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Abstract

We study zeroth-order optimization of convex
and strongly convex functions with Hölder
smoothness of order β > 2 from values cor-
rupted by random noise with bias indepen-
dent of the method’s random directions, a
Lipschitz systematic error and a bounded
adversarial error. We measure the number
of function evaluations (calls), of sequential
rounds of parallel calls, and the largest tolera-
ble systematic and adversarial errors. For
strongly convex functions with a bounded
Hessian, we prove a lower bound of order
d2ε−β/(β−1) on the number of calls, where
d is the dimension and ε the accuracy, and
find the sharp power of d under the stronger
Hilbert–Schmidt smoothness for all β > 2. An
accelerated finite-difference method attains
them in O(

√
κ log(1/ε)) rounds for condition

number κ, like Nesterov’s method with exact
gradients, and tolerates the optimal system-
atic and, up to logarithms, adversarial errors;
rate-optimal methods need Ω(log d) rounds.
The same number of calls is attained when the
Hessian grows at most linearly with the gradi-
ent and, for centered noise, without an upper
bound on the Hessian, also in logarithmically
many rounds. For convex functions, our lower
bound improves the known one polynomially
in d and is tight at the curvature of the hard
instances; the systematic level is again opti-
mal. These bounds extend to general norms
and constraints; on the ℓ1 ball, mirror descent
needs calls nearly linear in d. Experiments
confirm the theory.

1 INTRODUCTION

Zeroth-order optimization seeks a minimizer using only
function evaluations (Conn et al., 2009; Larson et al.,
2019). It applies when derivatives are unavailable, as in
black-box attacks (Chen et al., 2017) and forward-only
fine-tuning of language models (Malladi et al., 2023).
We consider the noisy-value problem

min
x∈Rd

f(x). (1)

Each oracle call returns a corrupted scalar value,
whereas the unavailable gradient has d coordinates. Di-
mension dependence is therefore a central complexity
issue. Higher-order smoothness improves the accuracy
dependence, but its effect on the sharp power of d has
remained unresolved.

For strongly convex objectives with a bounded Hes-
sian and smoothness order β > 2, the best known

upper bound at accuracy ε was O
(
d2ε−

β
β−1

)
oracle

calls (Akhavan et al., 2024), whereas separable lower

bounds gave Ω
(
d

β
β−1 ε−

β
β−1

)
(Akhavan et al., 2020,

2024). Their ratio d
β−2
β−1 approaches d as β grows.

Throughout, asymptotic constants are independent of
d, T, ε; other dependencies are explicit.

We close this gap for strongly convex and convex objec-
tives with Hölder smoothness of order β, measured in
the operator norm or in the Hilbert–Schmidt norm. Or-
acle values may contain centered or direction-oblivious
random noise, a fixed Lipschitz systematic error, and
a bounded adaptive error.

Related work. Higher-order finite-difference and ker-
nel methods (Polyak and Tsybakov, 1990; Bach and
Perchet, 2016; Akhavan et al., 2020; Novitskii and
Gasnikov, 2022; Akhavan et al., 2024) attain the d2

dependence. Matching bounds were previously known
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only for β = 3 under Hilbert–Schmidt smoothness: Yu
et al. (2024) obtained d3/2ε−3/2 for centered noise, un-
restricted Hessian magnitude, and sufficiently large T .
Under operator smoothness, Lobanov (2024) attains
the d2 rate up to logarithms in O(

√
κ log(1/ε)) rounds,

where κ is the condition number. Persistent errors and
round lower bounds were studied in Gasnikov et al.
(2022); Dvinskikh et al. (2023); Pasechnyuk-Vilensky
et al. (2026); Duchi et al. (2018). Tables 2 and 3 give
detailed comparisons.

Main result. Let q = ⌈β⌉ − 1 and set s = 2 in
operator norm; in Hilbert–Schmidt norm, let s = 3

2

for even q and s = 2 − q−1
2(β−1) for odd q. For the

class Fsc(β, 1; 1, 3, 1) defined in Section 2 under i.i.d.
N (0, 1) noise, denote the Gaussian minimax expected
suboptimality after T oracle calls by RG

T . Then

RG
T = Θ

(
min

{
1,

(
ds

T

) β−1
β

})
, d ≥ 2, T ≥ 1.

Consequently, operator smoothness requires

Θ(d2ε−
β

β−1 ) oracle calls: higher-order smooth-
ness improves the accuracy exponent but not the sharp
d2 factor. For Hilbert–Schmidt smoothness, s = 3

2 for
even q and 3

2 < s ≤ 5
3 for odd q.

Contributions.

• Oracle calls. Random-frame higher-order differences
attain the factors d2 under operator smoothness and
ds under Hilbert–Schmidt smoothness; dense hard
instances give matching lower bounds.

• Rounds and persistent errors. A restarted Nesterov
scheme attains the rate in O(

√
κ log(1/ε)) rounds,

and rate-optimal methods require Θ(log d) rounds.
For α-strong convexity, the sharp systematic-error
level is Θ(

√
αε); the adaptive threshold is determined

up to a factor min{
√
d,
√

log(4T )}.
• Broader curvature classes. The same rate holds under

gradient-dependent Hessian growth. With centered
noise and unrestricted Hessian magnitude, it holds
once T exceeds a polynomial in d.

• Convexity and geometry. We improve the convex
lower bounds and match central differences in a cur-
vature regime. An image-ball reduction extends the
lower bounds to general constraints; on the ℓ1 ball,
the dimension dependence is linear up to log2(2d).

Organization. Section 2 defines the model; Sec-
tions 3–5 develop the strongly convex theory; Sections 6
and 7 cover convexity and geometry; and Section 8 re-
ports experiments. The supplement contains proofs,
extensions, experimental details, computational scope,
and detailed comparisons.

2 PROBLEM SETUP

This section defines the function classes, noisy value
oracle, and complexity and robustness criteria for prob-
lem (1).

Notation. Fix β > 2 and set q = ⌈β⌉ − 1 ≥ 2.
For operator-norm smoothness let τ = 0; for Hilbert–
Schmidt smoothness let τ = τβ , where

τβ = β−1
2 for even q, τβ = q−1

2 for odd q. (2)

In both cases, set s = 2− τ
β−1 . Constants cβ , Cβ > 0

depend only on β and are fixed within each for-
mal statement. We use log+ x = max{0, log x} and
log+

2 x = log+ x/ log 2.

Smoothness and classes. Let γ = β − q ∈
(0, 1]. For the symmetric q-linear form Dqf(x),
set ∥A∥op = sup∥vi∥≤1 |A[v1, . . . , vq]| and let ∥A∥HS

be the Euclidean norm of its coefficient array.
The seminorm [f ]β,op is the least Lβ such that
∥Dqf(x)−Dqf(y)∥op ≤ Lβ ∥x− y∥γ ; define [f ]β,HS

analogously. Since ∥A∥op ≤ ∥A∥HS, the Hilbert–
Schmidt assumption is stronger; [f ]β denotes either
seminorm.

For 0 < α ≤ L ≤ ∞ and R > 0, the class Fsc =
Fsc(β, Lβ ;α,L,R) consists of the q-times continuously
differentiable f with αI ⪯ ∇2f ⪯ LI, [f ]β ≤ Lβ and
unique minimizer x⋆ in B(R) = {x : ∥x∥ ≤ R}. Here
L = ∞ allows arbitrary Hessian norms; κ = L/α is
used when L <∞. The class Fcvx = Fcvx(β, Lβ ;L,R)
is defined in the same way with 0 ⪯ ∇2f ⪯ LI and
some minimizer in B(R). Methods start at the origin,
so R bounds the initial distance to a minimizer; it does
not constrain the queries or the output. These may lie
anywhere in Rd, except in Section 7.

Oracle calls, rounds, and noisy values. Before
round k, the past and the randomness Θ1, . . . ,Θk−1

generate Fk−1. The method draws fresh Θk and selects
all queries of that round jointly from (Fk−1,Θk); hence
rounds measure adaptive depth. It makes T oracle calls
in N rounds (at most n per round in Theorem 2), and
its output may use the full transcript.

Definition 1 (Noisy values). Let Ik index round k.
A query at Xt, t ∈ Ik, returns Yt = f(Xt) + η(Xt) +
ξct + ξot + δt. Let Et be the σ-field generated by Fk−1,
Θk, the queries of round k, and the errors of its earlier
queries. For levels M,σ, δ ≥ 0,

|η(x)− η(y)| ≤M ∥x− y∥ for all x, y; (L)

E[ξct | Et] = 0, E[(ξct )2 | Et] ≤ σ2; (C)

E[(ξot )2 | Fk−1] ≤ σ2, (ξot )t∈Ik
⊥⊥ Θk | Fk−1; (O)

|δt| ≤ δ. (A)
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Table 1: Leading dependence on d, ε, and κ for strongly convex objectives.

Setting Reference
Oracle calls

lower
Oracle calls

upper
Rounds
lower

Rounds
upper

αI ⪯ ∇2f ⪯ LI,
[f ]β,op ≤ Lβ

Akhavan et al. (2024) d
β

β−1 ε
− β

β−1 d2ε
− β

β−1 – –

Lobanov (2024) – d2ε
− β

β−1 ∗ –
√
κ log 1

ε

This paper (Thms. 1, 2) d2ε
− β

β−1 d2ε
− β

β−1 log d § √
κ log 1

ε

αI ⪯ ∇2f ⪯ LI,
[f ]β,HS ≤ Lβ

Akhavan et al. (2024) – d2ε
− β

β−1 – –

This paper (Thms. 1, 2)¶ dsε
− β

β−1 dsε
− β

β−1 log d § √
κ log 1

ε∥∥∇2f
∥∥
op

≤ L0 + L1 ∥∇f∥ This paper (Sec. 3) ¶ dsε
− β

β−1 dsε
− β

β−1 – κeff log 1
ε

‡

αI ⪯ ∇2f ,
centered noise

Yu et al. (2024), β = 3, HS † d
3
2 ε−

3
2 d

3
2 ε−

3
2 – –

This paper (Thm. 3) ¶∥ dsε
− β

β−1 dsε
− β

β−1 – log d
ε

∗Up to logarithmic factors. †Hilbert–Schmidt seminorm; asymptotic in T . ‡κeff = Leff/α (Section 3). §Rate-optimal

methods, fixed d, L ≥ 3α. ¶s = 2 for [f ]β,op; for [f ]β,HS, s = 3
2

if q is even and s = 2 − q−1
2(β−1)

if q is odd. ∥For T above a

polynomial in d.

In (O), ⊥⊥ denotes conditional independence given
Fk−1. Here η is fixed before the run, and δt may
depend on the past, on Θk, and on the query. The
noise is then admissible at levels (M,σ, δ).

Thus η is a fixed systematic error; ξc is centered; ξo

may be biased but is direction-oblivious within each
round (Akhavan et al., 2020); and δt is adaptive but
bounded. Gaussian noise means independent ξct ∼
N (0, σ2) and no other component. Methods know the
class parameters and σ, but not M, δ.

Criteria and rates. A method is ε-accurate on a
class at levels (M,σ, δ) if E[f(x̂) − f⋆] ≤ ε for every
f in the class and every noise admissible at these lev-
els, where f⋆ = minx∈Rd f(x). The admissible levels
Mmax(ε, T ) and δmax(ε, T ) are the suprema of the M
(with δ = 0) and of the δ (with M = 0) for which some
method with at most T oracle calls is ε-accurate. For
strongly convex functions and σ > 0, the rate ΦT and
the radius hT that balances the bias and the noise of
the gradient estimate of Section 4 are

ΦT =
L

2
β

β

α
d2−

2+τ
β

(σ2

T

) β−1
β

, hT =
(d2+τσ2

L2
βT

) 1
2β

, (3)

and Φ1 := ΦT |T=1. Solving ΦT = ε gives the required
number of oracle calls

T⋆(ε) = dsσ2L
2

β−1

β (αε)−
β

β−1 . (4)

A gradient error of norm b causes function-value error

at the scale b2

α under strong convexity, so accuracy ε
requires gradients with accuracy

√
αε. The radius at

which the bias of the estimate equals
√
αε, and the

adversarial level with the same effect, are

hε =
(αε dτ
L2
β

) 1
2(β−1)

,δε =

√
αεhε√
d

= σd
1
2T⋆(ε)−

1
2 . (5)

The last equality requires σ > 0. The scale δε equals
the standard-error scale associated with T⋆(ε)/d cen-
tered observations; the oblivious component of Defini-
tion 1 may remain dependent across oracle calls.

3 MAIN RESULTS

This section gives oracle-call, round, and persistent-
error bounds for strongly convex objectives under
bounded, gradient-dependent, and unrestricted cur-
vature.

Theorem 1 (Oracle calls, rounds and admissible noise).
Let β > 2, 0 < α < L < ∞, κ = L

α and σ > 0, and
let Fsc be defined with either seminorm. There are
constants 0 < cβ ≤ Cβ such that the following holds.

(a) (Upper bound.) Let T ≥ Cβd
√
κ log2

(
Cβdκ (1 +

LR2

Φ1
)
)
. The accelerated method of Procedure 1 with

radius hT and target CβΦT uses at most T oracle

calls in N ≤ (1 + 5
√
κ)(1 + log+

2
LR2

ΦT
) rounds, and

for every f ∈ Fsc and every noise admissible at
levels (M,σ, δ)

E[f(x̂)− f⋆] ≤ Cβ

(
ΦT +

M2

α
+
Tδ2

dσ2
ΦT

)
. (6)

(b) (Lower bound.) Let ρ = min{α, L−α
2 } and Φ0 =

min{αR2, ρ
2(β−1)
β−2 α−1L

− 2
β−2

β }. If M ≤ αR, then
for every T ≥ 1 every method with T oracle calls
in any number of rounds satisfies supf,η E[f(x̂)−
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Table 2: Leading oracle-call dependence on d, ε, and L for convex objectives.

Setting Reference
Oracle calls
lower bound

Oracle calls
upper bound

∇2f ⪯ LI,
[f ]β,op ≤ Lβ

Akhavan et al. (2020, 2024) min
{
d2ε−2, d

β
β−1 ε

− 2β
β−1

} ∥ d2ε
− 2β

β−1

Bach and Perchet (2016) – d2ε
− 2β

β−1

Gasnikov et al. (2024a) – d2Lε−3

Lattimore and György (2023),
Fokkema et al. (2024)

– dpε−2 for p ∈ [3, 7
2
] ∗†

This paper
(Thms. 4, 5)

min
{
d

5
2 ε−2, d2ε

− 2(β+1)
β , d2Lε−3

}
d2 min

{
ε
− 2β

β−1 , Lε−3
}

This paper, L ≲ ε
1− 2

β ‡

(Sec. 6)
d2Lε−3 d2Lε−3

∇2f ⪯ LI,
[f ]β,HS ≤ Lβ

Bach and Perchet (2016) – d2ε
− 2β

β−1

This paper, q even
(Sec. 6)

d2ε−2 § d
3
2 ε

− 2β
β−1

This paper, q odd
(Sec. 6)

d2ε−2 § d
2− q−1

2(β−1) ε
− 2β

β−1

Constraints with an
n-dimensional image ball

This paper (Sec. 7) min
{
n

5
2 ε−2, n2ε

− 2(β+1)
β

}
–

ℓ1 ball, [f ]β,1 ≤ Lβ This paper (Sec. 7) d ε
− 2(β+1)

β ¶ d log2(2d) ε
− 2β

β−1 ∗

a ≲ b and a ≳ b mean a ≤ Cb and a ≥ cb with c, C > 0 independent of d, ε and L. ∗Centered sub-Gaussian noise. †Up to

logarithmic factors. ‡For d−
1
2L ≲ ε ≲ min{1, L}. §For ε ≲ d−

1
2
⌊ q
2
⌋, L ≳ 1. ¶For d−

3β
4 ≲ ε ≲ d−

β
2 . ∥For L ≳ ε

1− 2
β .

f⋆] ≥ cβ(min{ΦT ,Φ0} + M2

α ) under Gaussian
noise, where f ranges over Fsc and η over the
M -Lipschitz systematic errors.

