <M, Al < == as,
and E[C | Fr—1] =0. Ford > 2,
2 1 d 2 d0'2 —1/2\2
< = (— — = : .
E[ICI? | Faca] < (75 @A+ MP+C55), Co= (1427122 (L.16)

for d = 1 the term with Lh + M is absent. Part (iv) of Lemma D.3 holds with V f(z) + b(z) replaced by
Vin(z) + Vnu(z) and with S; = 1. If moreover 8 € (2,3], f is twice continuously differentiable on an open set
containing K, and HVQf(CE) - V2f(y)HOp < Lgl|lxz —y|" for z,y € Ky, then ¢ is the vector of Lemma L.2 with

m =1 and the operator norm, and (1.2) holds for it as well.
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Proof. The mean, the stochastic-noise contribution, the adversarial bound and the adapted decomposition are
those of Lemma D.3 with m = 1; they use only continuity and oddness on z + hB(1). It remains to bound the
frame variance without a bound on V f(2).

Put ef(w) = (f(z + hw) — f(z — hw))/(2h) — (Vf(2), w). On the unit ball, Ves(w) = (Vf(z + hw) + Vf(z —
hw))/2 — Vf(z) has norm at most Lh, so ey is odd and Lh-Lipschitz there. Composition with the odd,
nonexpansive projection onto that ball extends it to an odd Lh-Lipschitz function on R?. The Lipschitz-noise
term e, (w) = (n(z + hw) — n(z — hw))/(2h) is odd and M-Lipschitz, so e + e, has Lipschitz constant Lh + M.
By (B.5), the centered second moment of one frame is at most d(Lh + M)?/(d — 1). Independent frames divide it
by B; for d = 1 it is zero. Adding the orthogonal noise term proves (L.16). For the final claim, both constructions
define ( = g — Vfn(2) — Vnu(2) — A; apply Lemma L.2. O

Theorem L.9 (Value analysis). Let Q, xo, R and D be as in Lemma L.1, and let h > 0. Let f be differentiable on
an open set containing Qy and convex on Qp, with |V f(z) — V()| < Lz —y| for x,y € Qn, and let f have
a minimizer u € argming, f such that ||xg — ul| < R. Bvery f € F&u(B,Ls; L), B > 2, with such a minimizer
has these properties. Let the noise be admissible at levels (M, o0,0). The method is projected stochastic gradient

descent on @ driven by central differences:

® 21 = Zo,

e inround k =1,..., N, run Procedure 1 with m =1 at the center zy, with radius h and B frames (2dB calls),
obtain g, and set zp11 = Pron(zk —Vgk);

_ 1 N+1
o outpul Zn = 7 D 1o Zk-

All queries lie in Qp, and Zy € Q.

(a) (Error bound.) For all N,B €N and 0 <v <1/(2L),

| < i +V—U’21+D(M+\/g5

E{f(ZN)_minf %N ' B

i )+ S(n), (L.17)

where
vi = 4L*h? +4M? + C,do?/h?, S(h) = Lh?)2.

If moreover B € (2,3] and [ is twice continuously differentiable on an open set containing Qn, with
HVZf(as) — VQf(y)H < Lgllz —y||" for x,y € Qn, where v = B — 2, then (L.17) also holds with

op —
Lh? LgDh?
vp = min{4L*h? L3R 72} + AM? + C,do® /12, S(h) = min{Th, ﬁTh + 2c7LBh5}.
(b) (Curvature branch, every 5.) Let e > 0, and take
€ _ € _ do?
h=,]— M= _— 02 = AL*h? + 4M* + C,—
8L’ sp’ h M Co T
8LR? 256 dR*v? Ty 1 RVB
N = To="———1 B=|—— = min{ — .
[ c W 0 92 [szW’ v mm{ oL’ @hw/TN}

If M < M and § < eh/(8DVd), then E[f(2x) — ming f] < e, with N rounds and

2048 C, d?0?LR?> 272 dLR? 16 R
T =2dNB < a el ( )d (L.18)

- 9 ed + 9 9D?
calls. This method uses L, R, D,o,d, €, but neither Lg nor (3.

(c¢) (Holder branch, 8 € (2,3].) Suppose moreover that f satisfies the Holder condition of (a) on Qn and that
0 < e <8LgDP. Take

2
_ /& o _ € 9 i72.28-2 2 do
h = 8L5D77 M = @, 'Uh = 4Lﬁh + 4M + Ca— h2 s
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and define N, Ty, B,v as in (b), with this v,. Then h < D, and the conclusion of (b) holds with

(L.19)

2048 C, >0 LzDYR® 128/ h\?dLsD'R® 16 dLR 16R?
< e () T+ (24 gy )

- 9 g2 € 9 \D € 9D?2

(d) (Acceleration.) In (b) and (c), replace the update by the method of Lemma L./ with ¢ = f, and vy = xg; it
queries at the centers zi and outputs xn € Q. Keep h and vy, and take

o 2 _ oo emr Yh = 70 - i T = aAt2/9
N = [+/32LR?/e ], Ty = 02 B [2dN1’ Vo mm{4L’17hN3/2}'

Under the same conditions, E[f(xy) —ming f] < € with T = 2dNB < Ty + 2dN calls. In the curvature
branch this means

4096 C, d202LR? 256 dLR? 32R>
T < c : =2 d+2d|\/32LR?
=9 B3 9 o Topr Tt [ / EW’

and in the Holder branch

4096 C,, d?c? LgD"YR2 256 7 h\ 27 degD”*R2 32R?
T < g . — (= d+2d|\/32LR? .
- 9 g2 € * 9 (D) € + 9D?2 + { 32LR /E}

Proof. (a) By Lemma L.8 with K = @, in round k

Vds
gk = Vfn(2k) + b + Ck, b = Vnn(zk) + A, 23] SM+ ==,
where gy, is Fj-measurable and E[(), | Fj—1] = 0. Since 7% (Lh + M)? < 2(Lh+ M)? < 4L?h? 4+ 4M? for d > 2,
(1.16) gives E[||Ck||* | Fx_1] < v2/B. In the Holder case, (L.2) with m =1, 7 = 0 and Cf = C, = 4 applies to
the same (i by the last claim of Lemma L.8, so the smaller of the two bounds holds. By Lemma L.7(b), ¢ = f3
satisfies the setting of Section L.1, and Lemma L.3 with the comparator u gives
R? vv? Vdé
1o = 1+ 2o ),
E[fn(zZn) — fo(w)] < wN T B T D{M + h

Both zZy and u lie in @, so (L.14) or (L.15) gives f(zZn) — f(u) < frn(Zn) — fr(u) + S(h), and f(u) = ming f.
This proves (L.17).

(b) Here S(h) = Lh?/2 = ¢/16 and v} < v;. As in (L.7), the choice of v gives R*/(2vN) + vvi /B < LR*/N +
V2R, /v NB. In this bound LR?/N < ¢/8, and NB > T,/(2d) = 128R?%? /(9¢?) gives v2Ruy,/v/NB < 3¢/8.
The conditions on M and & give D(M + v/d5/h) < €/4, so the error is at most 13¢/16. For the calls, B <
To/(2dN)+1 and N < 8LR?/e +1 give T < Ty + 16dLR? /e + 2d. With h? = ¢/(8L) and M = ¢/(8D), the parts
4L%h* = Le/2, 4M? = £%/(16D?) and C,do?/h? = 8C,do?L/e of v;, multiplied by 256dR?/(9¢?), give (L.18).

(c) Now LgDYh?/2 =¢/16 and (h/D)? = ¢/(8LsD?) < 1. Since 3/2 =1 + /2,

B e v/2
L hﬁz—( <
TR 8L/3Df3) =

<
87

and 2¢, <1 gives S(h) < 3¢/16. The rest of the argument of (b) applies, and the error is at most 15¢/16. For
the calls, insert
h )27 do? _ SC’adGQLBD'V

D 7 h2 €

g €
1312772 = = 1,07 (
and 4M? = £2/(16D?) into Tp; this gives (L.19).

(d) Replace Lemma 1.3 by Lemma L.4 for ¢ = f,. By (L.11) with o5 = ©,/v/B, the optimization error is at most
4LR?*/N? + 2Rv,/VNB < £/8 + 3¢/8, since NB > 256 R?v7 /(9¢2). The other terms are as in (b) and (c), and
the transfer inequalities apply because x € @. The contributions to Ty double, and 2dN = 2d[+/32LR?/e]. O
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L.4 Explicit call constants on a Euclidean ball

Proof of the upper bounds of Section 6. The gradient-scale bound follows from Lemma [.6 and the value-scale
bound from Lemma L.9, applied with @ = B(R), zo = 0 and D = 2R. We simplify the constants for a general @,
using R < D and [y] <y + 1, and write . = LR?/z.

Gradient scale. Lemma L.6 uses [8z] rounds, or [v/32z] rounds in the accelerated form; in both forms
2mdN < 16md(1 + z), because v/32z < 4 + 2x. Since R*(LgzD/e)?/(?~1) = (LsR?~'D/e)* 8=V the bound
(L.12) with 0 < 2 gives

2 . /LsRPID\
T < Ty + 2mdN < Cﬁ% 425 (Bf) " Camd(1 + x)
with )
_ 512mC,(4Cy)7-1  32C:  8C,
Cﬁ_max{ 9 ) 90}% +97AL%+16}7

which depends only on 8. For D = 2R, LgR°~'D = 2LgR”, and the radius and the noise conditions of Lemma L.6
take the form stated in Section 6.

Value scale. Let V = L, or, for 8 € (2,3] and the operator norm, V = min{L, LsD?~2}. If V = L we use
Lemma L.9(b). If V = LgD? 2 < L we use Lemma 1.9(c), which requires ¢ < 8LgD?. Part (d) of that
theorem gives the accelerated forms. In all cases the radius is h = y/&/(8V) and the conditions on the noise are
M < ¢/(8D) and § < eh/(8D+/d). In the Holder branch h < D and V < L, so the second term of (I..19) is at
most %dm. Hence, in both branches,

< 2048 C,, d?0? V R2 N 272 iz + 34 J
20 e 22
= 9 2 9 9

and for the accelerated form

1096C, d?0® VR? 256 32
TS =t S dat T d 4 24(VB2a + 1),

Both are at most
212C, d?0? VR?
9 g2

for the second use 8v/2v/z < 322/9 + 9. O

+32d(1 + z);

L.5 Matching bounds on the unconstrained class

In this subsection and the next, @ = B(R), xo = 0 and D = 2R, so that the problems of Lemma L.1 are those of
the class Feyx (8, Lg; L, R) and ming f = f*.

Lower bounds. Theorem 5(a), proved in Section M, gives constants cg, c’ﬁ > 0, depending only on g, with

the following property in the operator geometry. Let d > 256, let the noise be independent N(0,0?), which
is admissible at levels (0,0,0), let L € (0,00] and 0 < & < cj min{LzR?, LR?}. Then every algorithm with
E[f(&) — f*] <ce for all f € Foux(B, Lg; L, R) makes

2 LgR8\2/8 d2LR?
Tzcﬁ%min{dw, dQ(ﬁT) , == } (L.20)

calls. With L, = CcapLZ/ﬁsl_g/ﬁ as in its proof, the last term is the smallest one if and only if L < L. and
LR?/e < CeapV/d.
Corollary L.10 (Curvature matched to the hard instances). Consider the operator geometry, let cg, c’ﬁ, Ceap

be as in (1.20), let d > 256 and L,o > 0, and for M < £/(16R) and § < £3/2/(16RV/8dL) let T*(e; L) be the
smallest number of calls with which some algorithm achieves E[f (%) — f*] < e for all f € Feux(B8,Lg; L, R) and
all noise admissible at levels (M, o, 4).
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(a) If
LR? L 723 )
max ) <e<min{d;LsR?, ¢4LR? oVd}, L.21
{Ccapx/ﬁ (CcapL;/ﬁ) } e <min{ LR, & } (L.21)
then 2 27 p2 2 27 p2
L 204 294 L
cg daSR <THe L) < 048 C, + 294 d°o R’
Coap € 9 g3

with Cy = (1+27Y2)2. The upper bound is attained by Lemma L.9(b) with [SLR? /€] rounds, and with twice
the constant by its accelerated form (d) with [\/32LR2 /e rounds; neither uses 8 or Lg.

(b) If L > L and LgRPd~P/* <e < ¢4 L3R, then

d*c? (LBRB

212C, Cop V d20° (LBRﬂ )w
52

2/8
) <T*(e L) < Z

2
- 9 L. &2 £ )’

cs - + 32d(1 + ==

where V.= L, or V. =min{L, Ls(2R)?~2} if2 < B <3 and ¢ < 8Lg(2R)".

The window (1..21) is nonempty if and only if its left end is at most its right end; this requires LR? < cLﬁRﬁ
and d > " for numbers c,c” depending only on 3.

Proof. (a) The lower end of the window makes the last term of (1..20) the smallest one, which gives the
lower bound, since Gaussian noise is admissible at every level. For the upper bound apply Lemma L.9(b) on
Q = B(R), D = 2R, with h = /¢/(8L); its admissible levels are those defining T™*(e; L), and (L.18) gives
T < %% + %dLERQ + %Qd. Since € < 0v/d and LR?/e > l/c% > 1, the last two terms are at most

214262 LR? /3. For acceleration use [v/32x] < 16z + 3/2 with & = LR?/e in part (d) of that theorem.

(b) Since L > L., the proof of Theorem 5(a) applies with ¢ = Lz whenever ¢ < c,'ﬁLgRﬂ, and the lower end of the
range makes the second term of (1..20) the smallest one. The upper bound is the value-scale bound of Section L.4
with d?0?V R?/e® = (V/L.) Ceap(d?0?/e?)(Ls R Je)?/P. 0

L.6 Admissible level of Lipschitz noise

Corollary L.11 (Admissible level of Lipschitz noise). Let 8 > 2, in either geometry, let € > 0 and o > 0, and let
Mmax(e,T) be the admissible level of Section 2 on Feyx(8,La; L, R). Then Myax(e,T) > €/(16R) for every

2048 C,, d?20%LR? 272 dLR? 22
> + — + —d.
9 g3 9 € 9

If e < LR?/2, then also Myax(e,T) < 2¢/R for every T (Lemma E.7). The constants 1/16 and 2 do not depend
ond, T, o, 8 or the geometry.

Proof. Apply Lemma L.9(b) with Q@ = B(R), o = 0, D = 2R and ¢ = 0. It applies to every f € Fevx(8, Lg; L, R),
for every 8 and every € > 0, with M =¢/(8D) = ¢/(16R), and for D = 2R the right-hand side of (L.18) is the
stated number of calls. The upper bound is the first consequence listed in Lemma E.7, with p = 2. O

M THE SMOOTH CONVEX LOWER BOUND

This appendix proves Theorem 5(a). It uses the hidden-map construction of Rajaraman and Han (2026), whose
hard functions are convex and Lipschitz but not differentiable; theorem and lemma numbers of that paper
refer to its version 3. Section M.l smooths the family: the Euclidean norm in the hidden tube is replaced by

L+ -1
Han, 2026, Section 4.2) is replaced by a hinge of class C'972. Section M.2 carries the information argument of

Rajaraman and Han (2026) over to this family with explicit constants, and Section M.3 rescales the family to the
convex classes.

— 1, and the hinge that joins the function to a conic branch outside the unit ball (Rajaraman and
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M.1 A smooth hidden-map family

Throughout this appendix d = 2dy, § > 2, ¢ = [f] — 1 and v = 8 — q. We write BY(R) for the closed Euclidean
ball of radius R in R”™ and Bf = B¥(1). Norms of derivative tensors are multilinear operator norms. The symbols
W, u, m, Mj, Sk, Ef, Kg“be and Uj are local to this appendix: W is a matrix, and the constants are unrelated to
the Hessian bound L and to the stencil constants S7, Ss.

The tube. For 0 < ¥ < 1/2, 7 > 164, a dy x do matrix W, a vector u € R% and z = (z,y) with 2,y € R%_ set

Bw (z,y) = Wx/r —y/(87), aw (z,y) = \/1+ || Bw (z,y)|I” - 1,
bu(w,y) = 3 al|* = (@,u) fwau(z,y) = 9{log(e? @) 4 u(#:¥)) —log 2}, (M.1)

With ||Bw|| in place of aw and € = 9, this is the hard function of Rajaraman and Han (2026, Section 2). The
bounded parameter set is £y, = {[|W||,, <4, [lul| < 3/8}.

Lemma M.1 (Geometry of the smooth tube). The function f = fw. is smooth and convex on R2% | gnd
f(0) = 0. It has the global minimizer z, = (u, (89/r)Wu), and for every z = (x,y),

2) — fze) >
T =16 2 S T (P /2)

On Ey, ||zl < p=3V5/8 and f is 1-Lipschitz on the unit ball.