(c) (Admissible levels.) For every ε ∈ (0, LR2), this
method with target ε

2 and radius h = cβhε is ε-

accurate with Cβ [T⋆(ε) + d
√
κ (1 + log LR2

ε )] or-

acle calls in at most Cβ
√
κ (1 + log LR2

ε ) rounds
whenever M ≤ cβ

√
αε and δ ≤ cβδε. Conversely,

Mmax(ε, T ) ≤
√

2αε for all T and ε < αR2

2 , and

δmax(ε, T ) ≤ Cβ min{
√
d,
√

log(4T )} δε for all T
and ε ≤ ε0, where ε0 > 0 depends on the class
parameters and d, but not on T .

When the bounds match. Let δ = 0 and M ≤ αR;
the latter is needed, since the output 0 has error at most
LR2

2 . As ΦT ≤ Φ0 if and only if T ≥ T⋆(Φ0), (a) and

(b) give the minimax error Θ(ΦT + M2

α ) over Fsc and
the noises admissible at levels (M,σ, 0), jointly in all pa-
rameters, for T ≥ max{T⋆(Φ0), Cβd

√
κ log2(Cβdκ(1 +

LR2

Φ1
))}, where T⋆(Φ0) = Θ(ds) for fixed other param-

eters. Part (b) also applies below this threshold; for
L ≥ 3α, Theorem 2(b) gives the corresponding small-
budget lower bound for exact values. With α = 1,
L = 3, R = Lβ = σ = 1 and M = δ = 0 the minimax

error is Θ(min{1, (ds

T )
β−1
β }), for all d ≥ 2 and T ≥ 1

(Lemma E.5).

Admissible errors. Part (c) compares errors at the
statistically optimal budget T = Θ(T⋆(ε)): the sys-
tematic level is sharp in every dimension and, for
ε ≤ ε0, the adaptive level is characterized within
min{

√
d,
√

log(4T )}. For fixed d, once T ≥ T⋆(ε)
and log(4T ) ≥ d, the same bounds give the factor√
d. Both admissible levels also hold under two-point

feedback. The adversarial converse extends to the
high-probability criterion of Pasechnyuk-Vilensky et al.
(2026). The two-phase method of Section 4 attains (6)

in O(κ(1 + log+ αR2

ΦT
)) rounds if dκ replaces d

√
κ in (a).

Rounds. Let RN,n(C;σ) be the minimax risk of meth-
ods with N rounds of at most n oracle calls each, under
Gaussian noise of variance σ2 or exact values (σ = 0).

Theorem 2 (Lower bounds on the number of rounds).
Let β > 2, Lβ , α,R > 0, L ≥ 3α, let Fsc =
Fsc(β, Lβ ;α,L,R) be defined with either seminorm,
and let N,n ≥ 1.

(a) If σ > 0, then R1,n(Fsc;σ) ≥ c1n
− 2(β−1)

2β+d with
c1 > 0 independent of n.

(b) For every σ ≥ 0, RN,n(Fsc;σ) ≥ cNn
−νN with

νN = 2(β−1)((β−1)N−1)
d(β−2) , where cN > 0 does not

depend on n.

(c) Let σ > 0 and fix d and all parameters except n.
A method with N rounds of at most n oracle calls

whose worst-case error on Fsc is O(n−
β−1
β logk(n+
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Table 3: Admissible persistent-error scales.

Setting Reference Oblivious Mmax δmax

αI ⪯ ∇2f ⪯ LI,
[f ]β,op ≤ Lβ

Akhavan et al. (2020, 2024),
Lobanov (2024)

✓ – –

Gasnikov et al. (2024b) – – ≳ ε
β

2(β−1) d
− β

β−1 ∗

This paper (Thm. 1) ✓ ≍ ε
1
2

≳ ε
β

2(β−1) d−
1
2 ,

≲ ε
β

2(β−1)

√
log(4T )

d

αI ⪯ ∇2f ⪯ LI,
[f ]β,HS ≤ Lβ

This paper (Thm. 1) ✓ ≍ ε
1
2

≳ ε
β

2(β−1) d−
1
4

‡,

≲ ε
β

2(β−1) d−
1
4

√
log(4T ) ‡

αI ⪯ ∇2f , [f ]β,op ≤ Lβ ,∥∥∇2f
∥∥
op

≤ L0 + L1 ∥∇f∥ This paper (Sec. 3) ✓ ≍ ε
1
2

≳ ε
β

2(β−1) d−
1
2 ,

≲ ε
β

2(β−1)

√
log(4T )

d

αI ⪯ ∇2f ,
[f ]β,op ≤ Lβ

Yu et al. (2024), β = 3,
[f ]β,HS ≤ Lβ

× – –

This paper (Thms. 1, 3) × ≲ ε
1
2 ≲ ε

β
2(β−1)

√
log(4T )

d

0 ⪯ ∇2f ⪯ LI,
[f ]β,op ≤ Lβ

Akhavan et al. (2020, 2024) ✓ – –

Dvinskikh et al. (2023), σ = 0 – ≳ εd−
1
2 –

Pasechnyuk-Vilensky et al. (2026), σ = 0 – – ≳ ε
3
2 d−

1
2

†

This paper (Sec. 6) ✓ ≍ ε
≳ ε

min{ β
β−1

, 3
2
}
d−

1
2 ,

≲ ε
√

log(4T )
d

ℓ1 ball, [f ]β,1 ≤ Lβ This paper (Sec. 7) × ≳ ε ≳ ε
β

β−1

≲, ≳, ≍: up to constants independent of d, ε, T , for small ε and large T . ✓: oblivious noise allowed; ×: centered noise
assumed; –: not considered. ∗Fixed errors; Polyak– Lojasiewicz functions. †Fixed errors and queries in a ball. ‡For even q;

for odd q, d
− 1

2
+ q−1

4(β−1) instead.

1)) for some k ( rate-optimal) has N ≥ Nβ(d) :=

max{2, ⌈logβ−1(1 + (β−2)d
2β )⌉}.

The hard functions satisfy αI ⪯ ∇2f ⪯ 3αI. Part (c)
concerns fixed d and growing oracle calls per round;
see Section Q on its constants and on finite budgets.

Gradient-dependent curvature. The gradient-
dependent condition below controls the initial re-
gion while allowing unrestricted global curvature:∥∥∇2f(x)

∥∥
op
≤ L0 + L1 ∥∇f(x)∥ (Zhang et al.,

2020). It implies ∇2f ⪯ LeffI on B(R) for Leff =
min{L0e

2L1R, Cβ(L0(1 + L1R)q−2 + LβR
β−2)}, and

above an explicit budget the projected two-phase
method with Leff in place of L satisfies (6) in O(κeff(1+

log+ αR2

ΦT
)) rounds, κeff = Leff

α ; the lower bounds hold
with L = L0 if L0 > α. The explicit budget and proof
appear in Lemma I.1.

For the full class Fsc(β, Lβ ;α,∞, R), let RT (C;σ) be
the minimax error over C of methods with at most T
oracle calls in any number of rounds, under centered
noise (C) with η = ξo = δt = 0.

Theorem 3 (Minimax rates under unrestricted cur-
vature). Let β > 2, α,Lβ , R, σ > 0, let C =

Fsc(β, Lβ ;α,∞, R) be defined with either seminorm,

and set Kq =
(
d+q
q

)
.

(a) There is C0 = C0(β, α, Lβ , R, σ) such that, if T ≥
C0d

2 for 2 < β ≤ 4, or T ≥ C0d
q for β > 4, then

cβΦT ≤ RT (C;σ) ≤ CβΦT , and the upper bound
is attained in at most CβT/d rounds.

(b) There are C1 = C1(β, α, Lβ , R, σ) and C2 =
C2(β, α, Lβ , R) such that a batched method attains
RT (C;σ) ≤ CβΦT in at most C2(1+log T ) rounds

whenever T ≥ C1K
2+q/γ
q log(2 + d+ T ).

For integer β, the threshold in (b) is at most a β-

dependent constant times dβ
2−1 log(2 + d+ T ).

Both methods assume centered noise and first fit the
unrestricted low-order polynomial component of f ; ev-
ery pilot oracle call is included in T . Part (a) uses 1+d
pilot rounds for 3 < β ≤ 4. For β > 4, and for β > 3 in
part (b), global polynomial minimization is treated as
exact computation in the oracle model. For β = 3 and
Hilbert–Schmidt smoothness, (a) recovers the d

3
2 ε−

3
2

oracle-call complexity of Yu et al. (2024) on their class
and noise for all T ≥ C0d

2. The converse bounds of
Theorem 1(c) hold here with L = 3α, since the hard
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instances have ∇2f ⪯ 3αI.

4 GRADIENT ESTIMATION

This section isolates the random-frame gradient esti-
mate used by a standard strongly convex optimizer.

Higher-order finite differences. Let m = ⌈ q2⌉,
tj = j

m for j ≤ m, and let a1, . . . , am solve∑m
j=1 ajt

2i+1
j = 1{i = 0}, i = 0, . . . ,m − 1. Then

1
2h

∑
j aj(φ(htj)− φ(−htj)) = φ′(0) for every polyno-

mial φ of degree at most 2m ≥ q. For m = 1 this
is the central difference, and for m = 2 the weights
are ( 8

3 ,−
1
3 ). The constants S1 =

∑
j |aj |, S2 =

∑
j a

2
j ,

A1 =
∑

j |aj | tj and Cσ = (S1 + (S2

2 )
1
2 )2 measure the

amplification of value errors. A frame is a uniformly
random orthonormal basis of Rd; differences along ran-
dom directions are standard (Polyak and Tsybakov,
1990; Nesterov and Spokoiny, 2017; Gasnikov et al.,
2024a).

The update in the second block below is Nesterov’s stan-
dard constant-momentum scheme (Nesterov, 2004, Sec-
tion 2.2). The wrapper adds restarts, growing batches,
and calls to the random-frame estimate.

Procedure 1 Random-frame finite differences with
restarted Nesterov descent

Require: radius h > 0, target ε > 0; α,L,R, σ; κ = L
α

Random-frame estimate ḡh,B(z), one round of
2mdB oracle calls:

1: Draw B independent frames (U
(ℓ)
i )di=1

2: In one round query all z ± htjU (ℓ)
i , receive Y ±

ijℓ

3: ĝ(ℓ) =
∑d

i=1
1
2h

∑m
j=1 aj(Y

+
ijℓ − Y

−
ijℓ)U

(ℓ)
i

4: return ḡ = 1
B

∑B
ℓ=1 ĝ

(ℓ)

Restarted Nesterov scheme, J stages of N0 rounds:

5: N0 = ⌈5
√
κ ⌉, θ =

√
κ−1√
κ+1

, x(0) = 0

6: V̄ = (L+α)R2

2 , J = ⌈log2
V̄
ε ⌉

7: for j = 1, . . . , J do

8: Bj = max
{

1,
⌈ 12√κCσdσ

2 2j

Lh2V̄

⌉}
9: x−1 = x0 = x(j−1)

10: for k = 0, . . . , N0 − 1 do ▷ one round each
11: yk = xk + θ(xk − xk−1), xk+1 = yk −

L−1ḡh,Bj (yk)

12: x(j) = xN0

13: return x̂ = x(J)

Proposition 1 (Random-frame error decomposition).
Let [f ]β ≤ Lβ and d ≥ 2, and let the center z and the
radius h of round k be Fk−1-measurable. For every
noise admissible at levels (M,σ, δ), the random-frame
estimate in Procedure 1 is ḡ = ∇f(z)+b+ζ+∆, where

b is Fk−1-measurable, E[ζ | Fk−1] = 0, and

∥b∥ ≤ CβLβd
− τ

2 hβ−1 +A1M, ∥∆∥ ≤
√
dS1δ

h
,

E
[
∥ζ∥2 | Fk−1

]
≤
CβL

2
βh

2β−2

Bdτ
+

4A2
1M

2

B
+
Cσdσ

2

Bh2
,

The estimate relies only on higher-order smoothness,
independently of the Hessian magnitude.

The oblivious noise multiplies each direction U
(ℓ)
i by a

coefficient independent of it, and a uniformly random
direction has mean zero. A systematic error is a frame
sum with an odd A1M -Lipschitz coefficient function
on the sphere, so by the Poincaré inequality its second
moment is at most d

d−1A
2
1M

2. If those coefficients
depended on the sampled frame, the shift could scale
as
√
dM ; a bounded adaptive error can align all d

differences.

Descent. The second block of Procedure 1 restarts
Nesterov’s constant-momentum scheme. Each stage
contracts the error by a constant factor, while the
growing batch keeps the estimation variance at the new
target scale. Unlike general inexact oracles (Devolder
et al., 2014; d’Aspremont, 2008; Cohen et al., 2018), a
fixed gradient bias of norm b contributes only an abso-

lute constant times b2

α . At radius hT , smoothing bias
and centered noise each contribute ΦT ; systematic and

adaptive errors contribute M2

α and dδ2

αh2
T

, respectively.

At hε, the bias is
√
αε, which gives Theorem 1(c). The

two-phase method (Procedure 2) takes projected steps
1
4L and then decreasing steps with averaging, and needs
the Hessian bound only on B(R).

Dimension dependence. Under Hilbert–Schmidt
smoothness, ball averaging contracts the tensors that
determine the finite-difference bias. A k-fold trace
of Dqf has Hölder constant at most d

k
2Lβ under the

Hilbert–Schmidt bound but enters with the weight h2k

dk :

for odd q = 2k+ 1 this gains d−
k
2 = d−

τ
2 , and for even

q = 2k, where the k-fold trace is only γ-Hölder, one

more difference at the radius hd−
1
4 gains d−

β−1
4 = d−

τ
2 .

The hard functions mirror this: a radial cutoff raises the
Hilbert–Schmidt seminorm by d

1
2 ⌊

q
2 ⌋, which matches

odd q, and even q needs a ridge of width hd−
1
4 . The

same parity dependence appears in the matching hard
instances.

5 LOWER BOUNDS

This section gives the proof ideas behind the oracle-call,
persistent-error, and round lower bounds.

Every hard instance is a quadratic plus a smooth per-
turbation supported on a ball, with a cutoff χ = 1 on
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[0, 14 ] and χ = 0 on [1,∞). A perturbation of slope a
and radius h has seminorm scale ah1−β and Hessian
scale a/h; hence a = cβLβh

β−1, while L− α bounds h
from above.