2
[l =

Proof. The proof follows that of Rajaraman and Han (2026, Lemmas A.1 and A.2) for the tube ||Bw ||. Both
arguments of the log-sum-exp are convex, and log-sum-exp is convex and coordinatewise increasing; the minima
0 of aw and — |[ul|? /2 of b, are both attained at z,. Since aw > 0, by(z) + ul®/2 = ||z — u|® /2, and
h(t) = log(1 + ') satisfies h/(t) > (1 4 ell“lI*/2)=1 for ¢ > —|ju||® /2, integrating A’ gives the error bound. On
Ey, Vf is a convex combination of 9Vaw (z) = 9B, Bw (2)/(1 + || Bw (2)||°)'/2, where By}, is the adjoint of the
linear map By, and of J(z — u,0). Their norms are at most J || Bw ||, < (16092 /r% 4+ 1/64)*/? < \/5/8 and, on

the unit ball, ¥(1 + 3/8) < 11/16. Finally ||(89/r)Wu| < 2 ||ull, so [|z|| < V/5 |lu]| < p. O

A smooth hinge. Let n =g+ 1 and Ay = 1/64, and define

n ! t (s4+Xo)/Xo
on(t) = (2(7;821)75”(1 —t)" 1o (t), Hn(t) = / on(v)dv, Y(s)= )\0/ H, (t)dt.

This hinge replaces the C? hinge of Rajaraman and Han (2026, Appendix C). It satisfies ¥ € Ot = 0972

0<¥ <1, 0" >0and ¥(s) =0 for s < —Ag. Symmetry of ¢, gives U(s) = s+ A\g/2 for s > 0, and convexity

gives ¥U(s) > s+ A\g/2 for every s. Put

2n+1)!
(n!)24n ’

Since ¥ (s) = ¢, ((s+ Xo)/Xo0)/ Ao, we have X\o¥ || U”|| , < 1 whenever ¥ < ¥g. Put Uy =1 and, for 2 < j < g+1,

Ui=X"’

Vi = mtaxcpn(t) = Y5 = min{l1/2,1/V,}.

%0%]'72)“ : ]; these are maxima of fixed polynomials, and ‘\Il(j)| <Ujfor1<j<q+1
0,[0,1

Global extension. Set I'(z) = Ao + (]|z|| — 1)/2 and define

_ ) TE +¥Nofwulz) = T(2) = 200), 2] <1,
gW,u<Z)

“\re. el > 1. (M.2)

For arbitrary (W, u), the same formula defines the mean pyy,, of the auxiliary experiment in Section M.2.

Lemma M.2 (Smooth extension and global decoding). For (W, u) € Ey, g is convez, globally 1/2-Lipschitz, and
C9*L on R240. [t equals T whenever ||z|| > 30/31, and z. is a global minimizer. Let TI(2) = 2/(1V ||z||) be the
radial projection and T1'(z) € R% its x-component. Then

9(2) = g(z+) = Ao{f(I(2)) — f(2+)}

AoV 2
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Proof. Apart from the smoothness, these statements are Rajaraman and Han (2026, Lemma 4.3) together with
its proof in Rajaraman and Han (2026, Appendix C.1), where the radius 30/31, the Lipschitz constant 1/2 and
the first inequality in (M.3) are obtained for their tube and hinge. That proof uses only the following properties,
which hold here by Lemma M.1 and the properties of ¥ listed above: f is convex and 1-Lipschitz on the unit
ball, f(0) = 0, and z, minimizes f with ||z.|| < p < 29/33; ¥ is convex, 0 < ¥ <1, ¥ = 0 on (—o0, — ],
P(s) = s+ Ag/2 on [0,00) and ¥(s) > s+ Ag/2. In that proof g is written as I + U(Aof — T — 2Xo) with the
convex 1-Lipschitz extension f(z) = infUGBgdo {f(v)+ |z — v||}, which equals f on the unit ball. Since f(z) < ||z,

the hinge argument is at most (29 — 31 ||z||)/64, hence at most —\g for ||z|| > 30/31, where the hinge term

therefore vanishes; so this function agrees with (M.2). The second inequality in (M.3) follows from Lemma M.1
2

and |lul|” /2 <9/128.

It remains to prove smoothness. For ||z|| < 1/4, f(z) > —||z]|, so the hinge argument is at least (29—33||z]|)/64 > 0
and g = \of — 3\o/2; the nonsmooth norm in I' cancels. On 0 < ||z|| < 1 all ingredients are C9™1 and g =T on
the collar 30/31 < ||z|| < 1 and outside it. Hence g € C9T1(R20), O

Derivative constants. For k > 1, let (1/2); denote the falling factorial and set

k! 2% L
Py = Z alb! |(1/2)ﬂ} ) Mj =2 1(] - 1)‘
a+2b=k

Let By, be the set of partitions of {1,...,k}, and define

Crp =P, + Z M H (Pla +2),

TeP Aem
Gy = %Pk4k_17 Sk = XCr + G,
By =Gr+MCi+ > U [[ S 1<k <q+1),
TEP Aem

Ki'e = (2E,)' E], ).

Lemma M.3 (Global smoothness and Hessian cap). For 0 < ¥ < dg, r > 169, and (W,u) € Ey,

sup HD’“g(z)Hop < B9tk 1<k<q+1), [9]8,0p < Kgubeﬁl_ﬁ, 0=<V3g =< Ey I
The constants depend only on (3.

Proof. We bound the derivatives of f on the unit ball, then those of g on the regions ||z|| < 1/4, 1/4 < ||z]| < 1
and ||z|| > 1, and interpolate.

Step 1: derivatives of f. Faa di Bruno’s formula for h(v) = 1/1 + [|v||* has only blocks of size one or two. There
are k!/(a!b!2%) partitions with a singletons and b pairs, and the sum of their absolute contributions is at most
the corresponding summand of P, times (1 + [|v]|*)2=%)/2. Thus Hth(v)Hop < P, and, as |[Bw|,, <97,

||D’“aW||Op < P,9~*. On the unit ball the nonzero derivatives of b, have norms at most 2. Write

f = Vaw + Oho(by — aw) —Vlog2,  ho(t) = log(1 + €").

Here h{, = p with p(t) = €' /(1 + €') € [0,1], and each further derivative is obtained by applying p(1 — p) d/dp to
the preceding polynomial in p. By induction, h((f )is a polynomial in p whose absolute coefficients sum to at most
M;. Faa di Bruno’s formula for the composition and ¥ < 1 give ||Dkf||0p < Cx9'~% on the unit ball.

Step 2: derivatives of g. The same computation for | z|| shows HDkF(z)HOp < Gy, for ||z|| > 1/4. On the annulus

1/4 < ||z|| £ 1 the derivatives of the hinge argument are at most S,9!~*. In Faa di Bruno’s formula for ¥
composed with the hinge argument, the term of a partition 7 with j = || blocks is at most U; [] 4, S|4/ times
¥k < 9=k This proves the bound E,9'~* on the annulus. The same bound holds in the inner ball, where
g = Xof —3Xo/2, and outside the unit ball, where g =T.
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Step 3: Holder and Hessian bounds. With t = ||z — 2/||, the uniform bounds on D%g and D% 'g give

1Dg(2) — Dg(2")|,p < min{2E,9' "9, B4 1979} < KE“beﬂlfﬁtV.

Convexity and the case k = 2 give the Hessian inequalities. O

M.2 Information lower bound for the smooth tube

The next theorem is the estimation lower bound of Rajaraman and Han (2026, Theorem 4.2) for the smooth
family, with explicit constants and with the amplitude and the noise level kept separate.

Theorem M.4 (Smooth-tube information lower bound). Let dy > 128, A,c > 0, 0 < ¥ < ¥, and
r > max{1619,dal/4}. Let 7 be the prior under which vec(W) ~ N(0,I4/do) and u ~ N(0,1a,/(16do)) are
independent, and let mp, = (- | Ey). The unknown function is Fy., = Agw.u, and a query at z; € R*% returns
Fw.u(2) + 0Zy, where Z1,Zs, . .. are independent standard Gaussian variables, independent of (W, ) and of the

seed of the algorithm. Queries and the output Z are unrestricted, and the algorithm may know A,c,9,r, 3 and .
Put v = A g¥/o. If

T min{d5/?, d2/r*}, (M.4)

1
< S ——
6553612
then every adaptive randomized algorithm with at most T queries has Bayes error E[Fyy,,(Z) — min Fyy,,] under
mp greater than AXNg9/4096. In particular, its expected error is greater than AXg9/4096 for some (W, u) € Ey,.

Proof. We follow the proof of the estimation bound of Rajaraman and Han (2026, Theorem 4.2) in Appendix C.3
there. It combines the reduction of their Lemma 2.7 with their Lemma C.1, which is the version of their
Lemmas 2.1-2.3 for the auxiliary mean. Dividing the observations by ¢ gives their model with the mean multiplied
by A/o, so that v plays the role of their Ae. Apart from the decoding inequality (M.3), these proofs use the tube
and the hinge only through the parameter derivatives of the mean (Step 2) and an anti-concentration bound for
the weight of the second branch (Step 5). We verify both for the smooth family and keep track of the constants.

Write 6 = (W, ). Let H; be generated by the seed of the algorithm and the first ¢ query-—response pairs, so that
z¢ is Hy_1-measurable. For a density p let J(p) = [(Vlogp)(Vlogp)"p. In the auziliary ezperiment 6 ~ 7, and
a query at z; returns Apg(z:) + 0Zy; put hg = Aug/o.

Step 1: reduction to the auziliary experiment. For g ~ N(0, I4,) and a > 1 the Chernoff bound gives P(||g|* >
ady) < exp{—do(a—1—1loga)/2}, which is at most e~%/2 for a = 4 and at most e~%/% for a = 9/4. For a dy x dy
matrix G with independent standard Gaussian entries and a 1/4-net NV of the unit sphere with |A/| < 9% we have

1Gllop < (4/3) maxyen [|Go|[; the case a = 9 and a union bound give P(||G|,, > 4v/do) < e~ do(4=310g3) < g=do/2,

For W = dy /2G and u = g/(4y/dp) this yields
P(ES) < e™%0/2 4 emd0/8 < 9e=do/8  P(||lu|| > 1/2) < e %/2,

Let @ = IT*(2), so that ||@]| < 1. Since E |jul|* = (1 +2/dy)/256 and dy > 128, the CauchySchwarz inequality
gives

1/2

E[|[a - ul® 1g] < 2P(Ef) +2(E [[u]* P(Ef)) '~ < 5e~%/1% < 1/512. (M.5)

On Ey, 119 = gg at every point of R2% 5o, as in Rajaraman and Han (2026, Lemma 2.7), the law of the whole
trajectory of the auxiliary experiment conditional on Fj is that of the actual experiment with prior 7. With
(M.5) this gives By, [0 — u|® < Ex, 41T — ul|* + 1/512, where the subscripts indicate the prior and the mean

function. On Ep, (M.3) and €%/128 < 3 give Fp(2) — min Fy > (A\g?/8) T (2) — qu Hence Bayes error at most
AXg¥/4096 under m, would imply E., , [|u — ul|* < 1/512 and Er,.llu— ul|* < 1/256. It remains to show that

under (M.4) no estimator has E ||z — u||® < 1/256 in the auxiliary experiment; all expectations below refer to this
experiment.

Step 2: parameter derivatives. At a query with ||z¢|| > 1, ug(2:) = I'(2¢) does not depend on 6. For ||z|| < 1 put

ebu(zt)
bt = m, St = Aofe(zt) - F(Zt) — 2A0.



Minimax Oracle Call Complexity, Rounds and Admissible Noise in Zeroth-Order Optimization

As in Rajaraman and Han (2026, Appendix C.2), with ¢ = and A = Ao,

Vu/,tg(Zt) = —)\Oﬂ\lll(st)ptxt,
V2 po(zt) = [NV (s¢)pe(1 — pe) + ANGO* V" (s0)p} ] ze
IVwpo(z) || o < Aod/ 73 (M.6)

the last bound holds because dfy/daw < 9 and Vyaw (z) = Bw (z)x; /(r(1 + | Bw(z)|*)"/?) has Frobenius
norm at most ||z¢| /r < 1/r. Put p; = 0 if ||2¢]] > 1, and

T
I() = 07 IT = l/2 Zp?l‘tl‘;r, TT = E[IT ‘ HT]
t=1
Since 0 < W' < 1, X\ |¥”|| . < 1 and ||z¢|| < 1, the bracket in (M.6) lies in [0, \o¥p;], and By = VZhg(z;)
satisfies

(Vuho)(Vuho) " =1, —I,—1, B} <1, —I1,_;. (M.7)
These bounds, the Gaussian prior and the at most linear growth of py in 0 justify the differentiations under the
integral sign and the integrations by parts below, first with compact cutoffs.

Step 3: posterior spread. Let pr, be the marginal posterior density of u. Given (M.7), the proof of Rajaraman
and Han (2026, Lemma 3.1) with n = 1 and 6 = 1/4 applies verbatim. It gives

T

‘](pT,u) = 16d01do +TT - 6T7 Cr = Z ZtBta 6T = E[CT ‘ HT]? (MS)
t=1

J(pru) = 17dol4, + 317  with probability at least 3/4. (M.9)

Here 16do14, is the prior precision of u. For the second bound, that proof applies the matrix supermartingale
inequality (Tropp, 2011, Lemma 2.1) to X; = —Z; B;, using Ele=%8t | 0, Hy 1, 2] = ¢B%/2 and the second bound
in (M.7), and obtains —Cr =< I1/2 + log(4dy)I4, with probability at least 3/4; then log(4dy) < dy gives (M.9).

Now suppose that E ||z — ul|* < 1/256. The posterior mean minimizes the conditional risk, so Markov’s inequality
gives tr Cov(u | Hr) < 1/64 with probability at least 3/4. Let St be the intersection of this event with the event
in (M.9); then P(Sr) > 1/2. The Cramér-Rao inequality Cov(u | Hr) = J(pr.)~ ! (integration by parts gives
E[(u — Eu)(Vlogp) '] = —I, and a Schur complement concludes) shows that on Sz the trace of the inverse of
17dolq, + %TT is at most 1/64. If fewer than dy/2 eigenvalues of I were at least dy, this trace would exceed

(do/2)/((37/2)do) = 1/37 > 1/64. Thus on St at least dy/2 eigenvalues of I are at least do.

Step 4: information about W. Let p; w be the marginal posterior density of W and K; = dgz Trouy J (pr,w ), where
Trout sums the dg diagonal blocks indexed by the output rows of W (Rajaraman and Han, 2026, Section 2). The
proof of Rajaraman and Han (2026, Lemma 2.2(1)—(2)) in Section 3.2 there applies verbatim with ||V hg|| < v/7
from (M.6): Ko = Iy,, Kt X E[K¢11 | Hy], and

V2T

Etr Kr <dy+ —-
PAT = 0+r2d(2)

(M.10)

Step 5: anti-concentration. Rajaraman and Han (2026, Lemma 3.2) bounds small-ball probabilities by Fisher
information with an unspecified constant; we use an explicit version. Let Z € R%, dy > 3, have a differentiable
density with scalar Fisher information .J;, < co. Integration by parts against Vs(w) = (w—2z)/(|Jw — z||°*+8), whose
divergence is at least (do—2)/(|lw — z||* +0), and the Cauchy-Schwarz inequality give (do—2)E(]|Z — 2| +0)~! <
(JuE(|Z — 2||* + 6)"1)Y/2. Letting 6 | 0 gives Hardy’s inequality E || Z — z|| % < Jiu/(do — 2)2, and Markov’s
inequality gives

32Jtr 9S2Jtr

<

(do—2)2 = d?

B(1Z -2 <) < (M.11)
Fix a history and an in-ball query with z; # 0 (the case x; = 0 is trivial), and let Z = Wx; with W distributed
according to p;—1,w. The argument in Rajaraman and Han (2026, Section 3.2) relates the scores of W and Z
and gives
tr J(2)
dg

tr J(2)
dg

) <Ky, x) K Yo < 1. (M.12)
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The matrix K;_; is positive definite, since a positive differentiable density whose Fisher matrix has a null direction
is constant along lines in that direction and hence not integrable.

Let B = {||lul| <1/2} and H; = 2] K, z;. On E, b,(2) < 1, so p?1p < exp|—2(aw (z) — 1)4], which depends
on 0 only through W. This is the step that changes for the smooth tube: for s > 0,

{aw (20) < st = {[[Way —ry/(80)]| < rV's? + 25},

whereas for the tube || By || the radius is 7s. Using e=2(@=D+ = = 2672(5*1)1{(19} ds, (M.11) and (M.12), we
obtain -
HEP g | Hi1, 2] < 9r2/1 2e7267 (5% 4 25) ds = Dr? < 5007 (M.13)

Step 6: projections and the contradiction. Let A = 16(1 + v2T/(r2d3)). The construction of Rajaraman and Han
(2026, Section 3.3) gives H;-measurable orthogonal projections Ig, = Qo = Q1 > -+ = Qr with Q: K Q¢ = AQy:
Q; is obtained from @;_1 by removing the eigendirections of @Q;_1K;Q¢_1 with eigenvalues larger than A. The
submartingale property and (M.10) give, as there,

Etr(Iy, — Qr) < do/16. (M.14)

1 172 4 |12 . 1/2 1/2 : . 172 .
Moreover K; ~ = @Q;/A: the bound HKt Q¢ < A gives K, "Q:K,’” = AI, and conjugation by K, gives
op

the claim. Hence z] Qrz; < 2] Q;—17; < AHy, and (M.13) gives E[tr(I7Q7)1g] < 50Av?Tr?. Since tr I+ < 12T,
P(E°) < e~%/2 < d;'? <12 and Etr(TrQr) = Etr(IrQr), we get

_ 4T2
Etr(IrQr) < 801 (VZTT2 + ”d3 ) . (M.15)
0

On the other hand, by (M.14) and Markov’s inequality, rank Q7 > 3do/4 with probability at least 3/4. On the
intersection of this event with Sr, which has probability at least 1/4, the span of the eigenvectors of I with
eigenvalues at least dy meets range Q7 in dimension at least dy/4, so tr(ITQr) > d3/4 and

Etr(IrQr) > d3/16. (M.16)

By (M.4), v2Tr? < 271642 and v*T?/d3 < 2732d2, so the right side of (M.15) is less than 801(2716 +2732)d2 <
d2/16, which contradicts (M.16). Hence no estimator has E ||a — ul|> < 1/256 in the auxiliary experiment, and
Step 1 completes the proof. O

M.3 Scaling to the convex classes

Let Cg,1,,r denote the convex functions F : R¢ — R of class C? with [Fg,op < L and a global minimizer in
B4(R). A query at X; € RY returns F(X;) + &, where the & are independent N(0,0?) variables, independent of
the seed of the algorithm. Queries and the output are unrestricted. The algorithm may know 3, Lg, R, 0,7, the
hard family and its construction parameters, and, on the subclass with V2F < LI, also L.