Oracle calls. For α < µ ≤ 2α and ω ∈ {±1}d, define

the hard functions fω(x) = µ
2 ∥x∥

2
+ a√

d
⟨ω, x⟩ χ(∥x∥

2

h2 )

for Theorem 1(b). Each coordinate of the minimizer

− aω
µ
√
d

carries one sign, and a wrong sign costs a2

8αd .

Flipping ωi changes a value by at most 2a|xi|√
d

, and the

squares of these changes sum over i to at most 4a2h2

d at
every query. By Assouad’s lemma a constant fraction
of the signs are wrong unless Ta2h2 ≥ cβd

2σ2; this
spreading of the signal over all coordinates produces
the factor d2. Balancing Ta2h2 with d2σ2 gives the
error ΦT . For small T this radius violates the curvature
or the radius constraint, and the bound saturates at
Φ0. Under Hilbert–Schmidt smoothness the cutoff, or
for even q a ridge, changes the power of d (Section 4).

Persistent errors. A Lipschitz error can be obser-
vationally indistinguishable from a change of the ob-
jective: for any unit vector v, the instances f±(x) =
α
2

∥∥x∓ M
α v
∥∥2 with η±(x) = ±M ⟨v, x⟩ give the same

values, and one of them has error at least M2

2α what-
ever the number of oracle calls. For the adversarial
converse, a perturbation of slope of order

√
αε and

radius of order hε lies along a uniformly random unit

vector v. With θ = Θ(min{1,
√

log(4T )
d }), an adversary

at a level δ of order θ
√
d δε returns the unperturbed

value outside the cone {|⟨v, x⟩| > θ ∥x∥}, which the T
queries of a run miss with probability at least 1

2 ; then
v and −v cannot be told apart, as for convex Lipschitz
functions in Pasechnyuk-Vilensky et al. (2026).

Rounds. For Theorem 2(a), the queries of one round
hit a perturbation of radius r at a random center in
B(R

2 ) with probability at most (2r
R )d each. For (b),

the minimizer is hidden behind N + 1 perturbations
with nested random centers, as in Dorn et al. (2026,
Appendix E) for exact values: with probability at least
3
4 the queries of round k miss the ball where f differs
from the sum of the first k perturbations, and the
recurrence has scale rk+1 = cβn

− 1
d rβ−1

k , which gives

νN , and (c) follows by comparing νN with β−1
β .

6 CONVEX FUNCTIONS

This section gives convex upper and lower bounds and
identifies a curvature regime in which central differences
are minimax.

Without strong convexity a gradient error of norm

b costs bR in value. Set V = L, or V =
min{L,Lβ(2R)β−2} for operator smoothness when

2 < β ≤ 3. At the gradient scale h = Θ(( εd
τ
2

LβR
)

1
β−1 ),

the finite-difference bias is at most ε
R . At the value

scale h = Θ(( ε
V )

1
2 ), central differences estimate the

gradient of fh(x) = Ef(x + hW ), W ∼ Unif(B(1)).
Here only the oscillation of fh − f matters, and∣∣tr∇2f(x)− tr∇2f(y)

∣∣ ≤ dV controls it.

Theorem 4 (Convex upper bounds). Let β > 2, 0 <
L < ∞, f ∈ Fcvx(β, Lβ ;L,R), and let the noise be
admissible at levels (M,σ, δ). An accelerated projected
method on B(R) with the estimate of Procedure 1 at
radius h outputs x̂ ∈ B(R) with E[f(x̂) − f⋆] ≤ ε in

⌈( 32LR2

ε )
1
2 ⌉ rounds, as follows.

(a) (Gradient scale.) If h = cβ( εd
τ
2

LβR
)

1
β−1 ,

M ≤ cβ
ε
R and δ ≤ cβ

εh
R
√
d
, it uses T ≤

Cβ
σ2

ε2 d
2− τ

β−1 (
LβR

β

ε )
2

β−1 + Cβd(1 + LR2

ε ) oracle
calls.

(b) (Value scale.) With central differences (m = 1,

a1 = t1 = 1) for every β, if h = ( ε
8V )

1
2 , M ≤ ε

16R ,

δ ≤ εh
16R

√
d
, and ε ≤ 8Lβ(2R)β when V < L, it

uses T ≤ C d2σ2V R2

ε3 + 32d(1 + LR2

ε ) oracle calls,
with an absolute constant C.

Part (a) has the leading term of Bach and Perchet
(2016); (b) with V = L is classical smoothing (Flaxman
et al., 2005; Saha and Tewari, 2011) and uses central
differences because ball averages preserve convexity.
Both hold on a compact convex set Q, with a minimizer
possibly on its boundary and the diameter of Q in place
of 2R where it enters h, V , M and δ.

Theorem 5 (Convex lower bounds). Let β > 2 and
0 < L ≤ ∞.

(a) Let d ≥ 256, 0 < ε ≤ c′β min{LβR
β , LR2}, and

let the noise be Gaussian. Every method that is
ε-accurate on Fcvx(β, Lβ ;L,R) with the operator
seminorm, in any number of rounds, must use

T ≥ cβ
σ2

ε2
min

{
d

5
2 , d2

(LβR
β

ε

) 2
β

,
d2LR2

ε

}
.

(b) If ε < LR2

2 and M > 2ε
R , no method is ε-accurate

on Fcvx(β, Lβ ;L,R). For every T covered by The-
orem 4(b), ε

16R ≤Mmax(ε, T ) ≤ 2ε
R .

Part (a) extends Rajaraman and Han (2026) to Hölder
derivatives of every order. The hard instances have

curvature Lε = CβL
2/β
β ε1−2/β ; flattening them when

L < Lε yields the last term. For L ≥ Lε and
LβR

βd−β/4 ≤ ε ≤ c′βLβR
β , the lower bound improves

the separable bound (Akhavan et al., 2020, 2024) by
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at least d(β−2)/β . At higher accuracy its leading term
is d5/2σ2ε−2, a factor d1/2 larger than the previous
bound. Under Hilbert–Schmidt smoothness a d2σ2ε−2

lower bound holds in the regime of Lemma E.6.

For d above the threshold in Section Q and L ≤ CβLε,
central differences attain the minimax complexity
d2σ2LR2ε−3 over the stated accuracy range without
requiring β or Lβ (Lemma L.10(a)).

7 NORMS AND CONSTRAINTS

This section extends the convex lower bounds to general
norms, ℓp and ℓ1 geometries, and functional constraints.

Let f be convex with a minimizer in K, and let ∥·∥B
be a norm on Rd with unit ball B. Define [f ]β,B by
replacing the Euclidean norm in [f ]β,op for x− y and
the arguments of Dqf by ∥·∥B.

Definition 2 (Image ball). A triple (P, z, r) with a
linear P : Rd → Rn, z ∈ Rn and r > 0 is an image ball
of K if ∥Pu∥ ≤ ∥u∥B for all u and z + rBn

2 ⊆ P (K),
with Bn

2 the Euclidean unit ball.

For a Euclidean hard function g on Rn, f = g ◦ P is
convex, has [f ]β,B ≤ [g]β,op and a minimizer in K, and
a method for f induces a method for g with identical
oracle calls, rounds, and noise. Thus the Euclidean
lower bounds transfer toK, as Dorn et al. (2026) showed
for exact values.

Corollary 1 (Any norm and known constraints). Let
(P, z, r) be an image ball of K in Rn, and let the noise be
Gaussian. On convex functions with [f ]β,B ≤ Lβ and a
minimizer in K, Theorem 5(a) with L =∞ holds with
(n, r) in place of (d,R), and every ε-accurate method
needs cβn

2σ2ε−2 oracle calls whenever ε ≤ c′βLβr
β, for

every n ≥ 1. This remains true for restricted queries
and outputs and for known functional constraints.

For the ℓp ball K = Bp(R), 1 ≤ p < 2, and [f ]β,p ≤ Lβ

([f ]β,B for the ℓp norm), coordinate projections are im-

age balls with r = Rn
1
2−

1
p , and the bound becomes

T ≥ cβ
σ2

ε2 min{n 5
2 , n3−

2
p (

LβR
β

ε )
2
β } for 256 ≤ n ≤ d

and ε ≤ c′βLβr
β . Let f be convex with [f ]β,1 ≤ Lβ , a

minimizer in B1(R) and ∥∇f∥∞ ≤ G∞ there. Under
centered, conditionally sub-Gaussian noise, entropic
mirror descent (Nemirovski and Yudin, 1983; Beck
and Teboulle, 2003) with coordinate finite differences
and independently resampled signs is ε-accurate with

T ≤ Cβd log(2d)ε−2(G2
∞R

2 +σ2 log(2d)(
LβR

β

ε )
2

β−1 ) or-

acle calls for M ≤ cβ
ε
R and δ ≤ cβε(

ε
LβRβ )

1
β−1 . If

G∞ ≥ CβLβR
β−1d−

β−2
2 , the noise is Gaussian and

LβR
βd−

3β
4 ≤ ε ≤ c′βLβR

βd−
β
2 , every method needs

cβd(
LβR

β

ε )
2
β σ2ε−2 oracle calls. The bounds are linear

in d up to log2(2d), with accuracy exponents 2β/(β−1)
and 2(β + 1)/β; the interval is nonempty above the
threshold in Section Q.

For functional constraints, stochastic Mirror–Prox (Ju-
ditsky et al., 2011) with random-frame finite differences
controls objective error and constraint violation under
calibrated values, bounded multipliers, and a Lipschitz
primal–dual operator. Each oracle call returns the ob-
jective and nc constraint values; Section O gives the
details.

8 EXPERIMENTS

Setup. We use smooth strongly convex test functions
with known minimizers. Panels (a)–(d) evaluate: ad-
missible systematic and adaptive errors at d = 20 and
T = 1.024 · 106; round complexity on quadratic–log-
cosh objectives with κ = 10, 100 and T = 1,310,720;
oracle calls needed for ε = 2 ·10−4 over 8 ≤ d ≤ 64 (and
d = 128 for the separable case); and central, fourth-
order frame, and kernel estimators at equal budgets in
d = 16. Noise is i.i.d. Gaussian with σ = 0.03 (0.1 in
panel (b)). Each point averages at least 20 runs, and
40 for d ≤ 16 in panel (c).

Results. Panel (a) scales M and δ by the thresholds
in Theorem 1. The error doubles at normalized levels
1.07 and 1.30, close to the predictions 1.11 and 1.37. At
fixed T , panel (b) comes within 3.5 times the statistical
level in 16 and 32 accelerated rounds, whereas two-
phase descent takes 256 and 2048 rounds to come within
1.7 times that level. Panel (c) tests (4): the matched
operator and Hilbert–Schmidt designs give dimension
exponents 2.03±0.03 and 1.62±0.03, close to 2.00 and
1.59. At equal oracle budgets, panel (d) gives slopes
near T−4/5 for the higher-order estimates and T−2/3

for central differences. Section P provides full protocols,
five additional experiments, and code.



Timofei Loginov, Darina Dvinskikh, Nazarii Tupitsa, Osman Osmanov, Yuriy Dorn, Alexander Gasnikov

10−1 100 101

1

102

normalized level

re
la

ti
v
e

er
ro

r
(a) admissible levels

systematic
adversarial
predicted

23 26 29 212
1

102

104

rounds (T fixed)
er

ro
r

/
b

en
ch

m
a
rk

(b) rounds

two-phase
accelerated

23 25 27
104

106

108

dimension d

o
ra

cl
e

ca
ll

s

(c) dimension

non-sep., op
non-sep., HS
sep., HS
sep., op

104 105 106
10−5

10−3

oracle calls T

Ef
(x̂

)
−

f
⋆

(d) higher order

order-4 frame
central frame
kernel

Figure 1: Checks of (a) admissible errors, (b) rounds,
(c) dimension scaling, and (d) higher-order estimators.
Bars: one standard error; op/HS denote the smoothness
norm.
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différentiable. Annales de l’Institut Fourier, 13(2):
203–210, 1963. doi: 10.5802/aif.146. URL https:

//www.numdam.org/item/AIF_1963__13_2_203_0/.

Eduard Gorbunov, Pavel Dvurechensky, and Alexan-
der Gasnikov. An accelerated method for derivative-
free smooth stochastic convex optimization. SIAM
Journal on Optimization, 32(2):1210–1238, 2022. doi:
10.1137/19M1259225.

Charles R. Harris, K. Jarrod Millman, Stéfan J.
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A GUIDE TO THE PROOFS

The notation and the noise model are those of Section 2. Constants cβ , Cβ depend only on β and on the fixed
one-dimensional stencil and cutoff functions; other dependences are stated where they occur. Expectations are
over the randomness of the method and of the noise. For unconstrained problems the loss is f(x̂)−minx∈Rd f(x);
over a known compact set Q it is f(x̂)−minx∈Q f(x) with x̂ ∈ Q; for functional constraints the objective gap
and the constraint violation are bounded separately.

Statement in the main text Proof

Proposition 1 (stencil estimate) Sections C and D, Lemma D.3
Procedure 1, random-frame estimate and restarted
Nesterov descent

Section F.5: Lemmas F.5 and F.6

Theorem 1(a) and the achievable levels in (c) Section F: Lemmas F.3 and F.6
Theorem 1(b) and the converse levels in (c) Section E: Lemmas E.3, E.4 and E.7; Lemma H.1
Matching bounds and normalized minimax error (Sec-
tion 3)

Lemmas E.3 to E.5

Theorem 2 (rounds) Section G: Lemmas G.3 to G.5
Hessian growing with the gradient (Section 3) Section I: Lemma I.1
Theorem 3(a), no Hessian bound Section J: Lemmas J.11 and J.17; lower bound from Lemmas E.3

and E.4
Theorem 3(b), logarithmic rounds Section K: Lemma K.2
Converse levels on the classes of Lemma I.1 (L = L0)
and Theorem 3 (L = 3α)

Lemma E.7; Lemma H.1; proof of Lemma I.1 in Section I

Two-point feedback (Section 3) Lemmas H.3 and H.4
Theorem 4 (convex methods) Section L: Lemmas L.6 and L.9
Theorem 5 and the fixed class (Section 6) Sections L.5 and M: Lemmas L.10 and L.11; Lemma E.7
Convex lower bound for d < 256 and Hilbert–Schmidt
smoothness

Lemma E.6

Convex adversarial levels (Table 3) Sections H.3 and H.4
Corollary 1, ℓp and ℓ1 balls Section N: Lemmas N.3, N.4, N.6, N.9 and N.10
Functional constraints (Section 7) Section O: Lemmas O.5 and O.9
Comparison with other works (Tables 1 to 3) Section M.4, Section R
Experiments (Section 8) Section P
Comparison with concurrent work Section S

Lemmas D.4 and D.5 show that two features of Definition 1 cannot be dropped. Section K also gives a convex
method without a Hessian bound (Lemma K.3). The sizes of the constants quoted in Section Q are discussed in
Lemma G.7, after Lemma K.2 and in Lemma N.11.

B PRELIMINARIES

We write B(z, r) = z +B(r) for the closed Euclidean ball of radius r around z, and e1, . . . , ed for the standard
basis of Rd.

B.1 Tensors

A k-tensor on Rd is an array A = (Ai1...ik); it is symmetric if its entries do not change under permutations of the

indices. We write ⟨A,B⟩HS =
∑
Ai1...ikBi1...ik , so that ∥A∥2HS = ⟨A,A⟩HS, and A[v1, . . . , vk] for the multilinear

form. For j ≤ k, A[v1, . . . , vj ] is the (k − j)-tensor obtained by contracting the first j indices. For a k-tensor A
and an l-tensor A′, A⊗A′ is the (k + l)-tensor with entries Ai1...ikA

′
ik+1...ik+l

, and v⊗j = v ⊗ · · · ⊗ v (j factors).