Lemma M.5 (A quantitative hard family). Let § > 2, Lg,R,0 > 0, and d = 2dy with dy > 128, and let
Kg“be,Eg,ﬁg be the constants of Section M.1. For every accuracy scale

1/
LsRPY) Kfegg 1
0<€0§ le’ ¥ = <1;Bﬁ}%5 s 7"=max{16197d0 / },
every adaptive randomized algorithm using an integer budget
O'2 5/2 d(2)
T in<d M.1
< 1622 mm{ 0 256192} (M.17)

has expected error greater than e0/262144 on some F € Cg 1, r. The hard functions also satisfy

Foe E
2 2€0 2
0=V FjRQﬁQI_KEUbe

LgRP=29P=2]. (M.18)
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The same assertion therefore holds on the subclass with a known Hessian cap L whenever the right-hand side of
(M.18) is at most L. Odd dimensions are covered by dy = |d/2] and one unused coordinate.

Proof. Set A = ¢g¢/9 and Fy(x) = Age(z/R) for 6 € E}. By the condition on g, ¥ < 9g.
The class. By Lemma M.2, Fy is convex and has a global minimizer in B¢(R). By Lemma M.3,
[Folgop < ARTPKE™9 P = KiPeeg R™P9~F = Lg,

and V2Fy < AR“2Ey0~'1, which is (M.18).

The budget. A query of Fy at X is a query of Agy at X/R, and errors are preserved. Lemma M.4 excludes Bayes
error at most A\g1/4096 = €(/262144 whenever

2
T <2716 <A;19) min{dg/27d%/r2}.
0

Since AY = €9, A\g = 1/64 and 72 = max{256192,d61/2}, this is (M.17). Bayes error greater than £y/262144
implies the same lower bound for the worst case.

Odd dimensions. Extending Fj to R?%+1 by a coordinate on which it does not depend preserves the class, the
errors and, after projection of the queries onto the first 2dy coordinates, the Gaussian experiment. O

Proof of Theorem 5(a). Let Ceap = 218072/8) By (K1) =2/5 and ¢ = ﬁg/(?lSKg‘be). For L € (0, 00] put

(= min{Lg, (L/Ccap)B/QE—(5—2)/2},

with ¢ = Lg if L = co. Apply Lemma M.5 with £ in place of Lg, g9 = 2'% and dy = |d/2| > 128; the condition
on gg is € < ¢4¢RP. The hard functions have [F|s o, < ¢ < Lg, and by the definition of ¥ the cap in (M.18) equals

EQE()
R292

= By(Ki) /0Py ™20 = Coap?/Pe' 210 < I,

so they belong to Feux (8, Lg; L, R). An e-accurate method therefore needs at least the right-hand side of (M.17)
calls; with do > d/3 and 92 = (2'8K}">e /(¢RP))?/P this is at least c(0?/e?) min{d®/?, d*((R” /¢)?/P}, and

(@)W :mm{(LﬁRﬁ)?/é LE? 3

€ € Ceape

The condition ¢ < ¢j¢R” holds if ¢ < c¢)LgR? and ¢ < (c))*PLR?/Ceap. The theorem follows with cp =

min{c), (cp)?/#/Ceap} and cz divided by max{1, Ceap}. For L > L. := CcapLZ/Bal_Q/ﬁ one has ¢ = Lg, and the
third term of the minimum is not the smallest. O

M.4 The separable bounds for convex functions

Akhavan et al. (2020, 2024) state their bounds for strongly convex functions. This subsection derives from them
the lower and the upper bound on Feyx(8, Lg; L, R) in their row of Table 2 and compares the lower bound with
Theorem 5(a). Let A= LgRP/e, S = 0%/e? and K = LR?/e. The lower bound rescales the construction in the
proof of Akhavan et al. (2024, Theorem 22) (see also Akhavan et al., 2020, Theorem 6.1), whose minimizers lie in
the unit ball. Below the seminorm is the operator seminorm, the errors are independent N(0,0?) with o > 0,
queries may be adaptive and unrestricted, and all constants depend only on 5 and on the fixed function ¢.

The cited family. Let ¢ : R — R be the bounded smooth function of the cited proof, with ¢’ =1 on [—1/4,1/4]
and ¢’ = 0 outside [—1,1]. For h,a,k >0 and w € {—1,1}¢, set

koo d
fu(z) = 3 |2]* + @ wip(zi/h).

i=1
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Its operator Holder seminorm is at most Cgah™". If k > Cga/h?, the Hessian lies between kI/2 and 2k,
(z%); = —aw; /(kh), and ||z%|| = V/da/(kh). The bounded differences between adjacent functions and the testing

w
argument of the cited proof give, whenever T' < cgo?/a?,

sup Eo [fu (2) — fu(2))] 2 cpda®/(kh?), (M.19)
where E,, denotes expectation under f,,.

Lower bound. Letd > 1, 83> 2, Ls,R > 0and 0 < ¢ < ¢gLgR?. Put hy = (¢/(dLg))*/? and hy =
(¢/(Vd RLg))*®=1 and choose

h=Csmax{hy, ha},  a=csLgh?,  k=Cplymax{h’™* Vdn’~'/R}.

The functions have seminorm at most Lg and minimizers in B(R), and the right side of (M.19) is at least a
constant times min{dLgh”, \/&RLﬁhﬁ ~11, which exceeds ¢ for a sufficiently large constant in h. Thus every
g-accurate method requires

2 AN /(6D
T > CB% min {d2, dB/(B=1) (’f) . (M.20)

Since hi,hy < (¢/Lg)/?, VALgh{™' /R = L/ =V/8q"/8=1/2 R, \JALghi ' /R = ¢/R? and e < LR’
both terms of k are at most C[gLZ/’gal’Q/ﬁ. Hence these functions belong to Fevx (8, Lg; L, R) whenever L >

CBLZ//BEI’W’B. The two terms of the minimum in (M.20) are equal at ¢ = LgR?d'~#/2 and the term d? is the
smaller one for smaller e.

Upper bound by regularization. For f € Feuw(8,Lg; L, R) put f, = f+ ,uH~||2/2 with u = ¢/R?. The
minimizer of f, lies in B(R), its seminorm is at most Lg, and pul < V?f, < (L+ p)I; let A > 1. Akhavan et al.
(2024, Theorem 18 and Table 1), applied to f,, at accuracy /2, gives error at most ¢ for f with

T < Cp{d*SA%/P=Y L d(1 + K)*}
calls. The third term of that theorem requires a budget of order ), where
QP = dPT2(1 4+ K)PSA™2 < [d(1 + K)?)P [a254%/5-1)),

so it is absorbed by the two displayed terms. The leading statistical term alone suffices when it dominates
d(1+ K)?2. The bound of Akhavan et al. (2024, Corollary 19) is not used here, because its constant depends on
L?/o2.

Size of the improvement. Let A = L[;RB/E with 1 < A < d°/%. On this range the lower bound of
Theorem 5(a) is Sd?A?/8 up to a constant factor, and its ratio to (M.20) is at least a constant times d(#=2)/5,
Indeed, for A > d#=2)/2 the prior minimum is d* and the ratio is A%/?; for A < d(#=2)/2 the prior minimum is
dP/(B=1) A2/(B=1) and the ratio is d(#=2)/(F=1) 4=2/(B(6-1)) which decreases in A and is d(#=2)/F at A = (6~2)/2
and d(26=5)/(28=2) > q(B=2)/8 at A = dP/* when 8 > 4. For A > dP/* the new lower bound is c5Sd®/? and (M.20)
is at most c3Sd?, so the ratio is at least of order d'/2. Both bounds hold on the same class Fevx(B, Lg; L, R) with

L>CyLy/Pet=2/8,

N NON-EUCLIDEAN GEOMETRY, CONSTRAINTS, AND AN /; UPPER
BOUND

This appendix proves the results of Section 7. Sections N.1 and N.2 transfer the Euclidean lower bounds of
Sections E and M through image balls to Holder regularity measured in an arbitrary norm, to minimizers localized
in an arbitrary set and to constrained problems. Section N.3 evaluates these bounds on ¢, balls. Section N.4
proves an upper bound on the ¢; ball that is linear in the dimension up to logarithmic factors for conditionally
sub-Gaussian centered noise without an oblivious component; in a range of accuracies the lower bound is linear in
the dimension as well.
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Notation. Throughout, 3 >2,¢=[#] —1>2and v = 3 — ¢ € (0,1]. In this appendix [-|| is a norm on R?
with closed unit ball B (written ||-[|z in Section 7), [lull, = supy, < (u,v) is its dual norm, and the Euclidean
norm is written ||-[|,. We write ||-[|, for the £, norm, B} (R) = {y € R" : [ly||, < R} and B} = By(1). For a
j-linear form A on R? and for f € C9(RY) let

1D f(2) ~ D).
fo =yl

Al = sup{|Afur, .. ]l =l < 1, gl <13, [flagg = sup :
x£y

so that [f]g .| = [fls,s in the notation of Section 7 and [f]g ., = [flg.op; Wwe write [f]g, = [f]57‘|.”p. For

a nonempty set K C R? let C(3,Lg; |||, K) be the class of convex f € C?(R?) with [f]z. < Ls and

argmin f N K # (). For a linear map P : RY — R" and a symmetric d x d matrix H let

1Pllss = max|[Pally,  H [y = sup{u’ Ho: Jul < 1] < 1},

and let || P[[,_,, be the spectral norm of P. If ||lull, < ko [lul| for all u, then [|A] < Ko || Al for every g-linear
form A and ||z — y||; < k¢ ||z — y||”, hence

£15.11 < %6 115,005 (N.1)
for |-, with 1 < p < 2 one may take ro = 1.

Definition N.1 (Image radius). Let C' C R¢ be nonempty and 1 < n < d. Image balls (P, z,7) of C with
P :R?Y — R" are defined in Definition 2 with K = C; their first condition is ||P||z_,, < 1. The image radius of C
is

R.(B,C) = Sup{r >0: (P,z,r) is an image ball of C for some P, z}, sup@ = 0.

This is the quantity of Dorn et al. (2026), who write the supremum as a maximum. For compact C' with
Rn(B,C) > 0 the supremum is attained, because P and z stay bounded along a maximizing sequence and a limit
of image balls of a compact set, with radii bounded away from 0, is again an image ball. Thus positive image
radius is precisely the geometric condition used by the transfer theorem. For centrally symmetric convex C' the
center may be taken to be 0 (Dorn et al., 2026, Lemma J.1).

Oracle. We use the round model and the noise of Definition 1; unless stated otherwise, 7 is Lipschitz in the
Euclidean norm. The lower bounds use independent N (0, %) noise and allow adaptation after every call, so they
hold for every number of rounds.

N.1 Pull-back of hard functions

Lemma N.2 (Pull-back). Let K C R?% be nonempty, let 1 <n < d, and let (P,z,7) be an image ball of K. Let
g :R" = R be convexr and q times continuously differentiable, with [g]s.op < Lg and a minimizer y* € z + rBY,
and put f =go P.

(a) f is convex and q times continuously differentiable, D7 f(z)[u1, ..., u;] = DIg(Pz)[Pui,..., Puj] for 1 <
j<a and [flg )y < IIPl5oe Lo < Ls.
(b) Vf(x) =P TVg(Px) and V?f(x) = PTV2g(Pz)P. Hence, for all x € RY,

IVF@IL < IN9(P)l,. IV F@) gy < [9%0(Po)]

op’
If0=V2g < LI on R", then 0 < u" V2f(2)u < L ||lul|* and 0 = V2f(z) < L ||P||§_>2I for all z,u € R%.

(¢) There is x* € K with Px* = y*; it minimizes f, min f = ming, and f(x) — min f = g(Pz) — ming for all x.
In particular f € C(B, Lg; |||, K).

(d) Let A be an algorithm on R with T calls in N rounds, and let Ap be the algorithm on R™ that uses the same
random elements, runs a copy of A, answers each query x of the copy by querying Px, and outputs PZ; it has
T calls in N rounds. For every noise admissible at levels (M',0,0) in the run of Ap on g there is a noise
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admissible at levels (M" || P||,_, ,0,0) in the run of A on f under which the random elements, the queries of A,
the observed values and the error components coincide pathwise with those of the copy; independent N (0,0?)
noise corresponds to independent N(0,0?) noise, and E[g(P#) — min g] = E[f(#) — min f]. Consequently, if
A is e-accurate at levels (M, 0,0) on a class that contains go P for all g in a class € of functions as above,
then Ap is e-accurate on & at levels (M ||P|y_,5,0,0), with the same numbers of calls and rounds.

Proof. For exact function values this is the image-ball reduction of Dorn et al. (2026); we check the regularity of
order 3 and the noise model. The chain rule gives D7 f(x) = D7 g(Pz) o P®J, so

[ D f(z) — qu(y)H“.H < ||P| g2 |Dg(Pz) — Dig(Py)ll,, < Ls ||P||q3j2 Jz =y

op —
The norm bounds in (b) follow from || Pul|, < |lu|| and || Pull, < ||P[5_4 |||y, and (c) from y* € z4+rBy C P(K).

For (d), let the run of A on f use the same random elements and the same variables &7, £2, 0; as the run of Ap on
g, and put n = i’ o P, where 1’ is the Lipschitz component of the latter. Since f +n = (¢+n') o P, induction over
the rounds shows that the two runs observe the same values. The queries of a round are functions of the random
elements and of the values of the earlier rounds, so both runs generate the same o-algebras F;_; and &. Hence
(C), (O) and (A) carry over, 7 is fixed before the run, and |n(z) — n(y)| < M’ ||P(x —y)|ly < M ||P|lo_s [l — yll,-
Finally f(z) — min f = g(P#) — ming by (c). If the Lipschitz component on R? is measured in ||-|| instead, the
same computation gives the level M’. O

N.2 Transfer of one-point lower bounds

Euclidean lower bounds. Write Ky, Ey and sy for the constants Kg, Es and 95 < 1/2 of Lemma M.5 (not
those of Lemma E.1), and put Cy = EHsﬁ_2/KH. Forn > 1, z € R™ and r > 0 let £,(z,r) be the class of convex
g € C1(R") with [g]g,op < Lg and a global minimizer in z 4+ rBj, and let £2P(z,7) be its subclass defined by
0 < V2g < CuLprP=2I. The translation g — g(-+ 2) maps these classes onto &, (0,7) and E$*P(0, ) and preserves
optimization errors. We use two bounds for independent N(0,0?) noise and adaptive randomized algorithms
with unrestricted queries and outputs. This noise is independent of the random elements of the algorithm, so
both bounds hold in the model of Definition 1.

(H1) For n > 256 and 0 < & < ¢y Lgr?, every algorithm with sup,¢geor (g ) E[g(§) — min g] < e uses

2
T> CHU—2 min{n®2 n?(Lgr?/)?/P}
€

calls, even when the Hessian cap and all parameters are known. This is Lemma M.5 with R replaced by r, with

g0 = 2'8¢ and with the half-dimension m/ = |n/2] > 128 (denoted m there), so that m’ > 253n; it gives

s> 255

/o _°H :2740<7
T s, M 512

)5/2 min{1, 278218 Ky) "2/},

The scale parameter ¥ of these hard functions is at most sy, so (M.18) bounds their Hessians by CyLgr®=2.

(V) For n > 1 and 0 < e < ¢4, Lgr?, every algorithm with SUPyee, (0,r) Elg(9) — ming] < e uses T > eyn’o?/e?
calls. This is the operator case of Lemma .6, whose proof applies to every n > 1 and gives cy = (3/(256K5))?
and ¢, = 3(2K3)# /(128 K5 K 3), where K3 = max{1, K2} and K>, K are the constants of Lemma E.1.