The identity matrix I is a 2-tensor, and I⊗m has the entries
∏m

r=1 1{i2r−1 = i2r}.
Lemma B.1 (Elementary tensor facts). Let A be a k-tensor with k ≥ 1, and v ∈ Rd.

(a) ∥A∥op ≤ ∥A∥HS ≤ d(k−1)/2 ∥A∥op, and ∥A[v]∥HS ≤ ∥v∥ ∥A∥HS.

(b) ∥I⊗m∥HS = dm/2, and |⟨A, I⊗m ⊗B⟩HS| ≤ dm/2 ∥A∥HS ∥B∥HS for every (k − 2m)-tensor B.



Minimax Oracle Call Complexity, Rounds and Admissible Noise in Zeroth-Order Optimization

Proof. Exactly dm entries of I⊗m equal one and the others vanish, and ∥I⊗m ⊗B∥HS = ∥I⊗m∥HS ∥B∥HS. With
this, the first inequality in (a), the contraction bound and (b) follow from the Cauchy–Schwarz inequality. The

second inequality in (a) follows by induction on k from ∥A∥2HS =
∑d

i=1 ∥A[ei]∥2HS and ∥A[ei]∥op ≤ ∥A∥op.

B.2 Taylor remainders

For f ∈ Cq and z, v ∈ Rd let Tqf(z; v) =
∑q

j=0D
jf(z)[v⊗j ]/j! be the Taylor polynomial of degree q, and

Tq−jD
jf(z; v) the Taylor polynomial of degree q − j of the tensor-valued map v 7→ Djf(z + v).

Lemma B.2 (Taylor remainders). Let β = q + γ with q ≥ 1 and γ ∈ (0, 1], let f ∈ Cq(Rd), and let z, v ∈ Rd.

(a) |f(z + v)− Tqf(z; v)| ≤ [f ]β,op ∥v∥β /q!.

(b) For 1 ≤ j ≤ q,
∥∥Djf(z + v)− Tq−jD

jf(z; v)
∥∥
HS
≤ [f ]β,HS ∥v∥β−j

/(q − j)!.

(c) The bound (b) holds with op in place of HS on both sides. For j = 1 the left-hand side is then the Euclidean
norm of ∇f(z + v)− Tq−1∇f(z; v).

Proof. For j = q, (b) and (c) are the definitions of the seminorms. For 0 ≤ j < q, with D0f = f , the integral
form of the remainder is

Djf(z + v)− Tq−jD
jf(z; v) =

∫ 1

0

(1− s)q−j−1

(q − j − 1)!

(
Dqf(z + sv)−Dqf(z)

)
[v⊗(q−j)] ds.

A contraction with v multiplies the operator norm, and by Lemma B.1(a) the Hilbert–Schmidt norm, by at most

∥v∥. Since
∫ 1

0
(1− s)q−j−1sγ ds ≤ 1/(q − j), this gives (a) (j = 0), (b) and (c).

B.3 Spherical and ball averages

Throughout, U is uniform on Sd−1 and W is uniform on the unit ball B(1). For a continuous scalar, vector or
tensor valued function g, a center z ∈ Rd and s ≥ 0 let

Sg(s) = E g(z + sU), Bg(s) = E g(z + sW ).

As a function of the center we write Asg(z) = Bg(s) for the ball average. Since ∥W∥ has density drd−1 on [0, 1],

Bg(s) = d
∫ 1

0
rd−1Sg(sr) dr. The Laplacian ∆ =

∑
i ∂

2
i acts entrywise. For continuous a on [0, s0] define the

operator

(Jda)(s) =

∫ s

0

t1−d

∫ t

0

ud−1a(u) du dt. (B.1)

It is positive (a ≥ 0 implies Jda ≥ 0), and Jd(s2j) = s2j+2/((2j+2)(d+2j)), so that (Jj
d1)(s) = s2j/(2jj!

∏j−1
i=0 (d+

2i)).

Lemma B.3 (Finite Pizzetti formula). Let k ≥ 1 and let g be 2k times continuously differentiable near B(z, s0).
For 0 ≤ s ≤ s0,

Sg(s) =

k−1∑
j=0

s2j ∆jg(z)

2jj!
∏j−1

i=0 (d+ 2i)
+
(
Jk
dS∆kg

)
(s), (B.2)

where empty products equal one, and

Bg(s) =

k−1∑
j=0

s2j ∆jg(z)

2jj!
∏j

i=1(d+ 2i)
+ d

∫ 1

0

rd−1
(
Jk
dS∆kg

)
(sr) dr. (B.3)

The norm of the last term is at most s2k sup∥x−z∥≤s

∥∥∆kg(x)
∥∥/(2kk!

∏k
i=1(d+ 2i)

)
.

Proof. For g ∈ C2 the divergence theorem gives S′
g(s) = s1−d

∫ s

0
ud−1S∆g(u) du (for d = 1 differentiate Sg(s) =

(g(z + s) + g(z − s))/2), that is, Sg = g(z) + JdS∆g. Iterating k times gives (B.2). Averaging over the radius
multiplies the coefficient of s2j by d/(d+ 2j), which gives (B.3), and positivity of Jd bounds the remainder.
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Lemma B.3 is a finite form, with an explicit remainder, of Pizzetti’s formula (Ovall, 2016; Toma, 2008).

Lemma B.4 (Gradients of ball averages). Let g : Rd → R be continuous and s > 0. Then Asg is continuously
differentiable and

∇Asg(z) =
d

s
E
[
g(z + sU)U

]
.

If g is Lipschitz, then Asg is Lipschitz with the same constant. If g ∈ C1, then ∇Asg(z) = B∇g(s).

Proof. The identity is Flaxman et al. (2005, Lemma 1), and its right-hand side is continuous in z. The other two
claims follow from Asg(z) = Eg(z + sW ), by averaging and by differentiation under the integral.

We use the Poincaré inequality on the sphere: for d ≥ 2 and a differentiable function ϕ on a neighborhood of
Sd−1 with Eϕ(U) = 0,

Eϕ(U)2 ≤ 1

d− 1
E ∥∇Sϕ(U)∥2 , (B.4)

where ∇S is the tangential part of the gradient. This is the statement that the first nonzero eigenvalue of the
Laplace–Beltrami operator on Sd−1 equals d− 1 (Dai and Xu, 2013, Chapter 1). Applied to each component,
it holds for vector and tensor valued ϕ, with the sum of the squared component gradients on the right. By
mollification it also gives Eϕ(U)2 − (Eϕ(U))2 ≤ ℓ2/(d − 1) for every ℓ-Lipschitz ϕ : Rd → R. In particular, if
e : Rd → R is odd and ℓ-Lipschitz and (Ui)

d
i=1 is a uniformly random orthonormal basis, then Ee(U) = 0 and, by

orthonormality,

E
∥∥∥ d∑
i=1

e(Ui)Ui

∥∥∥2 = dEe(U)2 ≤ d ℓ2

d− 1
. (B.5)

B.4 Testing inequalities

For probability measures P,Q let TV(P,Q) = supA |P (A)−Q(A)| and KL(P∥Q) =
∫

log(dP/dQ) dP (+∞
without absolute continuity).

Lemma B.5 (Testing and Gaussian observations).

(a) Every test between P and Q has error probabilities summing to at least 1 − TV(P,Q), and TV(P,Q) ≤√
KL(P∥Q)/2.

(b) Let an algorithm interact with f or with g through independent N(0, σ2) noise, and let Pf , Pg be the laws of
its seed and transcript. If f − g is bounded, then

KL(Pf∥Pg) =
1

2σ2
Ef

T∑
t=1

(
f(Xt)− g(Xt)

)2
.

Part (a) is the two-point testing bound and Pinsker’s inequality (Tsybakov, 2009, Section 2.4 and Lemma 2.5).
Part (b) is the chain rule for the Kullback–Leibler divergence (Cover and Thomas, 2006, Theorem 2.5.3):
given the seed and the past, Xt is the same under both hypotheses, and the conditional divergence of Yt is
(f(Xt)− g(Xt))

2/(2σ2).

We use Assouad’s lemma in the following form (Tsybakov, 2009, Section 2.7.2). Let {Pω : ω ∈ {−1, 1}d} be laws
of transcripts and let ω(j) denote ω with its j-th coordinate flipped. For any estimator ω̂ of ω,

1

2d

∑
ω

Eω

d∑
j=1

1{ω̂j ̸= ωj} ≥
d

2

(
1− 1

d2d

∑
ω,j

TV
(
Pω, Pω(j)

))
, (B.6)

which follows from Lemma B.5(a) applied to each pair (ω, ω(j)).
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B.5 Spherical caps

Lemma B.6 (Caps). Let d ≥ 2, 0 < θ < 1, w uniform on Sd−1, and x ̸= 0. Then

P
(
|⟨w, x⟩| > θ ∥x∥

)
≤ 2e−dθ2/2 ≤ 2e−θ2(d−1)/2.

By Ball (1997, Lemma 2.2), each of the caps {w : ⟨w,±x⟩ ≥ θ ∥x∥} has probability at most e−dθ2/2.

C THE FINITE-DIFFERENCE ESTIMATE WITH EXACT VALUES

This appendix analyzes one frame of Procedure 1 with exact values; Section D adds the noise of Definition 1 and
proves Proposition 1 and Lemma D.3.

Throughout, β > 2, q = ⌈β⌉ − 1 ≥ 2, γ = β − q, m = ⌈q/2⌉ and tj = j/m, and Lβ bounds [f ]β,op (with τ = 0) or
[f ]β,HS (with τ = τβ from (2)). The weights a1, . . . , am solve

m∑
j=1

ajt
2i+1
j = 1{i = 0}, i = 0, 1, . . . ,m− 1. (C.1)

The matrix (t2i+1
j ) is a Vandermonde matrix in the distinct numbers t2j times the diagonal matrix diag(tj), so the

solution exists, is unique and depends only on β. The constants

S1 =
∑
j

|aj | , S2 =
∑
j

a2j , A1 =
∑
j

|aj | tj , (C.2)

ci =
1

(q − i)!
∑
j

|aj | tβj (0 ≤ i ≤ q) (C.3)

also depend only on β, and A1 ≤ S1 since tj ≤ 1. The values of S1, S2, A1 for m ≤ 4 are in Table 4. We use the
notation U , W , Sg, Bg, As and Jd of Section B.3. For a function g, a center z, a radius h > 0 and u ∈ Rd let

Dh,ug(z) =
1

2h

m∑
j=1

aj
(
g(z + htju)− g(z − htju)

)
. (C.4)

With exact values, one frame (U1, . . . , Ud) of Procedure 1 returns
∑d

i=1Dh,Uif(z)Ui.

C.1 Exactness and the mean

Lemma C.1 (Exactness). For every polynomial φ on R of degree at most 2m and every h > 0, 1
2h

∑
j aj
(
φ(htj)−

φ(−htj)
)

= φ′(0). If [f ]β,op ≤ Lβ and ∥u∥ = 1, then |Dh,uf(z)− ⟨∇f(z), u⟩| ≤ c0Lβh
β−1.

Proof. The symmetric difference annihilates even powers of s and maps s2i+1, 0 ≤ i ≤ m− 1, to h2i
∑

j ajt
2i+1
j =

1{i = 0}. For the second claim apply the first to φ(s) = Tqf(z; su), which has degree q ≤ 2m and φ′(0) =
⟨∇f(z), u⟩. By Lemma B.2(a) the remainders at ±htju are at most Lβ(htj)

β/q!, and 1
2h

∑
j |aj | 2Lβ(htj)

β/q! =

c0Lβh
β−1.

Lemma C.2 (The mean). For a continuous g : Rd → R and h > 0 define the surrogate Shg, and for f ∈ C1 the
vector Gh(z), by

Shg(z) =

m∑
j=1

ajtj Eg(z + htjW ), Gh(z) = ∇Shf(z) =

m∑
j=1

ajtj B∇f (htj). (C.5)

Then Shg is continuously differentiable and dE[Dh,Ug(z)U ] = ∇Shg(z). Consequently, for a uniformly random
orthonormal basis (Ui), E

∑
iDh,Ui

g(z)Ui = ∇Shg(z). For g = f this says that the noiseless part of one frame
has mean Gh(z).
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Proof. By the symmetry U 7→ −U and Lemma B.4,

dE[Dh,Ug(z)U ] =
d

h

∑
j

ajE[g(z + htjU)U ] =
∑
j

ajtj∇Ahtjg(z) = ∇Shg(z),

and for g = f ∈ C1 the last claim of Lemma B.4 gives the second expression for Gh. Each column of a uniformly
random orthonormal basis is uniform on Sd−1.

Since
∑

j ajtj = 1 by (C.1), Gh is an average of ∇f over balls with signed weights of total mass one.

C.2 Bias

Lemma C.3 (Bias). For all z and h > 0:

(a) if [f ]β,op ≤ Lβ, then ∥Gh(z)−∇f(z)∥ ≤ c1Lβh
β−1;

(b) if [f ]β,HS ≤ Lβ and q = 2k + 1 is odd, then ∥Gh(z)−∇f(z)∥ ≤ q! c0
2kk!

Lβ d
−k/2hβ−1;

(c) if [f ]β,HS ≤ Lβ and q = 2k is even, then ∥Gh(z)−∇f(z)∥ ≤ Cβ Lβ d
−(β−1)/4hβ−1.

Hence ∥Gh(z)−∇f(z)∥ ≤ CbLβd
−τ/2hβ−1 in both geometries, where Cb depends only on β, and Cb = c1 in the

operator case.

Part (a) is the argument of Akhavan et al. (2024, Lemma 6), written for the stencil.

Proof. In (a) and (b) we expand the ball averages in (C.5) around z. Terms proportional to s2i with 1 ≤ i ≤ m−1
cancel at s = htj after summation with the weights ajtj , because

∑
j ajtj(htj)

2i = h2i
∑

j ajt
2i+1
j = 0, and the

constant term gives
∑

j ajtj∇f(z) = ∇f(z).

(a) Operator norm. By Lemma B.2(c), ∇f(z + v) = Tq−1∇f(z; v) + ρ(v) with ∥ρ(v)∥ ≤ Lβ ∥v∥β−1
/(q − 1)!.

The ball average of the term of degree r of Tq−1∇f(z; sW ) vanishes for odd r and is proportional to sr for

even r; since r ≤ q − 1 ≤ 2m − 1, only r = 0 survives. As E ∥W∥β−1 ≤ 1, the remainder contributes at most∑
j |aj | tjLβ(htj)

β−1/(q − 1)! = c1Lβh
β−1.

(b) Hilbert–Schmidt norm, q odd. Let g = ∇f ∈ C2k and H = ∆kg. For a unit vector e, ⟨e,H(x)−H(y)⟩ =〈
Dqf(x)−Dqf(y), e⊗ I⊗k

〉
HS

, so Lemma B.1(b) gives

∥H(x)−H(y)∥ ≤ dk/2Lβ ∥x− y∥γ . (C.6)

By (B.2) with k steps, Sg(s) is a polynomial in s2 of degree k with constant term ∇f(z), plus Jk
d [SH −H(z)](s).