Theorem N.3 (Geometry transfer of one-point lower bounds). Let K C R? be nonempty, let 1 <n < d, and
let (P,z,7) be an image ball of K. Consider independent N(0,02) noise and an algorithm with T calls, in any
number of rounds, such that E[f(£) — min f] < e for every f in a class F of functions on R.

(a) If F 2 {go P:g € E2P(z,7)}, for instance if F = C(B, Lg; |||, K), and if n > 256 and 0 < ¢ < cjyLgr?,

then ) .y
L 2/p
T > CH% min{n5/2, n2<57r> }
€ €

() If F 2 {go P : g € Ezn)}, for instance if F = C(B,Lg; |||, K), and if 0 < ¢ < & Lgr®, then
T > cyn?o?/e2.
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Every f = go P with g € £$°(z,r) satisfies, for all x,u € R?,
0<u'V?f(x)u < CuLpr®* ul®,  |[Vf(@)ll, < CuLpr’>(|[Px — 2|, + ), (N.2)

so (a) holds also on the subclass of C(B, Lg; ||-|| , ) defined by (N.2), even when these bounds, P, z, r and all
class parameters are known. If in addition ||P||, ,, < 1, these functions satisfy the Buclidean cap 0 < V2f <
CuLgr®=21I, and (a) holds on the corresponding subclass. If K is compact, (a) and (b) hold with r = R, (B, K);
for general K they hold for every r < R, (B, K).

Proof. Let go range over £52P(0,r) for (a) and over &,(0,r) for (b), and put g = go(- — z). By Lemma N.2(c),
goPeC(B,La; ||, K). The algorithm Ap of Lemma N.2(d), with its queries shifted to Pz — z and its output
to PZ — z, has on gg the error of the given algorithm on g o P, with the same calls, rounds and Gaussian noise.
Bounds (H1) and (V) therefore give (a) and (b). If g € E5*P(z,r) has the minimizer y*, then, with L = CyLgr®~2,
IVaw)lls < Llly —y* |l < L(|ly — 2|5 + r); together with Lemma N.2(b) this gives (N.2) and the Euclidean cap.
The last assertion follows from the attainment of the image radius for compact K and from the definition of a
supremum otherwise. O

Corollary 1 follows from parts (a) and (b), with ¢ = min{cy, cv} and ¢ = min{cy, ¢y}, and from the following
corollary.

Corollary N.4 (Restricted queries and functional constraints). Let K and n be as in Lemma N.3, let ¢1,...,07 :
RY = R (J >0) be fized functions, let Xy = {x € K : ¢;(x) <0, 1 <i < J}, and let (P, z,7) be an image ball
of Xy. Let Xq, Xo C R be arbitrary sets, for instance Xq = K + pB§ with p > 0 and X, = X,. Consider an
algorithm that evaluates the objective only at points of Xy, outputs & € X,, and may in addition evaluate the
functions ¢; at arbitrary points without these evaluations being counted. Suppose that the objective values carry
independent N (0,02) noise, that the constraint values are returned exactly or with independent noise of a fived
law, and that

E f(i)—rgl(i‘ﬁnf} <e for every f € C(B,Lg; |||, X¢),

possibly together with further requirements on &, such as bounds on the constraint violation. Then the number T
of objective evaluations satisfies (a) and (b) of Lemma N.S5.

Proof. Every f € C(B3, Lg; |||, X¢) has a global minimizer in Xy, so minx, f = min f. Let A’ run the given
algorithm, forward its objective queries, answer its constraint queries by computing the ¢; (adding, if the constraint
oracle is noisy, noise generated from additional independent random elements appended to ©y), and output Z.
Then A’ is an algorithm of the model with T calls and unrestricted queries and outputs, and E[f(%) — min f] < e
for every f € C(8, Lg; |||, X¢). Apply Lemma N.3 with K replaced by X. O

The corollary applies to every class of constrained problems, for instance with the functional constraints of
Abronin et al. (2026), that contains all objectives in C(5, Lg; ||-|| , X) for one fixed admissible tuple (¢1,...,ds);
the algorithm need not know the ¢;. For exact values, Dorn et al. (2026, Theorems 3.2 and 3.3) treat a known
regularizer, whose values are free, in a similar way.

N.3 Lower bounds on ¢, balls

Lemma N.5 (Radius bounds). Let 1 <p <2, R>0and1<n <d, and let P, : R = R", Pyx = (z1,...,2,),
be the coordinate projection.

(a) (P,,0, Rn'/?=1/P) is an image ball of B(R), both for the norm |l and for the Euclidean norm, and
| Pallo_p = 1. Hence R, (BE, B(R)) > Rn'/?=1/? and R,,(B$, BL(R)) > Rn'/?~1/p.

(b) Let p =1, and let k < n be a positive integer with b = [n/k]| satisfying b5% < d. Then there is a linear
P :R? — R" such that (P,0,7R/(8V'b)) is an image ball of B{(R) for the norm ||||,. Hence R,(B{, B{(R)) >
TR/(8Vb) > LR\/k/(2n). The map P constructed in the proof has | Pl,_,, > (1 + 49/64)1/2 > 1.
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Proof. (a) This is the coordinate-projection case of Dorn et al. (2026, Proposition 1.1): P, is a contraction for
both norms, and P, (BZ(R)) = B} (R) 2 Rn!/?=1/P B2 by Holder’s inequality.

(b) Partition {1,...,n} into b blocks I, ..., I of sizes at most k. A subset of the unit sphere of R’¢ with pairwise
Euclidean distances larger than 1/2 has at most 5* points, because the balls of radius 1/4 around its points are
disjoint and lie in the ball of radius 5/4. Let N; be a maximal such subset. By maximality, every unit vector
u € R!¢ has some v € Ny with |lu —v||, < 1/2, and then (u,v) =1 — ||Ju — UH§/2 > 7/8. Hence the support
function of the absolutely convex hull A of A is at least 7/8 on the unit sphere, and A, 2 %Béf by the separation
theorem.

Regard the at most b5* < d vectors of all A} as vectors of R supported on Iy, and let P map ey, es,... to these
vectors and the remaining coordinate vectors to 0. Since B{ is the absolutely convex hull of the +e;, || P|| B2 18
the largest column norm, which is 1, and P(B¢(R)) = RA, where A is the absolutely convex hull of | J, N;. Let
lyll, < 7/(8Vb), and let y; be the restriction of y to I,. Then y, € £ ||y, Ae C 2 lyell, A, and since A is convex
and contains 0,y = >, yr € £(3°, llyell,) A C A, because S, [|lyell, < Vb |lyll, < 7/8. Hence ;—%Bg C P(B4(R)),
and b < n/k+1 < 2n/k gives the last bound on the image radius.

Finally, let v € A and choose v' € Ny with (—v,v') > 7/8. The vector P"Tv has the entries (v,v) = 1 and
(v,01) < ~7/8, 50 [Pl = [ P[> (1 +49/64)172 =

Part (b) with b = 1, that is, Kk = n < logsd, gives the radius 7R/8, independent of n. Dorn et al. (2026,
Proposition 1.3) also give images of radius of order R of every ¢, ball with 1 < p <2, of dimension of order logd
for p =1.
For 1 <p <2 put

* p

P =p_1€[2700](p*=00f0rp=1), Op =

and C,(R) = C(8, Lg; ||~||p,Bg(R)). Then 1+ 2/p* =3 —-2/p=2—26,.
Corollary N.6 (Lower bounds for the £, geometry). Let 1 < p < 2. Under independent N(0,0?) noise, every
algorithm with sup e gy E[f(2) —min f] < e uses T' calls, where:
(a) for every integer n with 256 <n < d and e < chLBRﬁn_ﬁef’,
2 B
T > cH(L min{n‘f’/2 plt2/p” (ﬂf/ﬁ}'
- 6‘2 9 E )

(b) for every integer n with 1 <n <d and e < c’VLgRBn*ﬂeP, T > cyn?0?/e2.

(c) Let e < cyLgRP and put

! LaRB/e)1/(B0p) 2
Ne = {(CH ’ /E) SR Nx = (LBRB/E)4/(B(4GP+1))7 Ny = min{da LnEJ}

400, p=2,
If n, > 256, then
T > cHZ—j min{n/?, ni"/?" (LgR? J)?/PY,
and the first term is the smaller one exactly when n, < nx. In particular, provided n, > 256:

(R1) if d < min{n.,ny}, then T > cHd5/202/52;
(R2) if ny <d<n., then T > cgd'T2/?" (LgR® /£)?/Bc?/e?;
(R3) if p<2,d>ne and |n.] > ny, then, independently of d,

T> LH(C’HLﬁRﬁ)% (LﬂRB)Z/ﬁ o’

4 € € g2’
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Procedure 7 Entropic descent with coordinate stencils on the ¢; ball
Require: ,Lg, R, G, 0,d,e; h>0,N > 1,6 > 0; t;,a; from (C.1)
1wy (2d)711 € Aoy
2: for k=1,...,N do
3: T — R(wz — w,, ); draw independent uniform signs s ;

4 In one round obtain ij;}j at x £ htjsi e
Sk.i m 4 _ -
5: ki < o YV — Y, ) fori=1,....d
6: G« R(gk: —gr)
7: Wh1,0 wkyge*CGW/ Ziil wkyre’gG“ ford=1,...,2d
8: return Zy = N~' YN |z

(d) Forp=1: n. = (cj;LgR®/e)*/? and ny = (LgR?/e)*/GP) . If min{d, |n.]} > max{256,ny}, then

! LaRP\2/8 LaRP\2/8 52
> G, (DY (L)
2 € € g2

In particular, if d > 256 and ngRﬁd_?"B/4 <e< ci{LBR'Bd_'B/Q, then T > cy d(LﬁRﬁ/s)Q/BUQ/EZ, which is
linear in d.

e) For p=1 and integers b,k > 1 wit <d, > and e <c¢ e
F 1 and b,k > 1 with b5* < d, bk > 256 and 11(7/8)P Ly RAH=F/2

o2 49
> . 5/2 2
T> CH—62 mln{(bkz) ' 6 bk (

LsRP\2/8
ﬁs ) }

The bounds (a), (¢) and (d) hold already on the subclass of Cp(R) defined by the Fuclidean Hessian cap and the
gradient bound
0= Vf 2 CuLgr’2I,  |Vf(z)

pe < CuLpr” 2 (|| Pazlly + 1),

where r = Rn~% and n is the dimension used. The bound (e) holds on the subclass defined by (N.2) for the map
of Lemma N.5(b).

Proof. Parts (a), (b) and (e) follow from Lemma N.3 with the image balls of Lemma N.5. For the coordinate
projection, 7 = Rn~% and n?(Lgr?/e)*/# = n'T2/P"(LgRP [€)%/P; for (e), n = bk and r = TR/(8VD) give
n*r? = 39bk*R%. In (c), the condition on ¢ in (a) means n < n., and both terms of the minimum increase with n,
so the best choice is n = n.; the first term is the smaller one exactly when n < n,. This gives (R1)—(R3), where
(R3) uses |n.] > n./2 and 1+ 2/p* < 2. Part (d) is (¢) with §; = 1/2 and 1+ 2/p* = 1, since n, > min{d, n.}/2,

and n, = d under its last condition. The subclass assertions follow from (N.2) and || P,||5_,, = 1. O

Part (b) also covers dimensions below 256. If d > 256 and ¢ < min{cjy, ¢\, } LgR?d 5%, then part (a) with n = d
is at least ¢y /cy times part (b) with n = d, because d°/? > d? and d'*2/P" (LgRP [)?/8 = d?(d=P% Lz R® J&)?/P >
(c})"2/8d? > d?. Part (e) improves the regime (R3) at p = 1: with b= [52n.] and k = [log(d/b)], its second
term exceeds the bound of (R3) by a factor of order k% < log®(d/n.).

N.4 An upper bound on the /; ball

We use the stencil of Section C: m = [¢/2], nodes t; = j/m, weights a; solving (C.1), and the operator Dy,
of (C.4), here with u = e;. Its constants are Sy, Sy and ¢y of (C.3), A; of (C.2) and Cy = (51 + (S2/2)1/2)? of
Lemma D.3 (see Table 4); they depend only on . For 2 < 8 < 3 they are given in the row m = 1 of Table 4, and
Co = 1/2

Let C1(R, Goo) be the class of convex f € C9(R?) with [f]g1 < Lg, argmin fNB(R) # 0, and |V ()|, < G
for all z € B{(R). Let Agg = {w € [0,1]*?: Y, w, = 1}, and for w € R?*? let w*,w~ € R? be its first and last d
coordinates. Procedure 7 runs entropic mirror descent (Nemirovski and Yudin, 1983; Beck and Teboulle, 2003) on
Asy, mapped onto B{(R) by w + R(w —w™), with coordinate stencils whose signs are drawn afresh in every
round. Its parameters h, N, are fixed before the run; Lemma N.9(b) chooses them for a target accuracy e.
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Since zy is a function of g1, ..., gx_1, it is Fi_1-measurable. The queries of round k are functions of x; and of
the signs sj ;, which belong to ©y, and their order does not depend on ©y. Thus the algorithm belongs to the
model, with N rounds and T' = 2mdN calls, and g, is the estimate (N.3) of the next lemma at the center x = xy,

with B =1 and 551) = s1;. We write by, and Ej; for the vectors b and = of the lemma, for this estimate.

Lemma N.7 (Coordinate stencils with random signs). Let f € C4(R%) be such that for every z € R% and every i
the function u— f(z + ue;) has a y-Hélder g-th derivative with constant Lg; this holds if [f]g,, < Lg for some
p € [1,00], because |eill, = 1. Let h >0 and an integer B > 1 be fized, let k be a round, and let x be an Fi_1-
measurable random point of RY. In round k, draw independent signs sl(.é) with P(sy) =1)= P(Sgé) =-1)=1/2,
1<i<d, 1< E < B, as part of ©. Query, in an order that does not depend on O, the 2mdB points

X; M—mﬂ:ht el (1<i<d,1<j<m,1<{<B), observethevaluestl, and set
1 B s(z) m N
gi:EZ o da (i, -Y5,),  1<i<d (N.3)
(=1 j=1
Let the noise satisfy (C), (0) and (A), and let its Lipschitz component n satisfy
n(y +uei) —n(y —ue;)] <2Mfu]  (yeR?, ueR, 1<i<d); (N.4)

this holds if 1 is M-Lipschitz for |||, for some p € [1,00], in particular under (L). Let §fj,e be the random error
&+ & at the query Xij,[jl' Then g is Fi-measurable and g = V f(z) + b+ Z, where

and:
(a) |1bll, < by :=coLghP~' + A1 M + S15/h almost surely;
(b) for every i, E[Z; | Fr_1] = 0 and E[Z2 | F_1] < C,02/(Bh?); hence B[Z | Fr_1] =0 and
E([E]12, | Fe-1] <E[[E] | Fx-1] < Codo®/(BR?);
(¢) if the noise satisfies (SG) and £° = 0, then
E[|IZ]2 | Feo1 V 0(01)] < Sa(1 4 log(2d))a? /(Bh?) < (1 + 1/ log 2)Ss log(2d)a? /(Bh?),
and the same bound holds for E[||Z[2, | Fr_1].

Proof. Decomposition. The queries are functions of  and Oy, and g is a function of ©} and of the values observed
in round k, so g is Fy-measurable. For s € {—1,1} and every ¢ : R¢ - R,

o Z a;((x + htjse;) — o(x — htjse;)) = Dy e, 0(x),

since for s = —1 both the factor s and the difference change sign. Inserting the values, with adversarial errors
0; 7,00 gives g; = if(x) + bi + E; with

1 B s(f)
bi = Dueuf () = 0:f (2) + Dnen(@) + 7 > 5

Z:l

ZCL] 9,9, ,],Z)'
J

Part (a). Lemma C.1 in dimension one, applied to u — f(z + ue;), gives |Dy.e, f(x) — 0: f(z)| < coLgh?~1. By
(N.4), |Dpe,n(®)| < 557 >_jlaj| 2Mht; = A1 M, and by (A) the last term of b; is at most S16/h in absolute value.
These bounds hold for every realization of the signs.
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Part (b). This is the noise part of the proof of Lemma D.3, with random signs in place of random frames. Split
E; = =¢ + Z7 into its centered and oblivious parts. The query ¢t at X fj , enters Z; with the ©;-measurable

coefficient w, = +s." a]/(QhB) and the 2mB queries of coordinate i have Y, wf = Sg/(2Bh2). By (C), as there,
the terms wtft are centered and pairwise orthogonal so E[ES | Fro1] =0 and N(Z¢)2 < 5202/(23h2), with N
as in Section D.1. For the oblivious part, = = B~ ", Sge) ge) with ng) = 5 > a; (& " R ") By (O) and

the argument of Lemma D.1(a), the signs are independent of Fr_1 and of the obhv10us errors of the round, and
they have mean zero and are independent of each other; since N(oge)) < Sy0/h, this gives E[E? | Fr—1] = 0 and
N(29)? < S?0?/(Bh?). Minkowski’s inequality gives (b) for Z;, and summing over i and ||-|| < ||-||, give the
rest of (b).

Part (c). Let G = Fi—1 V 0(O). Now =; = >, w&f, summed over the 2mB queries t of coordinate 4 in their
order, which does not depend on ©. Each w; takes two values, w; and )_,, < W&y are E-measurable, and
& D G. Applying (SG) to these queries from the last to the first gives E[e?=: | G] < /2 for 9 € R, where
v =02, w? = S20%/(2Bh?). The Chernoff bound and a union bound over i give P(||Z|| > u | G) < 2de=v"/(2v),
so, with wg = 2vlog(2d),

E[IZ]2, | 6] < wo +/ 2de /() du = 20(1 + log(2d)).
wo

o0

This is the first bound of (c). The second follows from log2 < log(2d), and conditioning on Fj_; gives the last
claim. O

The random signs are needed for the oblivious part of (b): without them (s; 0 = ), the oblivious errors +o sgn(a;)
at the points = & htje; give Z; = Syo/h for every i. Without (SG), the factor d in (b) cannot be removed. Let
B =1, fix j with a; # 0, let the centered errors at the queries X;fj’l, 1 < i < d, be independent of each other and
of everything else, equal to ++/d o with probability 1/(2d) each and to 0 otherwise, and let all other errors vanish.
Then (C) holds, and ||Z|| , = |a;| v/d 0/(2h) unless all these errors vanish, so E ||E||C2>O > (1 —e")aido?/(4h?).
Lemma N.8 (Entropic mirror descent on the ¢; ball). Let R,s > 0, let g1, ga,--- € RY be arbitrary, and define
wy,, v and Gy, by Procedure 7. Then x), € BY(R) for all k, and for every * € B{(R) and N > 1,

ol log (2d)
(gusi — o) < Zn ol

k=1

Proof. The update of wy, is the prox-mapping, applied to ¢Gy, of the entropy on Asy, which is 1-strongly convex
with respect to ||-||; (Nemirovski et al., 2009, Section 2.3); the associated prox-function is V(w,u) = KL(u||w),
the Kullback-Leibler divergence. By Nemirovski et al. (2009, Lemma 2.1) and |G| = R |9k, every u € Agq

satisfies )

¢ R?
KL (ulfwisr) < KL(ulfw) ¢ (G wn —u) + 5 [lge 5,

Summing over k£ < N and using KL(uljw;) < log(2d) bounds )", (G, ws — u) by the right-hand side of the claim.
Moreover |zx||, < RY., wke = R. Given z* € B{(R), the vector u with ur = (+x), /R+ (1 - ||z*||, /R)/(2d)
lies in Aoy and satisfies R(ut —u™) = 2*, so that

(G, wy —u) = (gr, xp — 2%), (N.5)

and the claim follows. O

Theorem N.9 (Upper bound for the ¢; geometry). Let 8> 2, Lg, R,Goo > 0, let by, be as in Lemma N.7, and
let Tn be the output of Procedure 7. Consider noises admissible at levels (M, ,8), and put Vj, = Cydo?/h? in
general and Vi, = S2(1 + log(2d))a?/h? for those that satisfy (SG) and £° =

(a) For all h,c >0, N>1, f € C1(R,G) and such noises,

Blf(@n) ~ 1) < B0 | R((Go + ) 4 Vi) + 2B,

If G? > 2(G oo +b1)? +2V3, and s = (2log(2d)/(R2G2N))'/2, then B[f (zn) — f*] < R\/210g(2d)G? /N +2Rby,.
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(b) Let 0 < e < GooR and put

1
3 B—1 = 3
me= (=) GF=2(Gut )
be = \BeLsR : IR

2
+ 2V, .,

_ (2log(2d)\1/?

¢ ( R2GZN ) '

If M <e/(16A1R) and 6 < eh1 /(1651 R), then E[f(Zn) — f*] < e for every f € C1(R,G) and every such

noise. The algorithm uses N rounds of 2md calls, all queries lie in B} (R + h1 ), and T = 2mdN satisfies,

under (SG) and £° =0,

8R? 10g(2d)@§“

N:[ )

3

G2 R
52

O’2 (LﬁRﬁ)%

71 dlog?(2d) =5
+ 79m52(860) d og ( d) 22 -

T < 72mdlog(2d)

and in general

2

LgRP\ 7%
)

2
T < 72mdlog(2d) Gt 5

22
The parameters depend only on 5,Lg, R,Gw,0,d,e. If ¢ > Go R, the output & = 0 satisfies f(0) — f* <e
without any call.

2
+ 32mC, (8CO)T31 d?log(2d) 2—2(

(c¢) Dimension dependence. Let d > 256, 0 > 0, Goo > Gg := ZCHLBR'B_ld_(ﬁ_Z)/z, and
LgRAd™30/* < ¢ < éyLgRPd™P/2.
For independent N(0,0?) noise, let T*(g) be the minimax number of calls on C1(R,Gx). Then
T*(e) > cud(LsR’ /2)*/Pa? /€2,

and the sub-Gaussian upper bound in (b) also bounds T*(e). Here ¢ < G4R < G R; the window is nonempty
exactly when d > (cfy)~*/P.

Proof. Part (a). Let * € argmin fNB{(R). Convexity, Lemma N.8 and the decomposition gz = V f(zy)+bx +Zx
of Lemma N.7 give

S log(2d)  <R* ¢~ -
N(f@w) = f7) <D AV F(an),ap —2%) < — T TZ gkl + 2RNby = Y (S, 2 — a),
k=1

k=1 = k=1
since ||z, — 2*||; < 2R. The last sum has expectation zero by Lemma N.7(b), because x — * is bounded and

Fi—1-measurable, and E Hngio < 2(Goo +by)? +2Vy, because ||V f(z1)||,, < Goo- This proves the first bound of
(a); the second follows by inserting .

Part (b). The choices of hy ., M and § give by, . < £/(8R) +¢/(16R) + ¢/(16R) = ¢/(4R), and the choice of
N makes both terms of the tuned bound in (a) at most £/2. Each query differs from a point of B{(R) in one
coordinate by at most hy .. Since 2(Goo +¢/(4R))? < 4G?, +£2/(4R?),

loo

2 2 RQV
N <1+ 2log(2d) + 32log(2d) GO;QR + 161og(2d) E; .

As e < GooR and 1 < log(2d)/log 2, multiplying by 2md bounds the first three terms by 72md log(2d)G? R? /.
The two call bounds follow by inserting V},, using RZhig = (8¢0)?/ P~ (LgRP /e)?/(B=1) and, in the sub-Gaussian
case, 1 +log(2d) < (14 1/log2)log(2d) and 32(1 + 1/log2) < 79. Finally, if ¢ > G R, convexity gives
FO) =+ < IVFO)ll [l2*]ly < GooR.

Part (c). The window is the condition of the last assertion of Lemma N.6(d). By the subclass assertion of
Lemma N.6 with p = 1 and n = d, that lower bound holds on the subclass of C,(R), p = 1, defined by
IVf(@)|l. < CuLgr®=2(||z||, + r) (and a Euclidean Hessian cap), where r = R/vd. For z € B{(R) the
right-hand side is at most 2CHLB7“5_2R = (4, so this subclass is contained in C1(R,G4) C C1(R, G ). Since the
lower bound is positive, no algorithm without calls is e-accurate on C1(R, G4), whereas the output 0 has error at
most G4R there (last assertion of (b) with G4 in place of G ); hence ¢ < GgR. The upper bound is part (b) for
Gaussian noise, which satisfies (SG) with £€° = 0. The window is nonempty exactly when d?/* > 1/c};. O
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Remark N.10 (Local smoothness suffices). The proof of Lemma N.9(a), (b) uses the Holder condition only in
Lemma N.7(a), through the functions u — f(x3, + ue;) on [—h, h] with x;, € B¢(R); all queries lie in B{(R + h).
Hence (a) and (b) hold for every f that is defined, convex and continuously differentiable on an open set containing
B{(R+ h), has a minimizer in B{(R) and ||V f||, < Gs on B{(R), and for which every function u — f(x + ue;),
z € B{(R), has a y-Hélder g-th derivative with constant Lg on [—h, h]. Experiment 6 of Section P uses this form:
for f(z) =3, p(z; — ¢;) with o(t) = e! — 1 — t the global seminorm is infinite, while the local constant is the
largest value of ¢’ at the coordinates that occur.

Remark N.11 (Comparison of the bounds). For fixed 3, Lg, R, 0,e and Go, > Gg4, both bounds of Lemma N.9(c)
are linear in d up to the factor log®(2d) on the whole range (LgRP /)*/(38) < d < (c};LsR? /e)*/? of the window.
Their ratio is at most

Cplog”(2d)(Lg R® /) P~D2/% 1 C5log(2d) G3 R? (¢/ (LgR%))* P [0,

so the remaining gap concerns the power of 1/e, which is 2 + 2/ in the lower bound and 2 + 2/(8 — 1) in the
upper bound. For larger d the lower bound of Lemma N.6(d) no longer grows with d, up to the logarithmic gain
of Lemma N.6(e), while the upper bound still grows linearly. For noise that is only admissible at levels (M, o, §),
the upper bound grows like d?log(2d), and by the example after Lemma N.7 the second moment of ||Z||__ can

indeed be of order do?/h?. Since sy < 1/2, the threshold of Lemma N.9(c) satisfies (c};)~4/% > 24+72/BK;_II/ﬂ (for

instance 228K§/3 at 8 = 3); with the constants of Lemma M.5, part (c) is therefore a statement about large
dimensions.

Upper bounds for p > 2 are open. For p = 2 and fixed Lg, R, 0, the known convex upper bound is O(dQE_Qﬁ/('B_l))
(Bach and Perchet, 2016; Gasnikov et al., 2024a), and Lemmas L.6 and 1.9 give a sharper comparison when a
Hessian bound is available.

O FUNCTIONAL CONSTRAINTS

This appendix treats convex problems with functional constraints whose values are observed with noise. Section O.1
introduces the problem, the multipliers and the oracle. Section O.2 shows that no method controls both the
objective error and the violation if the values of the constraints carry an unknown constant error. Section O.3
analyzes stochastic Mirror—Prox with biased operator estimates, and Section O.4 builds these estimates from
Procedure 1 and calibrated values of the constraints. Lower bounds for problems whose optimal value is not
changed by the constraints are given by Lemma N.4.

0.1 Problem, multipliers and oracle

Problem. Let Q C R? be nonempty, closed and convex with diameter D € (0,00), and let go = f, g1, - -, gn.
(ne > 1) be real functions that are differentiable on an open set containing @) and convex on (). We consider

minimize f(z) over x € Q subject to g;(z) <0, i=1,...,n, (0.1)

and write ¢ = (g1,...,9n,). We assume that the feasible set X = {x € Q : g(z) < 0} is nonempty. It is
compact, so f* = miny f is attained at some x* € X. The wviolation of z € Q is v(x) = max{0, g1(x), ..., gn.(¥)}.
A method outputs & € Q; we bound E[f(Z) — f*]+ and Ev(&), where [a]4+ = max{a,0}. The objective error
f(&) — f* may be negative at infeasible points.

Multipliers. We assume a known number y > 0 and a vector y* € R™ with

y 20, vl <9, ;gg(f(m +{y",9(2)) = f*. (0.2)

Such a vector is a Lagrange multiplier of (O.1); Lemma O.3 discusses its existence and its size. Fix p > g; the
method below uses p =y + 1. Put

Y,={yeR™: y>0, |y, <p}, K=QxY, CR¥"e, Dy = (D? +2p%)1/2.

We use the Euclidean norm on R4+ and write w = (,y) for its points; the Euclidean projection onto K is
Proj (z,y) = (Projg x, Projy, y). For y,y’ € ¥, we have (y,y/) > 0, hence [ly —'|* < [lyll; + [ly/[] < 2p?, and
Dy bounds the diameter of K.
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Lagrangian, operator and gap. For (z,y) € K let
U(o,y) = [@) + .9@),  Hiwy) = (V@) + Y u:Vei(@), —g(@))-
i=1

For each y € Y, the function ¥(-,y) is convex on @, and ¥(z, ) is affine with gradient g(x). We assume that H
is Mpy-Lipschitz on K for some My > 0, that is, |[H(w) — H(w')|| < My [Jw — w'|| for w,w’ € K; Lemma O.2
gives a sufficient condition. The gap of w = (z,y) € K is

- (z,y') — min W(z',y) = Uz, o) — U(z' > 0.
gap(z,y) Inax (z,9') — min ¥(a',y) (z/rf,%)éx( (z,y) = ¥(y) >

Lemma 0.1 (The gap controls the objective error and the violation). Assume (0.2). For every (z,y) € K,
fl@) = f+pv(@) <gap(z,y)  and  flz)— "= -go(z)
Consequently [f(z) — f*]+ < gap(x,y) and v(z) < gap(z,y)/(p — ).

Proof. The support function of Y, gives max, ey, (v, g(z)) = pv(x), and feasibility of 2* gives min, eq ¥(2',y) <
U(z*,y) < f*. This proves the first inequality. The multiplier condition gives f(z) — f* > — (y*, g(x)) > —gv(x).
The two conclusions follow from these inequalities and gap > 0.

O

Lemma 0.2 (A Lipschitz constant of the operator). Let f,g1,...,gn. be twice continuously differentiable on an
open set containing Q, with 0 <X V2g;(x) < LI forx € Q andi=0,...,n., and |Vg;(z)| < G, for x € Q and
i=1,...,nc. Then H is My-Lipschitz on K with Mg = (1+ p)L +2,/n:Gy.

Proof. For w = (z,y) and w’ = (2/,y’) in K, the Hessian bounds, integration along segments and ||y — ¢/||; <
VTe ||ly — || show that the two blocks of H(w) — H(w’) have norms at most (14 p)L ||z — 2'|| + /ncGy ||y — V']
and /ncGg ||z — 2'||. Add these bounds and use ||z — 2'|, [y — ¢'|| < ||w — w']. O

Remark 0.3 (The size of the multipliers). Slater points. Let x, € Q and 0 > 0 with g;(z,) < —0 for all i. Every
y* as in (0.2) satisfies [ly*]], < (f(zo) — /*)/6, because f* < f(zo) + (", g(z0)) < F(zo)—Olly*lly- T [VF] < Go
on @, then f(zo) — f* < GoD, so § = GyD/8 is admissible. If z, lies in the relative interior of @, a vector y* as
in (0.2) exists (Rockafellar, 1970, Theorem 28.2).

Smoothness does not bound the multipliers. On Q = [0,1] C R, for ¢ > 0, the problem of minimizing f(z) = —cx
subject to x — 3 < 0 has f* = —¢/2. For y > 0 the infimum over [0,1] of f(z) +y(z — %) = (y — )z —y/2 is
—y/2if y > cand y/2 — c if y < ¢, so the unique multiplier is y* = ¢. All derivatives of order at least two of f
and of the constraint vanish, so the Hessian bound and the Hélder constants are zero for every ¢. Thus 3 is a
parameter of the problem that is not controlled by the smoothness parameters.

Oracle. The method works in rounds as in Section 2. Here Fj_; is generated by all queries and all returned
values of rounds 1,...,k — 1 and by ©1,...,0;_1. The queries of a round are ordered in a way that does not
depend on O. For a query ¢ of round k, the o-algebra &; is generated by Fjr_1, Ok, the queries of round k£ and
all error components of the queries of round & that precede t¢.

Definition O.4 (Value calls and level calls). A query is of one of two kinds.

(1) A wvalue call at X; returns the n. + 1 values
Yie = gi(Xe) +n:(Xy) + fit + fat + it 1=0,...,nc,

where, for each i, 7; is fixed before the run and the four components satisfy (L)—(A) at levels (M, o, ) with
the o-algebras above; in (O), the vector of the errors &7+ of the value calls of round £ is independent of O
given Fi_1.

(ii) A level call at X; returns, for a level o, > 0, the n. values
Zi,t :gi(Xt)+§»L'C,t+5i,tv 7’: 17"~7nC7
with E[¢5, | &] =0, E[(&5,)? | &] < o7 and [0;,] < 6.
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The components of one call may depend on each other. We count the calls of each kind and the returned scalar
values.

Thus the values that enter differences may carry all four kinds of error of Definition 1, while the levels g;(x) are
observed with centered noise and a bounded adversarial error only. A level call is a value call whose constraint
components have neither a Lipschitz nor an oblivious part, with the objective component discarded; an oracle
whose constraint components satisfy these restrictions provides both kinds of calls, with 0, = 0. Lemma O.5
shows that some restriction of this kind on the levels is necessary.

0.2 The levels of the constraints must be calibrated

Proposition 0.5 (A constant error in the constraint values). Let d =n. =1, Q = [-1,1], f(z) = —z and
0<a<1. For6 e {—a,a} let go(z) = x — 0, and let f; and vo(x) = [z — 0] be the optimal value and the
violation of the problem (O.1) with the constraint gg.

(a) Both problems satisfy the assumptions of Section O.1 with §j = 1: the minimizer is x} = 6, f5 = —0, the
vector y* =1 satisfies (0.2), and o = —1 satisfies go(xo) < —(1 — a). All derivatives of order at least two
of f and gy vanish.

(b) Let the values of the objective be exact, and let the values of the constraint carry the fized error ng = 0,
which is a constant and hence M -Lipschitz for every M > 0; all other error components vanish. Then
every returned value of the constraint at a query X equals X, whatever 8. Consequently, for every method,
whatever its number of calls and rounds and wherever it queries, the output & € QQ has the same law under
both problems, and

jnase max{Eo[[(2) ~ f§] . Eovo(#)} >

The output £ = 0 attains equality.