Ball averaging keeps the polynomial a polynomial in s2, and since k = m− 1, the weights leave only ∇f(z). By
positivity of Jd, (C.6) and (Jk

d 1)(s) ≤ s2k/(2kk! dk),

∥∥Jk
d [SH −H(z)](s)

∥∥ ≤ dk/2Lβs
γ(Jk

d 1)(s) ≤ Lβd
−k/2sβ−1

2kk!
,

and ball averaging preserves this bound. Summation over j with s = htj gives (b).

(c) Hilbert–Schmidt norm, q even. Here m = k, and by Lemma B.1(b) the scalar function ∆kf is γ-Hölder
with constant dk/2Lβ . Let Eh = Shf − f . By (B.3) with k steps, the terms with 1 ≤ i ≤ k − 1 cancel and
the term i = 0 gives f(z), so Eh(z) =

∑
j ajtj R(htj ; z), where R(s; z) is the remainder of (B.3). For two

centers z, z′, R(s; z)−R(s; z′) is a positive linear functional, of total mass s2k/(2kk!
∏k

i=1(d+ 2i)), applied to
∆kf(z + ·)−∆kf(z′ + ·). Hence

|Eh(z)− Eh(z′)| ≤ C1Lβd
−k/2h2k ∥z − z′∥γ , C1 =

1

2kk!

∑
j

|aj | t2k+1
j . (C.7)
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Fix a unit vector e and let h′ = hd−1/4. Since [f ]β,op ≤ Lβ and [Shf ]β,op ≤ A1Lβ , Lemma C.1 along the line
z + se gives |Dh′,ev(z)− ∂ev(z)| ≤ c0Lβh

′β−1 for v = f and ≤ c0A1Lβh
′β−1 for v = Shf . By (C.7),

|Dh′,eEh(z)| ≤ 1

2h′

∑
j

|aj | |Eh(z + h′tje)− Eh(z − h′tje)| ≤ S1C1Lβd
−k/2h2kh′γ−1.

Since Dh′,e is linear and ∂eShf = ⟨e,Gh⟩,

|⟨e,Gh(z)−∇f(z)⟩| ≤ c0(1 +A1)Lβh
′β−1 + S1C1Lβd

−k/2h2kh′γ−1 =
(
c0(1 +A1) + S1C1

)
Lβd

−(β−1)/4hβ−1,

because 2k + γ − 1 = β − 1. Take the supremum over e.

Finally, τ = 0 in (a), τβ = k in (b) and τβ = (β − 1)/2 in (c).

C.3 Second moment

Fix z and h and let ef (u) = Dh,uf(z) − ⟨∇f(z), u⟩ for u ∈ Rd, an odd Cq function. For a uniformly random
orthonormal basis (Ui) let Z =

∑
i ef (Ui)Ui be the noiseless error of the estimate. By orthonormality, Lemma C.2

and dE[UU⊤] = I,

E ∥Z∥2 = dEef (U)2, EZ = dE[ef (U)U ] = Gh(z)−∇f(z). (C.8)

Lemma C.4 (Derivatives of the stencil error). For ∥u∥ = 1: if [f ]β,op ≤ Lβ, then ∥∇ef (u)∥ ≤ c1Lβh
β−1; if

[f ]β,HS ≤ Lβ, then
∥∥Djef (u)

∥∥
HS
≤ cjLβh

β−1 for 1 ≤ j ≤ q.

Proof. Differentiating (C.4) j times in u,

Djef (u) =
hj−1

2

∑
l

alt
j
l

(
Djf(z + htlu)− (−1)jDjf(z − htlu)

)
− 1{j = 1}∇f(z).

Replace Djf(z ± v) by its Taylor polynomial of degree q − j. Its term of degree r survives the signed sum only
if j + r is odd, with weight hj+r−1

∑
l alt

j+r
l . This weight vanishes for 3 ≤ j + r ≤ q by (C.1), and the term

j + r = 1 cancels ∇f(z). The two Taylor remainders are bounded by Lemma B.2(b),(c).

Lemma C.5 (Means of odd derivatives). Let [f ]β,HS ≤ Lβ, let 3 ≤ j < q be odd and k = ⌊(q − j)/2⌋. Then∥∥EDjef (U)
∥∥
HS
≤ CβLβh

β−1d−k/2.

Proof. For odd j ≥ 3 the formula in the proof of Lemma C.4 gives EDjef (U) = hj−1
∑

l alt
j
lSDjf (htl). If

k ≥ 1, expand SDjf by (B.2) with k steps; this uses 2k ≤ q − j derivatives of Djf . The polynomial terms are

proportional to s2r, r ≤ k − 1, and receive the weights hj+2r−1
∑

l alt
j+2r
l , which vanish because j + 2r is odd

and 3 ≤ j + 2r ≤ q. In the remainder (for k = 0, in SDjf itself), the tensor ∆kDjf is a k-fold trace of Dj+2kf ,
where q − j − 2k ∈ {0, 1}. Subtract from it its Taylor polynomial at z of degree q − j − 2k. A linear term has
zero spherical mean, and the constant term ∆kDjf(z) is multiplied by (Jk

d 1)(s) ∝ s2k and receives the weight∑
l alt

j+2k
l = 0, because j + 2k ∈ {q − 1, q} is odd and at least 3. By Lemma B.2(b) and Lemma B.1(b), the rest

has Hilbert–Schmidt norm at most dk/2Lβ ∥v∥β−j−2k
at z + v. Positivity of Jd bounds the remaining term by

dk/2Lβs
β−j−2k(Jk

d 1)(s) ≤ Lβs
β−jd−k/2/(2kk!),

and s = htl gives the claim.

Proposition C.6 (Noiseless error). There is a constant CZ , depending only on β, with CZ = 2c21 in the operator

case, such that E ∥Z∥2 ≤ CZL
2
βd

−τh2β−2.

Proof. For d = 1 the error Z = ef (1) is deterministic, since ef (−1) · (−1) = ef (1), and |ef (1)| ≤ c0Lβh
β−1 by

Lemma C.1. Let d ≥ 2. We apply the Poincaré inequality (B.4) once in the operator case, and repeatedly along
the derivatives of ef in the Hilbert–Schmidt case.

Operator norm. Since ef is odd, Eef (U) = 0, and (B.4) with Lemma C.4 gives E ∥Z∥2 = dEef (U)2 ≤
d

d−1c
2
1L

2
βh

2β−2 ≤ 2c21L
2
βh

2β−2.
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Hilbert–Schmidt norm. Write E ∥Z∥2 = ∥EZ∥2 + E ∥Z − EZ∥2; the first term is at most C2
bL

2
βd

−τh2β−2 by (C.8)

and Lemma C.3. The vector a∗ = EZ = dE[ef (U)U ] is the coefficient of the L2(Sd−1) projection of ef onto linear

functions, and Z − EZ =
∑

i(ef (Ui)− ⟨a∗, Ui⟩)Ui. Hence, with a0 = E∇ef (U) and Λj = E
∥∥Djef (U)

∥∥2
HS

,

E ∥Z − EZ∥2 = dE
(
ef (U)− ⟨a∗, U⟩

)2 ≤ dE(ef (U)− ⟨a0, U⟩
)2 ≤ dΛ2

(d− 1)2
,

where the last step applies (B.4) to the odd function ef − ⟨a0, ·⟩ and then to ∇ef − a0. For j < q, (B.4) applied

to Djef − EDjef gives Λj ≤
∥∥EDjef (U)

∥∥2
HS

+ Λj+1/(d− 1), and EDjef (U) = 0 for even j, since Djef is then
odd. Iterating,

E ∥Z − EZ∥2 ≤
∑

3≤j<q
j odd

d
∥∥EDjef (U)

∥∥2
HS

(d− 1)j
+

dΛq

(d− 1)q
.

By Lemmas C.4 and C.5 and d/(d − 1)j ≤ 2jd1−j , the j-th term is at most CβL
2
βh

2β−2d−(j−1+⌊(q−j)/2⌋), and

the last is at most CβL
2
βh

2β−2d−(q−1). Both exponents are at least ⌈q/2⌉ ≥ τβ , since j − 1 + ⌊(q − j)/2⌋ =
⌊(q + j − 2)/2⌋ ≥ ⌊(q + 1)/2⌋ for j ≥ 3, and q − 1 ≥ ⌈q/2⌉ for q ≥ 2.

D THE RANDOM-FRAME ESTIMATE UNDER THE UNIFIED NOISE

This appendix proves Lemma D.3, which decomposes the estimate of one round of Procedure 1 under the noise
of Definition 1. For d ≥ 2, its parts (i)–(iii) are Proposition 1. Lemmas D.4 and D.5 show that two features of
Definition 1 cannot be dropped: in (C) the σ-algebra Et contains the error components of the earlier queries of
the round, and in (L) the function η is fixed before the run.

D.1 Setting

We use the notation of Section C, in particular Dh,u, Sh, Gh, ef , the constants (C.2), Cb of Lemma C.3 and CZ

of Lemma C.6.

One round. Fix a round k. Its center z and radius h > 0 are Fk−1-measurable, and Θk consists of the B ≥ 1

independent frames U (ℓ) = (U
(ℓ)
1 , . . . , U

(ℓ)
d ) of Procedure 1. The query at z ± htjU (ℓ)

i is labeled (ℓ, i, j,±), and
the queries are ordered lexicographically; any order that does not depend on Θk would do. Its observed value
is Y ±

ijℓ, with error components ξc,±ijℓ , ξo,±ijℓ and δ±ijℓ, and ξok is the vector of the oblivious errors of the round. All
query points are functions of (z, h,Θk). Some results of Section N use, in addition, the conditional sub-Gaussian
condition

E
[
exp(sξct )

∣∣ Et] ≤ exp(s2σ2/2) (s ∈ R) for all queries t, (SG)

which implies (C). Independent N(0, σ2) errors satisfy it.

Localization. Since h may be small with positive probability, the random vectors below need not be integrable.
Let En = {1/n ≤ h ≤ n, ∥z∥ ≤ n} ∈ Fk−1; these events increase to the whole space. On En all query points lie
in B(2n), where f and η are bounded, 1/h ≤ n, and all error components are square integrable by (C), (O) and
(A). A statement such as E[ζ | Fk−1] = 0 means that E[1En

ζ | Fk−1] = 0 for every n, and a conditional second
moment is the increasing limit of those of 1En

ζ. This agrees with the usual definitions for integrable variables,
since 1En

E[X | Fk−1] = E[1En
X | Fk−1]. We prove every statement on a fixed En without further mention. For

a random vector X let N(X) = (E[∥X∥2 | Fk−1])1/2; then N(X +X ′) ≤ N(X) + N(X ′) almost surely.

Lemma D.1 (Independence within a round).

(a) Θk is independent of Fk−1 ∨ σ(ξok). Hence, conditionally on Fk−1 ∨ σ(ξok), the frames are independent

uniformly random orthonormal bases, and every column U
(ℓ)
i is uniform on Sd−1.

(b) Let H be a σ-algebra independent of Θk, let X be H-measurable, and let ϕ be jointly measurable with ϕ(X,Θk)
integrable. Then E[ϕ(X,Θk) | H] = Φ(X) almost surely, where Φ(x) = Eϕ(x,Θk).
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Proof. (a) Θk is independent of Fk−1, and by (O) it is conditionally independent of ξok given Fk−1. Hence, for
F ∈ Fk−1 and bounded measurable ϕ, ψ, E[1Fϕ(ξok)ψ(Θk)] = E[1Fϕ(ξok)]Eψ(Θk), which proves (a). Part (b) is
the substitution rule for conditional expectations (Durrett, 2019, Section 4.1).

D.2 The systematic error

Lemma D.2 (The systematic error). Let η be M -Lipschitz, z ∈ Rd, h > 0, and eη(u) = Dh,uη(z) for u ∈ Rd.

(a) eη is odd and (A1M)-Lipschitz on Rd.

(b) Shη is (A1M)-Lipschitz, so ∥∇Shη(z)∥ ≤ A1M .

(c) If d ≥ 2, then Eeη(U) = 0 and Eeη(U)2 ≤ A2
1M

2/(d− 1).

(d) If d ≥ 2, then for a uniformly random orthonormal basis (Ui) of Rd

E
∥∥∥ d∑
i=1

eη(Ui)Ui

∥∥∥2 = dEeη(U)2 ≤ d

d− 1
A2

1M
2.

If d = 1, then
∑

i eη(Ui)Ui = eη(1) is deterministic.

Proof. (a) Oddness is clear, and |eη(u)− eη(u′)| ≤ 1
2h

∑
j |aj | 2Mhtj ∥u− u′∥ = A1M ∥u− u′∥. (b) Shη =∑

j ajtjAhtjη, and each Ahtjη is M -Lipschitz by Lemma B.4. (c) and (d) are (B.5) with e = eη and ℓ = A1M .
For d = 1, eη(U1)U1 = eη(1) for both U1 = ±1, by oddness.

D.3 The batched estimate

Proposition D.3 (Batched stencil estimate under the unified noise). Let f ∈ Cq satisfy [f ]β,op ≤ Lβ (with
τ = 0) or [f ]β,HS ≤ Lβ (with τ = τβ), and let the noise be admissible at levels (M,σ, δ). In round k let z and
h > 0 be Fk−1-measurable, and let ḡ be the output of Procedure 1 with B ≥ 1 frames. Then

ḡ = ∇f(z) + b(z) + ζ + ∆,

where b(z) is given in (i), ζ and ∆ are defined in (D.2) below, and the following hold.

(i) b(z) = Gh(z)−∇f(z) +∇Shη(z) is Fk−1-measurable and ∥b(z)∥ ≤ CbLβd
−τ/2hβ−1 +A1M .

(ii) E[ζ | Fk−1] = 0, and for d ≥ 2

E
[
∥ζ∥2

∣∣ Fk−1

]
≤ 1

B

(
CfL

2
βd

−τh2β−2 + CηM
2 + Cσ

dσ2

h2

)
,

with Cf = 2CZ , Cη = 4A2
1 and Cσ = (S1 + (S2/2)1/2)2. For d = 1, E[∥ζ∥2 | Fk−1] ≤ Cσσ

2/(Bh2).

(iii) ∥∆∥ ≤
√
dS1δ/h almost surely.

(iv) The vector ζ + ∆ = ḡ −∇f(z)− b(z) is Fk-measurable; if δ = 0, then ∆ = 0 and ζ is Fk-measurable. The
vector ζ̃ = ζ + ∆− E[∆ | Fk−1] is Fk-measurable, and

E[ζ̃ | Fk−1] = 0, N(ζ̃) ≤ N(ζ) +
√
dS1δ/h, ∥E[∆ | Fk−1]∥ ≤

√
dS1δ/h.

In particular, the vectors ζ̃ of different rounds form a martingale difference sequence with respect to (Fk)k.