(c) The same conclusion holds if the constant 0 is, instead of ng, an oblivious error £ = 0 of every constraint
value, which is admissible at levels (0,0,0) for o > a, or an adversarial error 6 = 0, which is admissible at
levels (0,0,9) for § > a.

Proof. (a) The feasible set is [—1,6] and f is decreasing, so z; = 6 and fj = —6. For every z, f(z) + go(x) =
—0 = fj, so y* =1 satisfies (0.2) with g = 1. Finally go(—1) = -1 -0 < —1+aq, and f, go are affine.

(b) The returned value of the constraint at X is go(X) + 6 = X, and that of the objective is —X. So under both
problems every returned value is the same function of the query. By induction over the rounds, the queries, the
returned values and the output are the same measurable functions of the random elements ©1,0,,... of the
method under both problems, and their laws coincide. For every = € @,

[f(x) = fa], +v-ale) =la—a]y + [z +ay > (a—2) + (z+a) = 2a.

Taking expectations under the common law of & gives E,[f(2) — f2]+ + E_qv_a(&) > 2a, so one of the two terms
is at least a. For & = 0 we have [f(0) — f7]+ = [0]+ and ve(0) = [—0]4, so the maximum over § and over the two
errors equals a.

(¢) In both cases the returned value of the constraint at X is again X, and the argument of (b) applies. A
constant error is independent of the randomness of the method and has second moment a?. O

Remark O.6 (Relation to Abronin et al. (2026)). Abronin et al. (2026) study (O.1) with f(z) = EF(z,£) and
g(z) = EG(z,€) for an oracle that returns (F(z,§),G(z,£)) at two points with a common sample £. Their
gradient estimates use differences at a common sample, which cancel every error that does not depend on the
point, and their Lipschitz assumption on the samples (their Assumption 2.2) concerns only such differences. The
levels enter the dual updates; for them they assume E ||G(z,§) — g(ar:)||iO < o7 (their Assumption 2.3), which
they call a genuine additional assumption (their Remark 2.7(ii)). Lemma O.5 shows that an assumption of this
kind cannot be dropped. Our level calls play the role of their Assumption 2.3, with an additional adversarial
error; our bound on each component implies theirs with n.o? in place of o3.
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Their Theorem 9.3 shows that the term of order 03 /€% in the number of level calls of Lemma 0.9 cannot be
avoided: its instances G;(z,£) = x — &; are realized by our level calls, while under the constant Lipschitz errors
n; = E¢; the value calls carry no information on the levels.

0.3 Mirror—Prox with biased operator estimates

The method is the stochastic Mirror—Prox method of Juditsky et al. (2011) in the Euclidean setup, that is, a
stochastic extragradient method with projections onto K. Each iteration takes two rounds, because the second
estimate is requested at a point that depends on the first one.

Theorem O.7 (Stochastic Mirror—Prox with bounded bias). Assume the setting of Section O.1, including (0.2).
Let (Fi)r>o0 be a filtration. In round k the method submits an Fi_1-measurable point w € K and receives an
Fi.-measurable estimate

H = H(w) + pur + G,

where C, is Fi-measurable, B[y | Fr—1] =0, E[||§kH | Fre1] < Vi, and ||pk|| < bx almost surely. Let wy € K
be deterministic and 0 <v <1/(2Myg). Fort=1,...,N:

e in round 2t — 1, obtain the estimate H, at w, and put Wy /2 = Proj g (w; — Vf:’t);

e in round 2t, obtain the estimate fItH/Q at Wyt 179 and put w1 = Proj(wy — V,E[t+1/2).

Let iy = (En,9N) = & Som wit1/a. Then

D2 %
Egap(iby) < 50+ 20Vic + Dic\| - + 3Dicbrc. (0.3)

With v = min{1/(2Mpy), Dk /(2v/NVk)}, and v =1/(2My) if Vk =0,

My D2 V
E gap(ty) < Erry = ’}’V K +3DK,/WK +3Dgbk. (0.4)

Consequently iy € Q, E[f(Zn) — [*]+ < Erry and Ev(iy) < Erry/(p — §). The method uses 2N rounds.

Proof. A bound of this form is Juditsky et al. (2011, Theorem 1), whose oracle assumption (Assumption I
there) also allows a bias; we give the short argument because here the errors are martingale differences with a
history-dependent bias and because its constants are used below. Fix v € K and put r = Hwt — Wy /2H and
r' = ||wt+1/2 — Wiy || Adding the projection inequalities for w2, tested at wyy1, and for wyy1, tested at u,

> —r"?)/2 plus v <ﬁt+1/2 - Htth+1/2 - wt+1>-

In this term the operator difference contributes at most vMyrr’ < (r? + r'2) /4, the two biases at most 2vbx Dy,

- 2 2
bounds v { Hyq1 /2, Wit1/2 — u> by (||lws — ul||” — ||wer1 —ul|” =7

and the noise at most /2 HCtH/2 — CtHZ + 72 /4. Replacing E[tJ’,l/Q by H(w¢1/2) on the left costs at most vbx D
and a martingale term, so

2
lwe = ull® = Jlwer — ull
2v

2
<H(U/t+1/2) Wir1/2 — U> +v HCt+1/2 - CtH +3bx Dy — <Ct+1/27'wt+1/2 - U> . (0.5)
For u = (2/,y’), convexity in « and affinity in y give (H(x,y), (z,y) — u) > ¥(x,y’) — ¥(2/,y). Sum (0O.5), use
Jensen’s inequality, write wyy1/2 — u = (w172 — uo) — (u — ug) for a fixed ug € K, and take the supremum over
u:

N gap(wy) < D3 /(2v) + VZ ¢e1/2 — CtH2 +3Nbx Dy — Z (G172, Wit1/2 — uo) + Die
7 7

> G
t

The inner products have mean zero. Martingale differences are orthogonal, so E ||Ct+1 /2 — Ct||2 < 2Vk and
EHZt (:tH/QH < v/NVg, which proves (0.3). For the tuned step, 1/v < 2Mpy + 2¢/NVk /Dy and 2vVg <
Dg+/Vk /N, which proves (O.4). Lemma O.1 gives the last two bounds. O
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0.4 Operator estimates from the stencil

Fix a round k, a radius h > 0, integers B, B, > 1 and an Fj,_j-measurable point w = (z,y) € K. The operator
estimate H(w) = (H*, HY) at w consists of two parts.

(i) Value calls. Run Procedure 1 at the center x with radius h and B frames, and apply its formula to each of
the n. + 1 components of the returned values; this gives vectors go, . . ., gn, € R%. Put H* = gy + >ore Yidi-

Since the formula is linear in the values, H? is Procedure 1 applied to the values of the Lagrangian ¥(-,y) at
the frozen multiplier y. This part uses 2mdB value calls and (n. + 1)2mdB scalar values.

(ii) Lewvel calls. Request By, level calls at x, with returned vectors Z., € R, £ = 1,...,Br, and put HY =

—BLL Zf;l Z.¢. This part uses By, level calls and n.By, scalar values.

All queries of the estimate are determined at the start of the round, so the estimate takes one round; the value
calls precede the level calls.

Lemma 0.8 (Bias and variance of the operator estimate). Let ¢ be as in Lemma L.2, and let go = f, g1, -, gn, b€
q times continuously differentiable on an open set containing Qup, with ||D9g;(z) — Dig;(z")|| < Lg ||z — 2’||” for
x, 2 € Qup and i =0,...,n¢, in the chosen norm of Section 2 (with the corresponding exponent 7). Let the calls

satisfy Lemma O.J. Then the value calls lie in Qy, the level calls are made at x € Q, and ﬁ(w) =Hw)+ p+¢,
where p is Fr—1-measurable, ¢ is Fi-measurable, E[¢ | Fr_1] =0,

dS19
Il < b 1= (14 o) (CoLod ™21 4+ At + YAI0) o s (0.6)

and, with p = CfL%d*Th25’2 + CnJ\/[2 + C,do?/h?, where Cy, Ct, C, = 4A% and C, are the constants of
Lemma D.3,

Q  dS26? o2
E[lIC) | Fia] < Vi :=2(1 + p)2(§h + =5 )+ 2nC<B—i +6%). (0.7)

Proof. Write N(X) = (E[|| X||* | Fr_1])*/2.

Primal block. Fix i € {0,...,n.}. The i-th components of the value calls form an oracle for g; as in Definition 1 at
levels (M, 0,4), with the o-algebras of Lemma O.4. The proofs of Lemma D.3 and Lemma L.2 use the o-algebras
only through the F;_1-measurability of the center and the radius, the independence of © and Fj_1, the condition
(C) with o-algebras & that contain ©) and the errors of the earlier queries of the round, the condition (O), and
the fact that the order of the queries does not depend on ©j. These properties hold here; the larger o-algebras
and the level calls, which follow the value calls, do not affect them. Hence Lemma L.2, with its convex set (called
K there) equal to @, and part (iv) of Lemma D.3 give g; = Vg;(x) + p; + ¢;, where p; = b;(x) + E[A; | Fr—1]
is Fi_j-measurable with ||u]| < CyoLgd 7/2hP~1 + A\ M + V/d S15/h, and §; = ¢ + Ay — E[A; | Fe_1] is F-
measurable with E[¢; | Fx_1] = 0 and N((;) < (/B)Y2 +1/d 818 /h; here b;(z), ¢; and A; are the terms b(z), ¢
and A of Lemma D.3 for g;. With yo =1,

Ne

ﬁz:Vf(x)—i-zyngi(Ji)‘i'ﬂm*'sz NI:Z%M’; szzyz@
i=0

i>1 i=0

Since y is Fj_1-measurable, y > 0 and >_° y; < 1+ p, we have ||u*| < (1 + p) max; ||p; || and E[¢* | Fy—1] =0,
and the conditional Minkowski inequality gives N(¢*)? < 2(1 + p)%(Qn/B + dS36%/h?).

Dual block. Let € and AT be the averages over the By, level calls of the vectors ( §0)i and (0;¢); of their errors.
Then HY = —g(x) + p¥ + ¢ with ¥ = —E[AL | Fr_1] and ¢¥ = —(£4+ AL —E[AL | Fr_1]), so that ||uY|| < V/Ne 0,
¢¥ is Fy-measurable and E[¢Y | Fj—1] = 0. For £ < ¢’ the error &, is measurable with respect to the o-algebra &
of the ¢’-th level call, so the cross terms vanish and N(£)? < n.02/By. Moreover N(AY — E[AL | Fi_1])? < ncd?,

and the conditional Minkowski inequality gives N(¢¥)? < QnC(ag/ Br +62).

Both blocks. Put p = (u”,p¥) and ¢ = (¢*,¢¥). Then |u|l < [|u”| + [|w¥] < bx and E[|¢|* | Faor] =
N(¢®)? + N(¢¥)? < Vk; no independence between the blocks is needed. The value calls are the queries of
Procedure 1 at z € @ and lie in Q. O
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Procedure 8 Calibrated zeroth-order Mirror—Prox
Require: zy € Q, Projg; value and level calls as in Lemma O.4; h, B, Br,, N,v as in Lemma 0.9
10wy < (.To,O)
2: fort=1,...,N do
3: a; < H(wy), the operator estimate of Section O.4 (one round)
Wei1/2 ¢ Projg(wy —vay)

4

5 by + H(wt+1/2) (one round)

6: Wty < PI'OjK("U.)t — I/bt)

7: return the z-component of N ! Zf;l Wit1/2

Corollary 0.9 (Mirror-Prox with the stencil). Assume the setting of Section O.1 with p = § + 1, so that
Dy = (D? 4 2p*)'/2, and let H be My-Lipschitz on K for some My > 0, for instance with My of Lemma O.2
when it is positive. The method uses the quantities below, which depend on o,04,y, D, Lg, Mg,ne,d and €, but
not on M and &; upper bounds on o,04,y, D, Lg, Mg and n. suffice. Let € > 0 and put

ed/? i _ £ - , eh €
— ( ) , M=— 0= mln{ ) }7
24(1 =+ p)CbLgDK 24(1 + p)AlDK 42(1 + p)SlDK\/Zl 42./n. D
_ _ do? AMD?
_ 2 3—71,28-2 2 _ HYK
Q=CiLyd WP 2+ M+ Co S, N = [f]
864(1 + p)2 D% 864 nco; D
B:max{l7 [ N2 -‘}, BLzmaX{l, {Nigz]},
. 21+p)%Q 2007 e? : 1 Dk
V= , - { , _ }
B B, @ 132D% YoMy N

Let go = f,91,...,9n. satisfy the assumptions of Lemma 0.8 on Qgn, and let the calls satisfy Lemma O.4 with
M < M and 6 < 8. Run Procedure 8, that is, the method of Lemma O.7 from w, = (x0,0), for some zo € Q,
with the step v and the operator estimates of Lemma O.8 with radius h, B frames and By, level calls. Then the
output T = Tn € Q satisfies
E[f() - f], <e and  Eov(z) <e
after 2N rounds, all value calls lie in Qp, and the numbers Ty of value calls and Ty, of level calls satisfy
2

2 0° o = (Sk 7 Ct n
< -1 -1 ( 2
Ty < 3456 mCy (24C,) 77 =5 d* 77 ( . ) +6md(0§ i A%)

+4mdN, Sk = (1+p)’LsDy,

1728 neo2 D3
T, < —S2 % 42N, N
S

_ 4MuD%

+ 1.
€

FEach value call returns ne + 1 scalar values and each level call returns ne.

Proof. By Lemma O.8, every operator estimate of the run has the form required in Lemma 0.7, with bk of
(0.6) and Vi of (O.7). Since M < M, we have ), < (2. Since § < 9, the terms of Vi with § are at most
4e%/(1764D3%) < €%/(432D%). Hence Vi < V, and Lemma O.7 applies with V in place of Vi and the step v:

Egap(wn) < MgD% /N +3Dg\/V /N + 3Dbx.

The choice of N gives My D?% /N < /4. The choices of B and By, give 2(1 + p)?Q/B < Ne2/(432D%) and
2n.os /B < Ne?/(432D%), so V < Ne?/(144D%) and 3Dg+/V /N < /4. The choices of h, M and § bound
the three parts of bx by €/(24Dk), €/(24Dk) and €/(21Dk), so 3Dgbx < €/8 4+ ¢/8 +¢/7 < ¢/2. Thus
Egap(wy) < &, and Lemma O.1 with p — g = 1 gives the two claims.

Each of the 2N rounds uses 2mdB value calls and By, level calls. Since NB < N + 864(1 + p)2D%Q/s? and
NBp, < N + 864nCU§D%(/52, we get T, < 2N + 1728n00§D§(/52 and Ty < 4mdN + 3456md(1 + p)2D%Q/e2.
By the choice of h and M, the first two terms of Q equal Cre?/(576(1 + p)2C2D% ) and C,e%/(576(1 + p)? A3 D%);
they contribute 6md(Ct/CZ + C,,/A3) to Ty. The term Cydo?/h? contributes the first term of the bound on T,
since h™2 = (24Cy, (1 4 p) LDy [e)?/ (B=Dg=7/(B=1), O
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P DETAILS OF THE EXPERIMENTS

Code, randomness and reporting. The supplementary script experiments/run_all.py, which uses NumPy
(Harris et al., 2020), produces Experiments 1-7 and the robustness checks reported with Experiments 3 and 5. All
random streams are derived from SeedSequence (20260927). Instances, tuning runs, reported runs, and methods
use separate streams, and tuning does not reuse evaluation data. The reported run used Python 3.13.16 and
NumPy 2.5.3 on two cores of a 2.80 GHz Intel Xeon processor. It took about 46 minutes, including 32 minutes for
Experiment 5; experiments/run_log.txt records the time of each run.

Vertical uncertainty bars are centered on the plotted markers and represent one standard error over independent
runs. When a standard error is smaller than its marker, the bar is covered by the marker. Paired ratios in
Experiment 3 and its robustness check use the delta method. Calls required for a target accuracy are interpolated
between adjacent points of a doubling grid in log-log coordinates. Their standard errors use 400 fixed bootstrap
resamples; the grid is extended until every resample crosses the target. Slopes are least-squares fits in log—
log coordinates. Experiments 5 and 6 obtain their slope errors from bootstrap resamples across independent
dimensions, while the budget check in Experiment 5 uses the delta method for the mean errors. Haar frames are
generated by QR factorization of a standard Gaussian matrix, with the correction @ < @ diag(sgndiag R). Each
oracle call evaluates the objective at its stated query and adds the noise assigned to that call. Figures 2 and 3
display all seven experiments together with the robustness checks for Experiments 3 and 5. Panels (a)—(d) of
Figure 1 are Experiments 3, 4, 5, and 7.
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Figure 2: Experiments 1-4 and the robustness check for Experiment 3.
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Experiment 5: dimension scaling Budget scaling at d = 32
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Figure 3: Experiments 5-7 and the robustness check for Experiment 5.

Experiment 1: one estimate under systematic and bounded errors. The objective is f(z) = % [E
the center is z = e;/2, the stencil has m = 2 and h = 0.1, oracle values are exact, and d € {4,8,...,256};
the same 400 frames per d serve all error models. The Lipschitz error is n(z) = M Y00, wy |(vg, ) — ¢x| with
M = 1, independent uniform unit vectors vy, weights (wy) from the flat Dirichlet distribution and offsets
cx = (g, 2) 4+ (h/Vd)Ce, G ~ U[—1,1], so that every kink passes close to z; 7 is drawn once per d, before the
frames. This one function does not probe the supremum over all Lipschitz errors; as a check of the order M, the
linear error n(x) = M (v, x) shifts every frame by exactly Mv, and the measured error has norm 1.000000 for
every d. The bounded error fixed in advance is § sgn sin(1000 (u, 2)) with § = M h and a fresh uniform unit vector
u for each frame, also drawn before the frames; its values depend on the frame only through the query points, so it
is a bounded error as in (A), not oblivious noise. Independent random signs of size § are not simulated; they serve
as the reference value My/S2d/2. The adversarial error sees the frame and adds £6 sgn(a;)sgn (U;, w) to the
value at z & ht;U; for a fixed unit vector w; the error of the estimate then has norm exactly S; M Vd = 3v/d for
every frame. The root-mean-square error under the Lipschitz error stays between 0.14 and 0.21 for all d, almost
all of it a deterministic shift (the norm of the mean error is at least 96% of the root-mean-square error), and below
the bound A;M+/d/(d — 1) of Lemma D.2(d), which decreases from 1.92 to 1.67. The error under the bounded
error fixed in advance agrees within 2.3% (at most 1.6 standard errors) with the reference M/S2d/2 ~ 1.90V/d.

A Lipschitz error chosen after the frame as in Lemma D.5 gives an error of norm exactly M+/d/2.
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Shared objective and method for Experiments 2, 3, and 5. Here d = 20, except in Experiment 5 and the
1

robustness checks described with Experiments 3 and 5, and f(z) = 5 %] + c g(x) with g(z) = (w, z) [|z||* e~ lI=I*,
c=1/4and w=d ?(1,...,1), so that =* = 0, f* = 0 and V2f(0) = I. The eigenvalues of V2g have absolute
value at most 1.69123 on R?, attained at = +1.1495w; this value is computed numerically, on a grid of step
0.005 after reduction to the plane spanned by w and = and with five local refinements, and it is not a certified
bound. The methods use the bound 1.7, that is, « =1 —1.7¢ = 0.575, L = 1 4+ 1.7¢c = 1.425 and k = 2.48; so
« =1 in the normalizations of Experiment 3 and its robustness check is the curvature at *, not the constant
of a class. Since g is odd and UUT = I, every frame with m = 1 at the minimizer equals b = cth*th, the
gradient of the ball average of f at 0, and so does every coordinate stencil; this bias does not depend on d. The
noise is N (0,02) with o = 0.03. All methods use m = 1, the radius h = v/27~/6 (except in Experiment 5 and
its budget-scaling check), and variant (a) of Procedure 2 with N = 200 rounds (kg = 16x = 39.7) and R = 2,
from a random start xg with ||zg|| = 1 drawn once per experiment. A round consists of B frames, that is, 2dB
calls. Without noise and with h = 1074, this schedule ends at f(#) — f* < 3.4- 1078, so the optimization error
is negligible. The odd term of f decays, so a very large radius would see only the quadratic, whose minimizer is
x*; in the reported runs h < 0.31 for f, so the radii stay near the analysis.

Experiment 2: oblivious noise. The budgets are T = 1.6 - 10* - 2*, k = 0,...,7, with 20 runs each. In
addition to the N(0,0?) noise, every query z -+ htju of a round receives +b and every query z — ht;u receives
—b, with b = o; this oblivious error depends only on the position of the query in the round. It is a crafted
failure mode of stencils along fixed directions, not a model of all oblivious noise. The methods are (i) random
frames, (ii) the stencil along ey, ..., eq with the same query order, and (iii) coordinate stencils with signs drawn
in every round (Lemma N.7). For (ii) the oblivious error shifts every coordinate of the estimate by b/h, and the
predicted plateau is f(xy) — f*, where x, minimizes f(x) + (b/h) )", x; (computed by Newton’s method). In (iii)
the random sign of coordinate ¢ multiplies both the difference and the direction, so the oblivious shift +b/h enters
with a random sign and has mean zero; in (i) the random frame plays this role. Method (ii) stays at 0.97 to 1.00
times its plateau, which grows from 0.15 to 0.52 because b/h grows as h decreases. For (i) and (iii) the oblivious
error adds a term of mean zero and covariance (b/h)%I to every estimate. The ratio of their errors lies between
0.85 and 1.27 (standard errors 5 to 10% of each error), and their fitted log-log slopes are —0.66 and —0.68 over
all budgets and —0.59 and —0.67 over T > 2.56 - 10°, against the rate —2/3.

Experiment 3: admissible levels. Here 7' = 1.024 - 10° (B = 128), h = v/2T7'/% = 0.141 and 20 runs. A
unit vector v is drawn before the runs. The systematic error is n(z) = M (v, z). The adversarial error sees the
frames and adds £d sgn(a;)sgn (U;,v) to the value at z & ht;U;, which adds (651/h) )", sgn (U;,v) U; to the
frame, a vector with mean asv, as = (051/h) dE |u;| for v uniform on the sphere (dE |u;| = 3.61 for d = 20).
The 15 log-spaced values of M and of § were set from a pilot estimate of e7 on a separate stream. All 31 settings
share the frames and the Gaussian noise of every call, and the errors are reported as ratios to ey = 3.03 - 1072,
the error at M = § = 0. They are plotted against = = M/,/agr and = = §v/d/(h\/azr), from 0.031 to 31, with
a=1=V2f(0).

The predictions follow the mean of the estimate. Near z* = 0 the estimate has mean b 4 av up to higher-order
terms, with a = M for the systematic error, since V) = Mwv, and a = as for the adversarial one. The method
then tends to —(b+ av), where f exceeds its value at —b by a (b, v) + a?/2 up to higher-order terms. We therefore
predict the ratio 1+ (F'(a) + a (b,v))/er, where F(a) = f(z,) — f* and x, minimizes f(z)+ a (v, z) (computed
by Newton’s method); for the systematic error, F'(M) is the error that remains with exact values of f + 7. Here
(b,v) = 0.346,/aer, and the squared bias 16]|% /2 is 0.39 £7. The ratio of the measured to the predicted error lies
between 1.00 and 1.02 for both errors at all 15 levels, at most 0.53 standard errors away. The errors cross 2ep at
x =~ 1.07 (systematic) and x ~ 1.30 (adversarial) by linear interpolation in log-log coordinates between the two
grid points around the crossing (1.08 and 1.34 by a power law 1 4+ cz? through them), while the predictions cross
2 at 1.11 and 1.37 (computed on a fine grid); without the cross term a (b, v) the first would cross 2 at 1.41. For
x > 6 the errors grow with fitted slopes 1.96 and 1.94, and at the largest level the ratios are 542.7 and 351.8,
against the predictions 540.9 and 350.0. The systematic and adversarial errors are tested separately; their joint
effect is not.

Experiment 4: rounds against calls. Here d = 20, m = 2, the noise is independent N (0, 0?) with o = 0.1,
the budget is T = 2md - 2'* = 1,310,720 calls and the radius is h = 0.3 (d*¢?/T)'/® = 0.0613. The objective
is f(z) = 32T Az — bTx + 0.1log cosh (w, z) with A diagonal, eigenvalues log-spaced in [1, ], x € {10,100}, a
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unit vector w and a minimizer x* of norm 2, drawn once per k; then I < V2f = (k+0.1)I. Tts third derivative
is small, so this experiment concerns rounds, not the order of the stencil. The methods use R =4, a =1 and
L = k4 0.1. Each of the 20 runs draws a pool of n = 2'* frames and of the noise of their calls, which both
methods use in order, for both values of x and all numbers of rounds (common random numbers). Without noise,
the estimate at 20 random centers in B(R) differs from V f by at most 1.0-107°. For N € {8,16, ..., 2} rounds
the batch has B = 2!4/N frames. The two-phase method is variant (a) of Procedure 2. The accelerated method
is variant (b) with Ng = [5y/L/a] (16 and 51) rounds per stage and with its iterates projected onto B(R). If
N < Ny, it runs one stage of N rounds with B frames; otherwise it runs J = min{|N/No]|, [log,(2'*/Ny + 1) |}
stages, stage j with |23 /(Ng(27 — 1))] frames per round, so that the batches double up to rounding. Rounds
beyond the last stage are not used: the method uses at most 160 rounds for x = 10 and 408 for k = 100, and
Figure 1(b) shows it against the rounds it uses, once per schedule. The rounding leaves at most 1.1% of the
budget unused. The statistical level is 2 tr(V2f(2*)~1)/(2n) with 62 = 0255/(2h?), the asymptotic error of
Polyak-Ruppert averaging (Polyak and Juditsky, 1992) of n frames with exact gradients and the same noise; it is
2.34-1073 for k = 10 and 1.35 - 10~2 for x = 100. The experiment compares methods at one budget; it is not a
measurement of the least number of rounds.

The two-phase method uses N rounds. Its error is 24 times the statistical level at N = 64, 2.8 times it at N = 128
and 1.7 to 2.3 times it for N > 256 when x = 10, and 13 times it at N = 512, 2.4 times it at N = 1024 and 1.7 to
2.0 times it for N > 2048 when k = 100. The accelerated method attains its smallest error with a single stage:
3.5 times the statistical level with 16 rounds for k = 10 and with 32 rounds for x = 100, where 16 rounds still
give 35 times this level. With more rounds it runs more stages, its last stage has fewer frames per round, and its
error rises to 5.0 to 6.7 times the statistical level with 32 to 160 rounds for x = 10, and to 5.5 to 7.3 times it with
102 to 408 rounds for k = 100. The number of rounds the two-phase method needs grows by a factor 8 from
k = 10 to k = 100, that of the accelerated method by a factor 2.

Experiment 5: calls against the dimension. Besides the objective f above we use the separable objective
fs(z) = Zj Y(z;), Y(t) = %tZ + ctge*t(z, with the profile of f on the line through w along each axis. Its minimizer
is 0, V2f,(0) = I, the eigenvalues of V2f; lie in [1 — 1.6912¢,1 + 1.6912¢], so the methods use the same «
and L, and HD3fS(O)HOp = ||D3f(0)||Op = 6c. Since V2f; is diagonal, its Lipschitz constant is sup [¢/"'| in the

operator and in the Hilbert-Schmidt norm, while D3 f(0) has Hilbert-Schmidt norm of order cVd. A frame at

the minimizer has bias ch2e="" w for f, and ?ﬂ‘; (1,...,1), of norm 3ng\2/3, for fs to leading order in h. Both

objectives are run with both radius rules h = C(d*t702/T)/6 of (3), 7 =0 (op) and 7 = 1 (HS), with variant (a)
of Procedure 2, N = 200 rounds of B frames, T' = 2dN B, the target ¢ = 2-10~* and a uniform unit start drawn
once per d. For the matched pairs (non-separable, op) and (separable, HS) the constant C' € {2F/% . —4 < k < 4}
was tuned once, on a separate stream at d = 16 with 10 runs, budgets B = 1,...,32 and common randomness
across C', by minimizing the interpolated number of calls to reach €; the chosen values are C' = 1.68 and C' = 1.19,
both inside the grid. The other rule of each objective uses the constant that gives the same radius at d = 16,
so that the two rules differ only in how the radius scales with d. For each d the number of frames per round is
halved or doubled until the mean error brackets €, with 40 runs for d < 16 and 20 for d > 32; the non-separable
objective is not run at d = 128. For f; the radii reach 0.49 (d = 128), but a frame moves each coordinate by h
times a coordinate of a uniform unit vector, and the next term of the bias is smaller than the leading one by a
factor of order h?/d.

With the matched rules the calls grow with the fitted slopes 2.0340.03 (non-separable) and 1.6240.03 (separable)
over 8 < d <64, and 1.61 4+ 0.02 for the separable objective up to d = 128; with the other rules the slopes are
2.21 £ 0.05 and 1.64 4+ 0.03 over 8 < d < 64, and 1.68 4 0.02 for the separable objective up to d = 128. The ratio
of the calls of the two objectives with the matched rules grows from 1.14 at d = 8 to 2.66 at d = 64. The rule
of the other seminorm needs 1.03, 1.00, 1.14 and 1.53 times the calls of the matched rule for the non-separable
objective (d = 8,...,64), and 1.02, 1.23, 1.06, 1.12 and 1.37 times them for the separable one (d = 8,...,128).
At d = 16 the two rules give the same radius, so the ratio 1.23 there, 2.4 standard errors from 1, is a fluctuation
of the runs; it indicates their variability.

To compare the slopes with a finite-d prediction we model the error after the method as A ky(d)?h* +Vd?c? /(Th?),
with ky, = ¢ for f and ky = 3¢v/d/(d + 2) for fs, the leading terms of the squared bias and of the noise. With the
radius rule and C' optimal at d = 16, where the bias term is then half the noise term, the calls to reach ¢ are
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proportional to

3/2
(50(16) m +v(d)) ) = k()22 y(d) = a4, (P.1)
and we fit one constant per curve by least squares on the log scale. The model neglects higher-order terms of the
bias, the variance of the frames without noise and the optimization error. For 8 < d < 64 it has the slopes 2.00
and 2.13 for the non-separable objective with the op and the HS rule, and 1.59 and 1.67 for the separable one
with the HS and the op rule (1.57 and 1.72 up to d = 128); its slopes as d — oo are 2, 3, 3/2 and 2. The measured
slopes differ from those of the model by +0.03, +0.08, 40.03 and —0.03 (+0.03 and —0.04 up to d = 128). At
all 18 points the residuals log(measured/model) are at most 0.104 in absolute value, that is, within 11%, and at
most 2.7 standard errors of the logarithm of the calls; run_log. txt lists them.

Experiment 6: the {; ball. The objective is f(z) = ), ¢(z; — ¢;) with (t) =’ —1 —t and ¢ = ley: it is
convex, its minimizer is 1-sparse and lies in By (1), and f(0) — f* = 0.107. Since ¢’ is unbounded on R, f does
not belong to the global class C1(R, G ) of Lemma N.9, and we use its local form, Lemma N.10. The target is
e = 0.01 and the noise is N(0,0?) with ¢ = 0.03. Both methods use m = 1 and the radius of Lemma N.9(b),
h = (¢/(4Lg))Y/? = 0.0299, with Ls = e!*". Every query of method (i) differs from a point of B;(1) in one
coordinate by at most h, and every query of method (ii) lies in B;(1) + hB2(1); in both cases all coordinates are
at most 1 -+ h in absolute value. On this set V2f = diag(e® =% ), so e!*" bounds the Hélder constant of V2f in
the /1 operator norm, and the local constant of Lemma N.10. The noise of one coordinate of either estimate has
standard deviation ¢/(v/2h) = 0.71. Method (i) is entropic mirror descent with coordinate stencils, Procedure 7,
with the step ¢ = u(2log(2d)/(G?N))'/2; here G? = 2(Goo +£/4)% + 2(1 + log(2d))a?/h? is G2 of Lemma N.9(b)
for Gaussian noise, and Go, = e —1 = 1.72 bounds ||V f|| , on B;(1). Method (ii) is projected stochastic gradient
descent onto Bj(1) with the exact Euclidean projection, one frame per round and the step pu/(G2v/N), where
G% =2(Ga +¢/4)? + do?/h? and G5 = 1.76 bounds |V f|| on B;(1). Both output the average of their centers
and use 2d calls per round. The multiplier y € {2¥ : k = —2,... 4} was tuned in the same way for both methods,
on a separate stream at d = 32 with 10 runs, budgets N = 128,...,8192 and common randomness across u, by
minimizing the interpolated number of calls to reach ¢; the chosen values are p = 8 for (i) and p = 2 for (ii), both
inside the grid. For each d the number of rounds is halved or doubled until the mean error brackets € (20 runs; 10
and 6 for (i) at d = 64 and 128). Method (i) needs 7.2 - 10%, 2.1 -10*, 3.6 - 10*, 8.4 - 10* and 2.0 - 10° calls for
d=16,32,...,256, that is, 225 to 381 rounds; the fitted slope in d is 1.14 +0.06 for 16 < d < 128 and 1.15+0.04
up to 256. Method (ii) needs 1.3 - 10%, 6.0 - 10%, 2.9 - 10° and 1.34 - 105 calls for d < 128, that is, 393 to 5,230
rounds, and a fitted slope of 2.25 + 0.04. It was not run at d = 256: extrapolating its number of rounds gives
about 1.2 - 104, and one literal 256 x 256 frame takes about 6 ms. The instance is sparse and favorable to the ¢;
geometry; it illustrates the upper bound and is not a minimax comparison.