When δ > 0, the vector ζ need not be Fk-measurable, and the vectors ζ of different rounds need not be orthogonal.
An adversarial error may cancel a centered error, which then stays hidden, and a centered error of a later round,
conditioned only on the past and on the errors of its own round, may be correlated with the hidden one. The
later appendices therefore use ζ only within one round, through E[⟨ζ, x⟩ | Fk−1] = 0 for Fk−1-measurable random
vectors x and through (ii). Sums over rounds use the decomposition ḡ = ∇f(z) + b(z) + E[∆ | Fk−1] + ζ̃ with the
adapted martingale differences ζ̃ of (iv).
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Table 4: Constants of Lemma D.3; Cη = 4A2
1 and Cσ = (S1 + (S2/2)1/2)2.

m (aj) S1 S2 A1 Cη Cσ

1 1 1 1 1 4 2.914

2 8
3
,− 1

3
3 65

9
5
3

100
9

24.01

3 9
2
,− 9

10
, 1
10

11
2

2107
100

11
5

484
25

76.49

4 32
5
,− 8

5
, 32
105

,− 1
35

25
3

480841
11025

93
35

34596
1225

169.1

Proof. Condition on Fk−1. Let eη(u) = Dh,uη(z), and for frame ℓ put

Y (ℓ) =
∑
i

(ef + eη)(U
(ℓ)
i )U

(ℓ)
i − b(z),

with b(z) as in (i). For the other three error components put

ω
(ℓ)
i =

1

2h

∑
j

aj(ξ
o,+
ijℓ − ξ

o,−
ijℓ ), χ

(ℓ)
i =

1

2h

∑
j

aj(ξ
c,+
ijℓ − ξ

c,−
ijℓ ), ϱ

(ℓ)
i =

1

2h

∑
j

aj(δ
+
ijℓ − δ

−
ijℓ),

and let Ξo,(ℓ) =
∑

i ω
(ℓ)
i U

(ℓ)
i , Ξc,(ℓ) =

∑
i χ

(ℓ)
i U

(ℓ)
i and ∆(ℓ) =

∑
i ϱ

(ℓ)
i U

(ℓ)
i . A bar denotes the average over the B

frames. Since
∑

i

〈
∇f(z), U

(ℓ)
i

〉
U

(ℓ)
i = ∇f(z),

ḡ = ∇f(z) + b(z) + ζ + ∆, (D.1)

ζ = Ȳ + Ξ̄o + Ξ̄c, ∆ =
1

B

B∑
ℓ=1

∆(ℓ). (D.2)

(i) and (iii). The surrogate gradients are continuous in (z, h), so b(z) is Fk−1-measurable. Its bound follows from

Lemma C.3 and Lemma D.2(b). Since
∣∣∣ϱ(ℓ)i

∣∣∣ ≤ S1δ/h, orthonormality gives
∥∥∆(ℓ)

∥∥ ≤ √dS1δ/h, hence (iii).

The frame part. By Lemma C.2, applied to f and to η, EY (ℓ) = 0, and the Y (ℓ) are independent. For d ≥ 2,
Lemma C.6, Lemma D.2(d) and d/(d− 1) ≤ 2 give

E[
∥∥Ȳ ∥∥2 | Fk−1] ≤ B−1(2CZL

2
βd

−τh2β−2 + 4A2
1M

2). (D.3)

For d = 1, (ef + eη)(U1)U1 = (ef + eη)(1) is deterministic, hence Y (ℓ) = 0.

Random noise. Conditionally on Fk−1 ∨ σ(ξok), the coefficients ω
(ℓ)
i are fixed and the frames are independent and

uniform (Lemma D.1). So the vectors Ξo,(ℓ) have mean zero and are orthogonal in conditional L2 across frames.

Since N(ω
(ℓ)
i ) ≤ S1σ/h, orthonormality yields

E[
∥∥Ξ̄o

∥∥2 | Fk−1] ≤ dS2
1σ

2/(Bh2). (D.4)

The centered part is Ξ̄c =
∑

t wtξ
c
t , a sum over the queries t = (ℓ, i, j,±) of the round with wt = ±ajU (ℓ)

i /(2hB).
Both wt and the centered errors of the earlier queries are Et-measurable, so by (C) the terms wtξ

c
t are centered

and pairwise orthogonal, and E[
∥∥Ξ̄c

∥∥2 | Fk−1] ≤ σ2
∑

t ∥wt∥2 = dS2σ
2/(2Bh2). The two parts need not be

orthogonal to each other; Minkowski’s inequality gives

E[
∥∥Ξ̄o + Ξ̄c

∥∥2 | Fk−1] ≤ (S1 +
√
S2/2)2dσ2/(Bh2). (D.5)

Cross terms. Since
〈
Ȳ , wt

〉
is Et-measurable, (C) gives E

〈
Ȳ , wtξ

c
t

〉
= 0. For the oblivious part, condition on

Fk−1 ∨ σ(ξok). Different frames give zero by independence, and within frame ℓ

E
〈
Y (ℓ), U

(ℓ)
i

〉
= E(ef + eη)(U

(ℓ)
i )−

〈
b(z),EU (ℓ)

i

〉
= 0
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by oddness. Thus Ȳ is orthogonal to both noise parts, and adding (D.3) and (D.5) proves (ii). The same
computations give E[ζ | Fk−1] = 0.

(iv). The vector ζ+∆ = ḡ−∇f(z)− b(z) is a function of the observed values, Θk and Fk−1-measurable quantities,
hence Fk-measurable. Subtracting the Fk−1-measurable vector E[∆ | Fk−1] gives ζ̃, which is centered, and

N(∆− E[∆ | Fk−1])2 = E[∥∆∥2 | Fk−1]− ∥E[∆ | Fk−1]∥2 ≤ dS2
1δ

2/h2

proves (iv) by Minkowski’s inequality. Martingale differences adapted to (Fk)k are orthogonal across rounds by
the tower property.

Remark D.4 (The σ-algebra in the centered-noise condition). The modified condition. Replace Et in (C) by the
smaller σ-algebra Gt generated by Fk−1, Θk, the queries of round k, and the observed values of the queries s < t
of round k. The decomposition, the bias and the centering in the proof of Lemma D.3 use only σ(Fk−1,Θk) ⊂ Gt,
so (i), (iii), (iv) and E[ζ | Fk−1] = 0 remain valid. The variance argument loses the orthogonality of ξcs and ξct for
s < t, because ξcs = Ys − f(Xs)− η(Xs)− ξos − δs need not be Gt-measurable. Bounding N(Ξc,(ℓ)) ≤

√
dS1σ/h by

Minkowski’s inequality, as for the oblivious part, gives only

E
[
∥ζ∥2

∣∣ Fk−1

]
≤ 1

B

(
CfL

2
βd

−τh2β−2 + CηM
2
)

+
(
1 +B−1/2

)2
S2
1

dσ2

h2
.

The factor 1/B in front of dσ2/h2 cannot be kept with a constant depending only on β: an oblivious error can
hide a centered error from the observation, and a later centered error of the round, which may depend on all
frames, can be correlated with the hidden part. The following example loses a factor of order log2B.

Example: the vectors. Let k = 1, z = 0, h = 1, f ≡ 0, η ≡ 0 and δ = 0. Fix a node j∗ with aj∗ ̸= 0, and let only

the queries tj∗U
(ℓ)
i carry errors. In the sequence space H = ℓ2(Z) with unit vectors en put

ϑn =
1

π(n+ 1
2 )

(n ∈ Z), uℓ =
∑
n

ϑn−ℓen, ℓ = 1, . . . , B.

These vectors are orthonormal. First,
∑

n ϑ
2
n = 8π−2

∑
n≥0(2n+ 1)−2 = 1. Second, for r ̸= 0,∑

n

ϑnϑn+r =
1

π2r

∑
n

( 1

n+ 1
2

− 1

n+ r + 1
2

)
= 0;

the series converges absolutely, and its partial sum over |n| ≤ K reduces to 2 |r| terms of order 1/K. Let Pℓ be
the orthogonal projection onto span{u1, . . . ,uℓ−1}, and put

pℓ = (I − Pℓ)eℓ, αℓ = ⟨uℓ,pℓ⟩ , rℓ = αℓ + (α2
ℓ + 1− ∥pℓ∥2)1/2 ≥ 0.

The vectors
yℓ = rℓuℓ − pℓ, vℓ = yℓ + eℓ = rℓuℓ + Pℓeℓ

satisfy ∥yℓ∥2 = (rℓ − αℓ)
2 − α2

ℓ + ∥pℓ∥2 = 1, yℓ ⊥ u1, . . . ,uℓ−1 (both uℓ and pℓ are orthogonal to these vectors),
and vℓ′ ∈ span{u1, . . . ,uℓ′}. Hence ⟨yℓ,vℓ′⟩ = 0 for ℓ′ < ℓ.

Example: the errors. Let o(1), . . . ,o(B) be independent N(0, Id) vectors, independent of Θ1, and write U (ℓ)

also for the orthogonal matrix with columns U
(ℓ)
i . For 1 ≤ p ≤ d and x ∈ H let Ip(x) =

∑
n xnγp,n, where

γp,n = (U (n)o(n))p for 1 ≤ n ≤ B and the other γp,n are independent N(0, 1) variables, independent of everything
else. Conditionally on Θ1 all γp,n are independent N(0, 1), by rotation invariance, so

Cov
(
Ip(x), Ip′(x′)

∣∣ Θ1

)
= 1{p = p′} ⟨x,x′⟩ .

At the query tj∗U
(ℓ)
i set

ξo = σo
(ℓ)
i , ξc = σ

∑
p

U
(ℓ)
pi Ip(yℓ),

and let all other errors vanish. Since o
(ℓ)
i =

∑
p U

(ℓ)
pi (U (ℓ)o(ℓ))p =

∑
p U

(ℓ)
pi Ip(eℓ), the observed error is νℓ,i =

σ
∑

p U
(ℓ)
pi Ip(vℓ). Condition (O) holds, since the oblivious errors are functions of o(1), . . . ,o(B). Conditionally on
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Θ1, the error ξc at (ℓ, i) and the observed errors νℓ′,i′ of the earlier queries are jointly Gaussian with covariance

σ2
〈
U

(ℓ)
i , U

(ℓ′)
i′

〉
⟨yℓ,vℓ′⟩. This covariance vanishes for ℓ′ < ℓ by the orthogonality above, and for ℓ′ = ℓ, i′ < i

because U
(ℓ)
i ⊥ U

(ℓ)
i′ . So, given Gt, ξc is N(0, σ2): (C) holds with Gt in place of Et. With Et it cannot hold for

large B, since otherwise (ii) would apply.

Example: the second moment. Here b(z) = 0 and ∆ = 0, so ζ = ḡ. Since
∑

i U
(ℓ)
p′iU

(ℓ)
pi = 1{p = p′}, the p-th coordi-

nate of ḡ equals
aj∗σ
2B Ip(vΣ), where vΣ =

∑
ℓ vℓ ∈ span{u1, . . . ,uB}, and therefore E ∥ζ∥2 = a2j∗σ

2d ∥vΣ∥2 /(4B2).
The inner product ⟨vℓ′ ,uℓ⟩ equals 0 for ℓ′ < ℓ, rℓ for ℓ′ = ℓ, and ⟨eℓ′ ,uℓ⟩ = ϑℓ′−ℓ for ℓ′ > ℓ, since then Pℓ′uℓ = uℓ.

Hence, with
∑K

n=1(n+ 1
2 )−1 ≥ log 2K+3

3 ,

⟨vΣ,uℓ⟩ = rℓ +

B−ℓ∑
n=1

ϑn ≥
1

π
log

2(B − ℓ) + 3

3
.

Keeping the at least B/2 indices with 2(B − ℓ) + 3 ≥ B + 2, we obtain

E ∥ζ∥2 =
a2j∗σ

2d

4B2

B∑
ℓ=1

⟨vΣ,uℓ⟩2 ≥
a2j∗
8π2

log2
(B + 2

3

) dσ2

Bh2
.

For any constant K the right-hand side exceeds Kdσ2/(Bh2) once B is large, although Lβ = M = 0.

Example: exact values. The lower bound above is crude; the norm is explicit. Since αℓ = ϑ0 = 2/π and

∥pℓ∥2 = 1−
∑ℓ−1

n=1 ϑ
2
n,

∥vΣ∥2 =

B∑
ℓ=1

(
rℓ +

B−ℓ∑
n=1

ϑn

)2
, rℓ =

2

π
+
( 4

π2
+

ℓ−1∑
n=1

ϑ2n

)1/2
.

A direct computation gives ∥vΣ∥2 /B = 3.77, 5.59, 7.83, 10.47, 11.94 for B = 16, 64, 256, 1024, 2048; it is
2 when the centered and oblivious errors are independent. For m = 1 the bound of (ii), Cσdσ

2/(Bh2) with
Cσ = (1 + 2−1/2)2, is violated from B = 1797 on; the displayed lower bound shows this only for B of order 107.

D.4 Lipschitz noise chosen after the frames

Remark D.5 (Lipschitz noise must not see the frames). Condition (L) requires η to be fixed before the run.
Suppose instead that η may be chosen after Θk is revealed. We construct such an η that shifts the estimate of
one frame by order

√
dM . Let κd = dE |⟨U, e1⟩| = dΓ(d/2)/(

√
π Γ((d+ 1)/2)). The Cauchy–Schwarz inequality

and Gautschi’s inequality (Gautschi, 1959) give
√

2d/π ≤ κd ≤
√
d.

Let B = 1, ξc = ξo = 0 and δ = 0, fix a unit vector v, and let σi = sgn ⟨Ui, v⟩ (nonzero almost surely). On the
finite set P = {z + htjsUi : 1 ≤ i ≤ d, 1 ≤ j ≤ m, s = ±1} of query points put η(z + x) = M ∥x∥ sgn ⟨x, v⟩, that
is, η(z + htjsUi) = Mhtjsσi. This assignment is

√
2M -Lipschitz on P . For two points on the same line, x = rUi

and y = r′Ui, the values differ by M |r − r′| = M ∥x− y∥. For x = rUi and y = r′Ui′ with i ≠ i′, orthogonality
gives ∥x− y∥ = (r2 + r′2)1/2, and the values differ by at most M(|r| + |r′|) ≤

√
2M ∥x− y∥. The McShane

extension (McShane, 1934) η(x) = minx′∈P(η(x′) +
√

2M ∥x− x′∥) is
√

2M -Lipschitz on Rd and agrees with the
assignment on P. Since

∑
j ajtj = 1, we get eη(Ui) = Mσi. The f -part of the estimate still has mean Gh(z), so

Eḡ −Gh(z) = M
∑
i

E
[
sgn ⟨Ui, v⟩ Ui

]
= Mκd v, ∥Eḡ −Gh(z)∥ ≥

√
2/π
√
dM.

For a
√

2M -Lipschitz η fixed before the frames the same norm is at most
√

2A1M by Lemma D.3(i). After
rescaling η to be M -Lipschitz, the lower bound becomes

√
d/πM .

E LOWER BOUNDS

This appendix proves the lower bounds for Gaussian noise and for Lipschitz noise. Lemmas E.3 and E.4 give the
bound of Theorem 1(b) for every budget (Section E.4), and Lemma E.5 the resulting minimax rate for normalized
parameters. Lemma E.6 gives the factor d2 for convex objectives used in Lemma N.3, and Lemma E.7 bounds
the admissible level of Lipschitz noise in every ℓp geometry; its Euclidean case enters Theorems 1 and 5.
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Algorithms and minimax risk. The lower bounds use independent N(0, σ2) noise or exact values and allow
adaptive randomized algorithms with queries and output anywhere in Rd. Such an algorithm draws a random
seed Θ0 at the start; each query is a measurable function of Θ0 and of the earlier observations, and the output is
a measurable function of Θ0 and of all observations. Algorithms with rounds (Section 2) are the special case
Θ0 = (Θ1,Θ2, . . . ), since the Gaussian noise is independent of all Θk. For a class C of functions on Rd, the
Gaussian minimax risk RG

T (C) is the infimum of supf∈C E[f(x̂)− f⋆] over these algorithms with at most T calls
under Gaussian noise. It is nonincreasing in T , since extra calls can be ignored.