Experiment 7: higher order. The objective is f7(z) = %||x||2 +c(w,z) (1 — e I7I") with ¢ = 1/4, w =
d_1/2(17 ..., 1) and d = 16. Tt is C*° with bounded derivatives of every order, so it belongs to the classes of every
B; x* =0, f* =0, V2f7(0) = I, and the eigenvalues of the Hessian of the odd term g; have absolute value at
most 1.9518 (computed numerically as for g), so the methods use & =1 — 1.96¢ = 0.51 and L = 1.49. Unlike the
odd term of f, that of f7 does not decay: at a very large radius every estimate sees x + cw, whose root —cw
has error 2.7 - 1072, so wide tuning grids cannot favor huge radii. At the minimizer the bias is ch?w for central
differences, to leading order, and O(h*) for m = 2 and for the kernel estimate; noiseless means over many frames
or directions at h = 0.1,0.2,0.4 confirm the orders (2.49-1073, 9.80- 1073, 3.70 - 102 for m =1 and 3.1 - 1076,
4.9-107°,7.5-10~* for m = 2). Three estimates with 4dB values per round drive variant (a) of Procedure 2
with N = 200 rounds: (i) B frames with m = 2 and the radius rule of 3 = 5, h = C(d?0?/T)"/1%; (ii) 2B frames
with m = 1 and the rule of 8 = 3, h = C(d*¢?/T)"/%; (iii) 2dB directions of the f,-randomized kernel estimate
of Akhavan et al. (2020, 2024), & (Y (z + hr¢) — Y (z — hr¢))K (r)¢ with ¢ uniform on the sphere, r uniform
on [—1,1] and the kernel K (r) = 15%(5 — 7r?) of order 4, with the rule of 8 = 5. The cited works use one such
estimate per iteration of stochastic gradient descent; here all three estimates drive the same batched method, so
that only the estimate differs. Each constant C' € {2F/2 : —4 < k < 8} was tuned at T' = 2.05 - 10° on a separate
stream with 10 runs and common randomness across C, by minimizing the mean error; the chosen values are
2.83, 1.41 and 2.83, all inside the grid. The budgets are 7' = 1.28 - 10* - 2%, k' = 0,...,7, with 20 runs each. The
fitted slopes in T are —0.76, —0.67 and —0.85 over all budgets and —0.80, —0.67 and —0.82 for T > 2.05 - 10°,
against the rates —4/5, —2/3 and —4/5 of the analyses. The error of central differences is 0.93 to 1.65 times that
of the frames with m = 2, growing with 7', and the error of the kernel estimate is 1.02 to 1.62 times it.
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Additional checks for Experiments 3 and 5. Thresholds across dimensions and budgets. We repeat
Experiment 3 at (d,T) = (10,1.024 - 10%), (40, 1.024 - 10%), and (20, 2.56 - 10°), using nine log-spaced levels from
x = 0.25 to 4.5 and independent streams for the instance, pilot, and reported runs. The measured systematic
doubling points are 1.69, 1.36, and 1.35, compared with predictions 1.79, 1.32, and 1.35. The adversarial values
are 2.08, 1.67, and 1.67, compared with 2.19, 1.64, and 1.67. Their variation comes from the instance-dependent
cross term a (b,v): (b,v) /\/aer = —0.34, 0.10, and 0.07.

Budget scaling at fized dimension. We also rerun the four configurations of Experiment 5 at d = 32, using its
tuned constants, N = 200 rounds, B = 2,4, ...,64 frames, and 20 independent runs per budget. Thus T ranges
from 2.56 - 10* to 8.19 - 10° oracle calls and the radii range from 0.17 to 0.39. Because h is proportional to 7~/6,
the predicted error is T—2/3. The four fitted slopes are —0.648 4 0.017, —0.677 & 0.017, —0.668 + 0.020, and
—0.703 & 0.018; for T > 1.02 - 10° they are —0.60 £ 0.03, —0.67 & 0.04, —0.71 £ 0.04, and —0.67 £ 0.03. The
interpolated calls required for € = 2-107% are 1.39-10%, 1.77-10°, 8.8-10%, and 7.8 - 10, compared with 1.57 - 10°,
1.78 -10°, 7.4 - 10%, and 7.8 - 10* in the independent dimension-scaling runs of Experiment 5.

Q DISCUSSION AND OPEN QUESTIONS

Random noise costs calls but not rounds: the accelerated method keeps the O(y/k log(1/€)) rounds of Nesterov’s
method with exact gradients, and only the number of calls per round grows with d and o. Persistent errors are
governed by their regularity rather than their size. A Lipschitz error fixed before the run is not averaged out:
for n(z) = M (v, z) every estimate is shifted by Mv. But the shift is O(M), without a factor v/d, so the error
costs O(M? /) in value and is admissible up to a Lipschitz constant of order y/az in every dimension, however
large its values are. An error known only to be bounded, such as a rounding error, is admissible only up to
min{v/d, \/log(4T)} 6., even if it is a fixed function of the query, and only for £ < e¢; the achievable level cgle
does not grow with the budget, since the radius cannot exceed the order of h..

Limitations. The methods need 3, Lg, 0, @ and L; adaptation to unknown parameters is not studied. The
counts concern oracle calls and adaptive depth: a round assumes unlimited parallelism, a Haar frame costs O(d®)
arithmetic operations, and the methods of Theorem 3 minimize polynomials at a cost we do not bound. Some
constants are far from practical: the factor in ¢y of Theorem 2(b) is below 107%° for 3 = 3 and N = 3; the
method of Theorem 3(b) starts with O(d?* 1 log(d + T')) calls for integer /3, that is d® for 8 = 3 and d'® for 8 = 4;
and with our constants the range of accuracies in Lemma 1..10(a), and that of the ¢; lower bound of Section 7, are
nonempty only for d above large thresholds, which exceed 228 for the latter at 3 = 3. Under unrestricted Hessian
magnitude, our analysis of the initial polynomial fit uses centered noise. The upper bounds on constrained sets
query the h-neighborhood of the set. The experiments check the predictions on particular instances, which are
not worst cases: Hilbert—Schmidt smoothness appears only through the separable instance of Figure 1(c) and
Experiment 5, the order 8 only through the comparison of the stencils with m =1 and m = 2 in (d), and the
methods of Lemma I.1 and Theorem 3 are not tested; minimax lower bounds cannot be confirmed by finitely
many instances.

Open questions. Rounds. The lower bound Ng(d) of Theorem 2(c) concerns the rate in the number of calls
per round for fixed d, while for a fixed accuracy Theorem 1(c) needs O(y/k (1 + log(LR?/¢))) rounds in every
dimension. How the minimal number of rounds depends on x and ¢ is open, since our nested hard functions have
x < 3. Under the condition of Lemma 1.1, we do not know whether O(,/keg log(1/¢)) rounds suffice. Convex
functions. The minimax number of calls is known only in the ranges of Lemma L.10(a) and, for L > L. and
LgRAd=P/* < e < c,'gLﬁRﬁ, up to the factor CgV/L. between the leading statistical terms (Lemma L.10(b)); the
full upper bound adds 32d(1 + LR?/e) calls, and for smaller ¢ the gap grows. The admissible adversarial level is
known only up to a factor polynomial in 1/ (Table 3). Unbounded Hessians. Can the rate of Theorem 3 be
reached with a smaller startup, under oblivious noise or with systematic and adversarial errors, or in polynomial
time?

R FURTHER RELATED WORK

Oracle calls. Finite differences of noisy values go back to Kiefer and Wolfowitz (1952); higher smoothness is
exploited by differences of higher order (Fabian, 1967; Dippon, 2003), optimal in dimension one (Chen, 1988),
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and by randomized differences weighted by a kernel (Polyak and Tsybakov, 1990). Omitting factors free of d and
e, the number of calls has since fallen from d2e~(#+1/(8=1) (Bach and Perchet, 2016) to d?c=#/(8=1 (Akhavan
et al., 2024, Theorem 18 and Corollary 19), with intermediate steps by Akhavan et al. (2020) and Novitskii and
Gasnikov (2022). For integer 8 the class of Akhavan et al. (2024) is defined through derivatives of order 3, but
their bias bound (Akhavan et al., 2024, Lemma 6) uses only the Taylor remainder of order 8, which is bounded on
our classes. Their noise, like that of Lobanov (2024), may be oblivious: independent of the random directions and
not necessarily centered. The lower bound d?/(#=1e=8/(8=1) of Akhavan et al. (2020, Theorem 6.1) and Akhavan
et al. (2024, Theorem 22) comes from separable functions, for which it is attained (Akhavan and Tsybakov,
2025). For a Hilbert—-Schmidt bound on the Lipschitz constant of the Hessian, 8 = 3, Yu et al. (2024) established
matching bounds of order d3/2¢=3/2 for centered noise and unrestricted Hessian magnitude; their Theorems 3.1
and 3.2 are asymptotic in the number of calls with the other parameters fixed. With a bounded Hessian alone,
d?/&? calls are necessary (Shamir, 2013, improving Jamieson et al., 2012), but the third derivatives of the hard
functions are not bounded uniformly in e. Wang et al. (2018) study local minimax rates for noisy optimization of
smooth functions, a neighboring problem with a different notion of optimality. Akhavan et al. (2026) minimize a
partial derivative 8;? ¢ of an unknown function from noisy values of g, with the optimal rate N~(F=1/(8+k) ip the
number N of queries; for k = 0 their bound is d(?#=1/8#N=(=1)/8  Hessians that grow at most linearly with the
gradient (Zhang et al., 2020) were treated for two-point feedback by Lobanov and Gasnikov (2025). Zeroth-order
methods are also used for nonconvex problems such as black-box attacks on neural networks (Chen et al., 2017)
and fine-tuning of language models (Malladi et al., 2023), which lie outside our assumptions.

Directions. Our estimate uses all axes of a uniformly random orthonormal basis. Finite differences along
random orthogonal directions, which include spherical smoothing and coordinate descent as special cases, were
analyzed by Kozak et al. (2023), and stochastic descent along ¢ < d structured orthogonal directions by Rando
et al. (2024). Their oracles and classes differ from ours; we use stencils of high order and the noise of Definition 1,
in which the frames make an oblivious error average out and a fixed Lipschitz error cost O(M) (Proposition 1).

Rounds. Parallel first-order methods need many rounds in high dimension (Nemirovski, 1994; Diakonikolas and
Guzmadn, 2020), and zeroth-order methods for functions with a bounded Hessian need about dloglogn rounds of
n calls to keep the sequential rate (Duchi et al., 2018). For highly smooth functions, batched kernel methods with
bounds on the rounds exist for convex (Lobanov et al., 2024), Polyak-Lojasiewicz (Gasnikov et al., 2024b) and
strongly convex (Lobanov, 2024, Theorem 2) objectives; the last one makes d? calls, up to logarithmic factors,
in O(y/klog(1/¢)) rounds for k = L/a. Compared with it, Theorem 1(a) has no logarithmic factor in the error
bound, holds under Hilbert—Schmidt smoothness with the power d®, and admits systematic and adversarial errors
at the levels of Theorem 1(c), which are sharp up to the factors stated there.

Admissible errors. Systematic and adversarial errors have mostly been studied for less smooth functions
and for two-point feedback, where two values share one random sample (Duchi et al., 2015; Shamir, 2017).
There Gasnikov et al. (2022) bounded the calls, the rounds and the largest admissible adversarial error, which
Pasechnyuk-Vilensky et al. (2026) determined up to logarithms, building on approximately convex optimization
(Belloni et al., 2015; Singer and Vondrdk, 2015; Li and Risteski, 2016). In Pasechnyuk-Vilensky et al. (2026) the
errors are fixed functions on a Euclidean ball, queries and output lie in the ball, and the guarantee holds with
high probability; their lower bound £3/2/(R+v/dL) on the admissible level (Table 3) is proved on the subclass with
a Lipschitz constant of order v/Le on the ball, and their upper bound for a range of accuracies and for d at least
of the order of the logarithm of the number of queries. Lipschitz errors were treated by Gasnikov et al. (2016a)
and by Dvinskikh et al. (2023), whose constant is of order ¢/(Rv/d) for exact values and two-point feedback, and
accelerated methods with bounded errors by Gorbunov et al. (2022). For highly smooth Polyak—Lojasiewicz
functions, kernel methods tolerate bounded deterministic errors of order e#/(2(6-1)g—6/(8—1) (Gasnikov et al.,
2024b, Theorems 1 and 3).

Convex functions and other geometries. For convex functions the optimal dependence on d and ¢ is
open. Finite differences use d?e=2#/(#=1) calls (Bach and Perchet, 2016), as does the method of Akhavan et al.
(2024) applied to a regularized objective (Section M.4). Smoothing with a bounded Hessian (Flaxman et al.,
2005; Saha and Tewari, 2011) uses d?Le~3 calls (Gasnikov et al., 2024a, Section 4.4), a bound stated with the
second moment of the values in place of ¢2; our bounds depend on ¢ but not on the size of the values, since the
stencil uses differences of values. Bandit methods use =2 calls up to logarithmic factors, removed for d = 1 only
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recently (Carpentier et al., 2026), but with a larger power of d (Lattimore and Gyorgy, 2023; Fokkema et al.,
2024; Lattimore, 2024): the methods of Lattimore and Gyorgy (2023); Fokkema et al. (2024) use dPe~2 calls with
3 < p < 7/2 for centered sub-Gaussian noise and functions that are Lipschitz on the domain, as ours are with
constant 2LR on B(R). The lower bound derived from the separable functions of Akhavan et al. (2020, 2024)
(Section M.4) is smaller in d or in 1/e. For convex Lipschitz functions, smoothing uses d2e~* calls (Flaxman
et al., 2005), which Rajaraman and Han (2026) proved necessary for ¢ at least of order d~'/* by hiding curvature
near a tube defined by an unknown linear map. For other norms, a linear map onto a Euclidean ball transfers
lower bounds, as Dorn et al. (2026) showed for exact values. One-point methods with nearly linear dependence
on d were known on the simplex for 8 < 2 and Euclidean constants (Gasnikov et al., 2017), and two-point ones
adapted to ¢; by Gasnikov et al. (2016b); Akhavan et al. (2022). For first-order methods, a mismatch between
the norm of smoothness and the feasible set also changes the complexity: for a Euclidean-Lipschitz gradient on
the ¢ ball, LR?/N? after N gradients is the minimax rate up to logarithms in high dimension, d > N + 1 for
deterministic and d > 32N + 1 for randomized methods (Loginov et al., 2026).

S COMPARISON WITH CONCURRENT WORK

Zhang et al. (2026) study noisy zeroth-order minimization of strongly convex functions whose derivative of order
q is Holder continuous in the multilinear operator norm, from values with independent Gaussian noise and with
adaptive queries anywhere in R%. In our notation their class is Fi.(f,1;1,3,1) with the operator seminorm and
o =1, and their main theorem states that for every fixed 8 > 2 and all integers d,T > 1 the minimax error is of
order min{1, (d?/T)#=1/B} so that d?e~A/(B=1) calls are necessary and sufficient for small . Their Appendix E
extends this to other fixed values of the parameters, with constants that depend on them. The two works were
carried out independently. This appendix lists where they overlap and where they differ.

Overlap. For the operator seminorm, Lemma E.5 with s = 2 is their main theorem, and Theorem 1(b) contains
their lower bound. Both lower bounds perturb a quadratic by a linear function with direction w/vd, w € {—1,1}¢,
under one radial cutoff, and both bound the sum over the coordinates of the squared changes of a value under a
sign flip uniformly in the query point (Lemma E.3, Step 3). The upper bound of this order was known (Akhavan
et al., 2024); they also prove it with a spherical estimator at the radii 277h combined with Lagrange weights and
with projected stochastic gradient descent, one estimate per iteration.

Differences.

e Dependence on the parameters. In Theorem 1 the constants depend only on 8: for § =0, 0 < M < aR and
budgets above the two thresholds stated after Theorem 1, the minimax error is of order ®7 + M?/a jointly in
all parameters, and Theorem 1(b) holds for every budget with the explicit saturation level ®q. Zhang et al.
(2026, Section 5) do not claim a formula that is sharp jointly in these parameters.

o Hilbert—Schmidt smoothness. They do not consider the Hilbert—Schmidt seminorm, for which the dimension
factor is d®/2 for even ¢ and d2~(¢=1/2B-1) for odd ¢ (Theorem 1 and Lemma E.5); for even ¢ this needs the
ridge functions of Lemma E.4. They discuss the result of Yu et al. (2024) for a Frobenius-norm bound on the
Lipschitz constant of the Hessian, 8 = 3, as a neighboring class.

e Rounds. Their method computes one estimate per iteration, so it uses as many sequential rounds as iterations.
Theorem 1(a) attains the same number of calls in O(y/klog(1/¢)) rounds, and Theorem 2 bounds the number
of rounds from below.

e Noise. They consider independent Gaussian noise. Here the random noise may be biased if it is independent of
the directions of the method, and Theorem 1(c) determines the admissible levels of Lipschitz systematic errors

and, up to Cs min{v/d, /log(4T)}, of adversarial errors.

e Other classes. Functions whose Hessian is not bounded from above (Lemma I.1 and Theorem 3), convex
functions (Section 6) and other norms and constraints (Section 7) are not considered there.

Estimators. Both upper bounds cancel the lower-order terms of the Taylor expansion by combining several
radii, as in Fabian (1967) and Polyak and Tsybakov (1990). Their estimator differentiates along one random
direction at the radii 277h; ours uses the nodes j/m along all axes of a random orthonormal basis and averages
such frames within a round (Section 4).