E.1 Two localized profiles

Fix a smooth χ : R → [0, 1] with χ(s) = 1 for s ≤ 1/4 and χ(s) = 0 for s ≥ 1, for instance χ(s) =
ϕ(1− s)/(ϕ(1− s) + ϕ(s− 1/4)) with ϕ(t) = e−1/t1{t > 0}; all derivatives of χ are bounded. For a unit vector v
let

ψv(x) = ⟨v, x⟩ χ(∥x∥2). (E.1)

Lemma E.1 (Radial profile). Let q ≥ 2, γ ∈ (0, 1], β = q + γ. There are constants Kβ ,K2 ≥ 1, depending only
on β and χ, such that for all d, all unit v and all x, y:

∥Dqψv(x)−Dqψv(y)∥op ≤ Kβ ∥x− y∥γ ,

∥Dqψv(x)−Dqψv(y)∥HS ≤ Kβ d
⌊q/2⌋/2 ∥x− y∥γ ,

sup
x

∥∥∇2ψv(x)
∥∥
op
≤ K2.

Proof. Let s(x) = ∥x∥2, so that Ds(x)[u] = 2 ⟨x, u⟩, D2s[u,w] = 2 ⟨u,w⟩ and D3s = 0. By the chain rule,
Dj(χ ◦ s) is a sum, over the partitions of {1, . . . , j} into i pairs and j − 2i singletons, of index permutations of

2j−iχ(j−i)(∥x∥2)x⊗(j−2i) ⊗ I⊗i. These terms vanish unless ∥x∥ ≤ 1, and by Lemma B.1 a term with i pairs has
Hilbert–Schmidt norm at most Cjd

i/2 and operator norm at most Cj , where Cj depends only on j and χ.

By the product rule, Dqψv is the sum of ⟨v, x⟩Dq(χ ◦ s) and of the terms in which v fills one slot of Dq−1(χ ◦ s);
each of its terms has at most ⌊q/2⌋ identity factors. A further derivative in a unit direction e replaces ⟨v, x⟩ by

⟨v, e⟩, turns a coefficient χ(r)(∥x∥2) into 2 ⟨x, e⟩χ(r+1)(∥x∥2), or replaces a factor x by e; none of these creates an
identity factor. Hence, with Bq, Eq depending only on q and χ,

sup
x
∥Dqψv(x)∥HS ≤ Bqd

⌊q/2⌋/2, sup
x,∥e∥=1

∥∥Dq+1ψv(x)[e]
∥∥
HS
≤ Eqd

⌊q/2⌋/2.

Integration along segments gives ∥Dqψv(x)−Dqψv(y)∥HS ≤ d⌊q/2⌋/2 min{2Bq, Eq ∥x− y∥}, and min{A,Bt} ≤
A1−γ(Bt)γ gives the Hilbert–Schmidt bound. On unit vectors every factor ⟨x, u⟩ or ⟨u,w⟩ of these tensors is at
most one in absolute value, which gives the operator bound and the Hessian bound without a power of d.

The second profile replaces the linear factor by a narrow ridge. Let ϑ : R→ R be smooth and odd, equal to its
argument on [−1/2, 1/2] and vanishing outside [−1, 1] (for instance ϑ(s) = sχ(s2)), and let Lϑ = sup |ϑ′|. For a

unit vector v put ψ̃v(x) = ϑ(d1/4 ⟨v, x⟩)χ(∥x∥2), a ridge of width d−1/4.

Lemma E.2 (Ridge profile). For every integer j ≥ 0 there is K̃j, independent of d and v, with

supx

∥∥∥Djψ̃v(x)
∥∥∥
HS
≤ K̃jd

j/4. Consequently

∥∥∥Dqψ̃v(x)−Dqψ̃v(y)
∥∥∥
HS
≤ K̃βd

β/4 ∥x− y∥γ , K̃β = (2K̃q)1−γK̃γ
q+1.

Proof. In a product-rule term of order j let l derivatives fall on the ridge, giving dl/4ϑ(l)(d1/4 ⟨v, x⟩)v⊗l, and

the rest on χ(∥x∥2), giving terms with i identity factors and Hilbert–Schmidt norm O(di/2) as in the proof of
Lemma E.1, where l + 2i ≤ j. Since dl/4di/2 ≤ dj/4, each term is O(dj/4). The Hölder bound follows as there,

from min{2K̃qd
q/4, K̃q+1d

(q+1)/4t} ≤ (2K̃qd
q/4)1−γ(K̃q+1d

(q+1)/4t)γ .
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E.2 The radial family

Let 0 < α < L, ρ = min{α, (L−α)/2} and µ = α+ ρ, and let ν = 0 for the operator seminorm and ν = ⌊q/2⌋ for
the Hilbert–Schmidt seminorm. For ω ∈ {−1, 1}d put vω = ω/

√
d, and for a, h > 0 let

fω(x) =
µ

2
∥x∥2 + ahψvω (x/h) =

µ

2
∥x∥2 + a ⟨vω, x⟩χ(∥x∥2 /h2), a =

Lβh
β−1

Kβdν/2
. (E.2)

Theorem E.3 (Radial lower bound). Let β > 2, Lβ , R, σ > 0 and 0 < α < L, let the class Fsc(β, Lβ ;α,L,R)
be defined with the operator or the Hilbert–Schmidt seminorm, and let ρ and ν be as above. Let Kβ ,K2 be the
constants of Lemma E.1, K̄2 = max{1,K2} and

H = min
{(ρKβd

ν/2

K̄2Lβ

) 1
β−2

,
(αRKβd

ν/2

Lβ

) 1
β−1
}
. (E.3)

For every T ≥ 1,

RG
T

(
Fsc(β, Lβ ;α,L,R)

)
≥ min

{
cβ
L
2/β
β

α
d 2− ν+2

β

(σ2

T

) β−1
β

,
3a2H
64α

}
, cβ =

3

64
16−

β−1
β K

− 2
β

β , (E.4)

where aH = LβH
β−1/(Kβd

ν/2) = min{(ρ/K̄2)
β−1
β−2 (Kβd

ν/2/Lβ)
1

β−2 , αR}. The first term is the smaller one if and
only if T ≥ K2

βd
ν+2σ2/(16L2

βH
2β).

Proof. We show that the functions (E.2) belong to the class, bound the error from below by the number of wrong
signs of an estimate of ω, and apply Assouad’s lemma (B.6).

Step 1: membership. By Lemma E.1 and scaling, the q-th derivative of the perturbation ahψvω (·/h) has Hölder
constant at most Kβd

ν/2ah1−β = Lβ in the chosen norm, and the quadratic does not contribute since q ≥ 2;
hence [fω]β ≤ Lβ . Choose

h = min{H,h⋆}, h2β⋆ =
K2

βd
ν+2σ2

16L2
βT

, so that a2h2 ≤ d2σ2

16T
. (E.5)

Since h ≤ H, we have K̄2a/h ≤ ρ and a ≤ αR. The Hessian of the perturbation has operator norm at most
K2a/h ≤ ρ, so αI ⪯ ∇2fω ⪯ (α + 2ρ)I ⪯ LI. The point x⋆ω = −(a/µ)vω has norm a/µ ≤ ρh/µ ≤ h/2, so

χ = 1 and χ′ = 0 at ∥x⋆ω∥
2
/h2, and ∇fω(x⋆ω) = µx⋆ω + avω = 0. By strong convexity x⋆ω is the minimizer, and

∥x⋆ω∥ ≤ a/α ≤ R. Thus fω ∈ Fsc(β, Lβ ;α,L,R).

Step 2: from the error to signs. For an output x̂ let ω̂j = − sgn(x̂j). A wrong sign means
∣∣x̂j − x⋆ω,j

∣∣ ≥ a/(µ√d),
and strong convexity with µ ≤ 2α gives

fω(x̂)− fω(x⋆ω) ≥ α

2
∥x̂− x⋆ω∥

2 ≥ a2

8αd

d∑
j=1

1{ω̂j ̸= ωj}. (E.6)

Step 3: information. Let Pω be the law of the seed and the transcript under fω, let ω(j) be ω with its j-th
coordinate flipped, and let Xt,j be the j-th coordinate of the t-th query Xt. By Lemma B.5(b),

KL(Pω∥Pω(j)) =
2a2

dσ2
Eω

∑
t

X2
t,jχ(∥Xt∥2 /h2)2.

Since
∑

j X
2
t,jχ(∥Xt∥2 /h2)2 ≤ h2 for every query,

1

d2d

∑
ω,j

KL(Pω∥Pω(j)) ≤
2Ta2h2

d2σ2
.

Pinsker’s and Jensen’s inequalities bound the average total variation by ah
√
T/(dσ) ≤ 1/4. By (B.6) the average

number of wrong signs is at least 3d/8, and (E.6) gives

max
ω

Eω

[
fω(x̂)− fω(x⋆ω)

]
≥ 3a2/(64α).

Since a = Lβh
β−1/(Kβd

ν/2) is increasing in h, substituting h = h⋆ and h = H gives the two terms of (E.4), and
h⋆ ≤ H is the stated condition on T .
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E.3 The ridge family

Theorem E.4 (Ridge lower bound). Let β > 2, Lβ , R, σ > 0 and 0 < α < L, and let the class Fsc(β, Lβ ;α,L,R)

be defined with the Hilbert–Schmidt seminorm. Let ρ = min{α, (L − α)/2}, let K̃β , K̃2 be the constants of

Lemma E.2, Lϑ = sup |ϑ′|, K̄ ′
2 = max{1, K̃2} and

H0 = min
{

(ρK̃β/(K̄
′
2Lβ))1/(β−2), (αRK̃β/Lβ)1/(β−1)

}
.

For every T ≥ 1,

RG
T

(
Fsc(β, Lβ ;α,L,R)

)
≥ min

{
c̃β
L
2/β
β

α
d

3
2−

3
2β

(σ2

T

) β−1
β

,
3ã2H
64α

}
, c̃β =

3

64
(16L2

ϑ)−
β−1
β K̃

− 2
β

β ,

where ãH = LβH
β−1
0 /K̃β = min{(ρ/K̄ ′

2)
β−1
β−2 (K̃β/Lβ)

1
β−2 , αR}. The first term is the smaller one if and only if

T ≥ K̃2
βd

3/2σ2/(16L2
ϑL

2
βH

2β
0 ).

Proof. We follow the proof of Lemma E.3; only the functions, their membership and the information bound
change. With µ, vω as there, h > 0 and the ridge width w = hd−1/4, let

f̃ω(x) =
µ

2
∥x∥2 +Aϑ

( ⟨vω, x⟩
w

)
χ(∥x∥2 /h2), A =

Lβw
β

K̃β

, a =
A

w
.

Membership. The perturbation equals A ψ̃vω (x/h). By Lemma E.2, its q-th derivative has Hilbert–Schmidt Hölder

constant at most Ah−βK̃βd
β/4 = AK̃βw

−β = Lβ , so [f̃ω]β,HS ≤ Lβ , and its Hessian has operator norm at most

Ah−2K̃2d
1/2 = K̃2a/w. Choose w = min{H0, w⋆} with

w2β
⋆ = K̃2

βd
3/2σ2/(16L2

ϑL
2
βT ).

Since w ≤ H0, we have K̄ ′
2a/w ≤ ρ and a ≤ αR, hence αI ⪯ ∇2f̃ω ⪯ LI. The point −(a/µ)vω has norm at most

w/2; there ϑ′ = 1, χ = 1 and χ′ = 0, so the gradient vanishes, and this point is the minimizer, of norm at most
a/α ≤ R. Thus f̃ω ∈ Fsc(β, Lβ ;α,L,R), and (E.6) holds with a = A/w.

Information. Since ϑ is Lϑ-Lipschitz,∣∣∣f̃ω(x)− f̃ω(j)(x)
∣∣∣ ≤ 2Lϑa√

d
|xj |χ(∥x∥2 /h2),

and Step 3 of the proof of Lemma E.3 bounds the average total variation by Lϑah
√
T/(dσ). The choice of w gives

L2
ϑa

2h2 ≤ d2σ2/(16T ), so this bound is at most 1/4, and the error is at least 3a2/(64α) with a2 = L2
βw

2β−2/K̃2
β ;

the two values w = w⋆ and w = H0 give the two terms.

E.4 Consequences for the strongly convex and convex classes

Let β > 2, Lβ , R, σ > 0 and 0 < α < L, let the seminorm be either one, let τ be as in (2) and ρ = min{α, (L−α)/2},
and put

Φ0 = min
{
αR2,

ρ2(β−1)/(β−2)

αL
2/(β−2)
β

}
, Tlb = T⋆(Φ0) =

d 2−τ/(β−1)σ2L
2/(β−1)
β

(αΦ0)β/(β−1)
, (E.7)

so that ΦT ≤ Φ0 if and only if T ≥ Tlb. For fixed β, α, L,R,Lβ , σ, Tlb is of order d 2−τ/(β−1) ≤ d2.

Proof of Theorem 1(b). In the operator case and in the Hilbert–Schmidt case with odd q, Lemma E.3 with ν = τ
applies, because then τ = ⌊q/2⌋ or τ = 0 and its exponent 2− (ν+ 2)/β is that of (3); in the Hilbert–Schmidt case
with even q, Lemma E.4 applies, because τβ = (β− 1)/2 and 3

2 −
3
2β = 2− (2 + τβ)/β. Since dν/2 ≥ 1, both a2H/α

and ã2H/α are at least a constant depending only on β times Φ0. Hence RG
T (Fsc(β, Lβ ;α,L,R)) ≥ cβ min{ΦT ,Φ0}

for every T ≥ 1. The hard functions satisfy αI ⪯ ∇2f ⪯ (α+ 2ρ)I ⪯ 3αI; for L = 3α one has ρ = α, and the
bound holds on Fsc(β, Lβ ;α, 3α,R). For the term M2/α, Lemma E.7(b) with p = 2 and the same Gaussian errors
gives M2/(2α): its quadratic instances have Hessian αI, zero Hölder seminorm and minimizer norm M/α ≤ R.
The maximum of the two bounds is at least half their sum.
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With the parameters normalized, the two bounds of Theorem 1 match for every dimension and every budget.

Corollary E.5 (Normalized minimax rate). Let β > 2, α = 1, L = 3, R = Lβ = σ = 1, let the seminorm be
either one, and put p = (β − 1)/β. There are constants 0 < cβ ≤ Cβ such that for all integers d ≥ 2 and T ≥ 1

cβ min
{

1,
(ds
T

)p}
≤ RG

T

(
Fsc(β, 1; 1, 3, 1)

)
≤ Cβ min

{
1,
(ds
T

)p}
,

and the upper bound is attained under every noise admissible at levels (0, 1, 0). Consequently there is εβ > 0
such that for 0 < ε ≤ εβ the least number of calls of an ε-accurate method under Gaussian noise is of order
dsε−β/(β−1), uniformly in d ≥ 2. Here s = 2 for the operator seminorm, s = 3

2 under Hilbert–Schmidt smoothness
with even q, and 3

2 < s ≤ 5
3 with odd q.

Proof. Here ρ = 1, Φ0 = 1 and ΦT = d2−(2+τ)/βT−p = (ds/T )p, so the lower bound is Theorem 1(b). For
the upper bound, Φ1 ≥ 1, so the budget condition of Theorem 1(a) holds if T ≥ Dβd log(2d) for a constant
Dβ depending only on β, and in particular if T ≥ D′

βd
s, since s ≥ 3

2 ; then the error is at most CβΦT and

ΦT ≤ 1. For T < D′
βd

s the method that returns 0 without calls has error f(0) − f⋆ ≤ 3
2 ∥x

⋆∥2 ≤ 3
2 , while

min{1, (ds/T )p} ≥ (D′
β)−p. For the number of calls, take εβ = cβ/2: an error ε ≤ εβ excludes the first term of

the lower bound and forces T ≥ ds(cβ/ε)
1/p, while T = ⌈ds(Cβ/ε)

1/p⌉ ≤ 2ds(Cβ/ε)
1/p oracle calls suffice. For

odd q, τ = (q − 1)/2 and q < β ≤ q + 1 give 3
2 < s ≤ 2− q−1

2q ≤
5
3 .

Corollary E.6 (Convex objectives: the factor d2). Let β > 2 and Lβ , R, σ > 0, and let C be the class of
convex q times continuously differentiable functions f on Rd with [f ]β,op ≤ Lβ and a minimizer in B(R). There
are cβ , c

′
β > 0 such that every algorithm whose expected error is at most ε for every f ∈ C under independent

N(0, σ2) noise, where ε ≤ c′βLβR
β, uses T ≥ cβd

2σ2/ε2 calls. For the Hilbert–Schmidt seminorm (that is,

with [f ]β,HS ≤ Lβ in the definition of C) the same holds for ε ≤ c′βLβR
βd−⌊q/2⌋/2. All hard functions have

∇2f ⪯ CβLβR
β−2I.

For the operator seminorm and d ≥ 256, Theorem 5(a) is stronger, up to constants by the factor
min{d1/2, (LβR

β/ε)2/β}. Lemma E.6 also covers d < 256 and the Hilbert–Schmidt seminorm, and it is the bound
transferred in Lemma N.3(b).

Proof of Lemma E.6. The functions. Take ν as in Lemma E.3 and the curvature µ = 2K̄2a/h in (E.2). The
perturbation has Hessian of operator norm at most K2a/h ≤ µ/2, so (µ/2)I ⪯ ∇2fω ⪯ (3µ/2)I; in particular fω
is convex. As in Step 1 of the proof of Lemma E.3, the point −(a/µ)vω, of norm h/(2K̄2) ≤ h/2, is the minimizer;
its norm is at most R if h ≤ 2K̄2R. Then also a/h = Lβh

β−2/(Kβd
ν/2) ≤ Lβ(2K̄2R)β−2/Kβ , which gives the

Hessian bound with Cβ = 3K̄2(2K̄2)β−2/Kβ . As in (E.6), strong convexity with modulus µ/2 gives

fω(x̂)−min fω ≥
a2

4µd

∑
j

1{ω̂j ̸= ωj}.

Large budgets. Choose h by ah = dσ/(4
√
T ), that is, hβ = Kβd

ν/2+1σ/(4Lβ

√
T ). Then h ≤ 2K̄2R if and only

if T ≥ T1 :=
(
Kβd

ν/2+1σ/(4Lβ(2K̄2R)β)
)2

. For such T , Step 3 of the proof of Lemma E.3 bounds the average
total variation by 1/4, and

RG
T (C) ≥ 3a2

32µ
=

3ah

64K̄2
=

3dσ

256K̄2

√
T
.

All budgets. Put ε1 = 3dσ/(256K̄2

√
T1) = c′′βLβR

βd−ν/2 with c′′β = 3(2K̄2)β/(64K̄2Kβ). An algorithm with

T < T1 calls has at most T1 calls, so by monotonicity its worst-case error is at least RG
T1

(C) ≥ ε1. Hence worst-case

error ε < ε1 forces T ≥ T1, and then ε ≥ 3dσ/(256K̄2

√
T ), that is, T ≥ (3/(256K̄2))2d2σ2/ε2. The corollary

follows with cβ = (3/(256K̄2))2 and c′β = c′′β/2.
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E.5 Lipschitz noise

The hard instances for Lipschitz noise are pairs (f+, η+), (f−, η−) with f+ + η+ = f− + η−: a Lipschitz noise
cannot be distinguished from a Lipschitz perturbation of the objective. Here 1 ≤ p ≤ ∞, the Lipschitz noise is
measured in ∥·∥p, that is, |η(x)− η(y)| ≤M ∥x− y∥p, and Bp(R) = {x : ∥x∥p ≤ R}.
Proposition E.7 (Lipschitz noise: lower bounds). Let 1 ≤ p ≤ ∞, β > 2, Lβ ≥ 0, R > 0 and M > 0. Let the
centered, oblivious and adversarial components of the noise be given by a rule that does not depend on (f, η), for
instance exact values, or independent N(0, σ2) noise and no other component. Consider any algorithm, with any
number of calls and rounds and with queries and output anywhere in Rd.

(a) (Convex objectives.) Let L > 0 and M ≤ LRd−|1−2/p|. There are convex quadratic functions f+, f−
with 0 ≤ ∇2f±(x)[v, v] ≤ L ∥v∥2p for all x, v and minimizers in Bp(R), and linear functions η± with
|η±(x)− η±(y)| ≤M ∥x− y∥p, such that

max
±

E
[
f±(x̂)−min f±

]
≥ MR

2
.

(b) (Strongly convex objectives.) Let α > 0, M ≤ αR and L ≥ αd|2/p−1|. There are quadratic functions f+, f−
with α ∥v∥2p ≤ ∇2f±(x)[v, v] ≤ L ∥v∥2p for all x, v and minimizers in Bp(R), and linear functions η± with
|η±(x)− η±(y)| ≤M ∥x− y∥p, such that

max
±

E
[
f±(x̂)−min f±

]
≥ M2

2α
.

For p = 2 the pair is f±(x) = α
2 ∥x∓ (M/α)v∥2, η±(x) = ±M ⟨v, x⟩ with a unit vector v.

In both parts Dqf± is constant, so [f±]β,p = [f±]β,op = [f±]β,HS = 0, where [f ]β,p is the Hölder seminorm of
Dqf with respect to ∥·∥p (Section N). Consequently, if the Lipschitz noise is measured in ∥·∥p and σ, δ ≥ 0 are
arbitrary, then for every number of calls T :

• if ε < LR2d−|1−2/p|/2, then Mmax(ε, T ) ≤ 2ε/R on every class that contains the convex quadratic functions

f with ∇2f [v, v] ≤ L ∥v∥2p for all v and a minimizer in Bp(R);

• if L ≥ αd|2/p−1| and ε < αR2/2, then Mmax(ε, T ) ≤
√

2αε on every class that contains the quadratic

functions f with α ∥v∥2p ≤ ∇2f [v, v] ≤ L ∥v∥2p for all v and a minimizer in Bp(R).

Such classes are the convex q times continuously differentiable f with [f ]β,p ≤ Lβ, ∇2f(x)[v, v] ≤ L ∥v∥2p for all

x, v and a minimizer in Bp(R) in the first case, the analogous class with α ∥v∥2p ≤ ∇2f(x)[v, v] ≤ L ∥v∥2p in the
second case, and, for p = 2, Fcvx(β, Lβ ;L,R) and Fsc(β, Lβ ;α,L,R) with either seminorm.

Proof. Two indistinguishable instances. For µ > 0 and w ∈ Rd put f±(x) = µ
2 ∥x∓ w∥

2
and η±(x) = ±µ ⟨w, x⟩.

Then f± + η± = µ
2 (∥x∥2 + ∥w∥2) for both signs. As the remaining noise does not depend on (f, η), induction

over the queries shows that the joint law of all queries, observations and the output x̂ is the same under both
instances. Since min f± = f±(±w) = 0, the parallelogram law gives

1

2

∑
±

Ef±(x̂) =
µ

2
E
[
∥x̂∥2 + ∥w∥2

]
≥ µ

2
∥w∥2 .

The functions f± have Hessian µI and constant Dqf±, and by Hölder’s inequality η± is µ ∥w∥p∗-Lipschitz with
respect to ∥·∥p, where p∗ = p/(p− 1).

Choice of µ and w. With 1 = (1, . . . , 1), take

p ≤ 2 p ≥ 2

(a) w = Rd−1/p1, µ = Md2/p−1/R w = Re1, µ = M/R

(b) w = (M/α)d−1/p1, µ = αd2/p−1 w = (M/α)e1, µ = α



Timofei Loginov, Darina Dvinskikh, Nazarii Tupitsa, Osman Osmanov, Yuriy Dorn, Alexander Gasnikov

In each case µ ∥w∥p∗ = M ; moreover ∥w∥p = R and µ ∥w∥2 /2 = MR/2 in (a), and ∥w∥p = M/α ≤ R and

µ ∥w∥2 /2 = M2/(2α) in (b). Since ∥v∥ ≤ ∥v∥p ≤ d1/p−1/2 ∥v∥ for p ≤ 2 and d1/p−1/2 ∥v∥ ≤ ∥v∥p ≤ ∥v∥ for p ≥ 2,

the assumption on M in (a) gives µ ∥v∥2 ≤ L ∥v∥2p, and the assumption on L in (b) gives α ∥v∥2p ≤ µ ∥v∥
2 ≤ L ∥v∥2p.

Admissible levels. Let the centered, oblivious and adversarial components vanish; this is admissible at levels
(M,σ, δ) for all σ, δ ≥ 0. In the convex case let M > 2ε/R and M ′ = min{M,LRd−|1−2/p|}. Then M ′R/2 > ε
because ε < LR2d−|1−2/p|/2, an M ′-Lipschitz noise is admissible at level M , and the functions of (a) with M ′

belong to every class of the first kind; so no method is ε-accurate at level M on such a class. The strongly convex
case is the same, with M >

√
2αε, M ′ = min{M,αR} and (b).

For p = 2 the bound in (b) is attained by the exact minimizer of the observed function: if x̂ minimizes f + η,
then ∥∇f(x̂)∥ ≤M because η is M -Lipschitz, and strong convexity gives f(x̂)− f⋆ ≤M2/(2α).

F STRONGLY CONVEX OBJECTIVES: ORACLE CALLS, ROUNDS AND
LIPSCHITZ NOISE

This appendix proves the upper bound of Theorem 1(a) and the achievable levels in Theorem 1(c). Both methods
of Procedure 2 call the estimate of Procedure 1 once per round. The two-phase method is analyzed in Lemma F.3;
it is projected onto B(R) and uses an upper bound on the Hessian only there, which Section I needs. The
accelerated method is analyzed in Section F.5. The optimization lemmas hold for any oracle with a bounded bias
and conditionally centered noise.

Procedure 2 Strongly convex methods with random-frame estimates

Require: radius h; α,L,R; κ = L/α; choose (a) with N,B, or (b) with J, (Bj)
J
j=1 from Lemma F.6

1: (a) two phases (N even): z1 = 0, k0 = 16κ, P = ProjB(R)

2: for k = 1, . . . , N do ▷ one round each
3: step νk = 1

4L if k ≤ N
2 , else νk = 4

α(k−N/2+k0)

4: zk+1 = P
(
zk − νk ḡh,B(zk)

)
5: return x̂ =

∑N
k=N/2+1 wkzk

/∑N
k=N/2+1 wk, wk = k − N

2 + k0 − 1

6: (b) accelerated (J stages): x(0) = 0, θ =
√
κ−1√
κ+1

, N0 = ⌈5
√
κ ⌉

7: for stages j = 1, . . . , J do ▷ the number of frames Bj doubles
8: x−1 = x0 = x(j−1)

9: for k = 0, . . . , N0 − 1 do
10: yk = xk + θ(xk − xk−1), xk+1 = yk − ḡh,Bj

(yk)/L

11: x(j) = xN0

12: return x̂ = x(J)

Setting. We use the class Fsc(β, Lβ ;α,L,R) with either seminorm, κ = L/α, and the noise of Definition 1.

The methods also know d, T and the stencil constants. Since h2βT = d2+τσ2/(L2
βT ) by (3),

L2
βd

−τh2β−2
T =

d2σ2

Th2T
= αΦT , (F.1)

and ΦT = Φ1T
−(β−1)/β , where Φ1 is the value of ΦT at T = 1.

The estimate. Consider round k of Procedure 1 with an Fk−1-measurable center z, a deterministic radius
h > 0 and B ≥ 1 frames; it makes 2mdB calls. By Lemma D.3, it returns ḡ = ∇f(z) + b(z) + ζ + ∆, where:

(E1) b(z) is Fk−1-measurable and ∥b(z)∥ ≤ bf + bη, with bf := CbLβd
−τ/2hβ−1 and bη := A1M ;

(E2) E[ζ | Fk−1] = 0 and E[∥ζ∥2 | Fk−1] ≤ v2h/B, with v2h := CfL
2
βd

−τh2β−2 + CηM
2 + Cσdσ

2/h2 (also for
d = 1);
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(E3) ∥∆∥ ≤ bδ :=
√
dS1δ/h almost surely.

The constants are those of Lemma D.3. Only the sum ζ + ∆ is Fk-measurable. As explained after Lemma D.3,
we use ζ only through (E2) and through E ⟨ζ, w⟩ = 0 for square-integrable Fk−1-measurable random vectors w.

F.1 Projected descent in two phases

The first phase contracts the initial distance with a constant step, and the second uses decreasing steps and
weighted averaging, as in Lacoste-Julien et al. (2012, Section 3.2), with an offset that keeps the steps small. The
following computation is shared by all two-phase methods of the paper.

Lemma F.1 (Two-phase recursion). Let a, c > 0, B,V ≥ 0 and k0 ≥ 1, and let numbers ∆k, Fk ≥ 0 and steps
µk > 0 satisfy, for the indices k specified below,

∆k+1 ≤ (1− aµk)∆k − cµkFk + µkB + µ2
kV. (F.2)

(a) Let (F.2) hold for k = 1, . . . , N with µk = 2/(a(k + k0)), and let wk = k + k0 − 1 and W =
∑N

k=1 wk. Then

1

W

N∑
k=1

wkFk ≤
ak20∆1

cN2
+
B
c

+
4V
acN

.

(b) Let (F.2) hold for k = 1, . . . , N1 +N2, with a constant step µk = µ for k ≤ N1, where aµ ≤ min{1, 2/k0},
and µN1+k = 2/(a(k + k0)) for 1 ≤ k ≤ N2. If N2 ≥ k0, then, with wk and W as in (a) for N = N2,

1

W

N2∑
k=1

wkFN1+k ≤
ak20∆1

cN2
2

e−aµN1 +
2B
c

+
6V
acN2

.

Proof. (a) Since 1/(cµk) = a(wk + 1)/(2c), dividing (F.2) by cµk gives

Fk ≤
a

2c

(
(wk − 1)∆k − (wk + 1)∆k+1

)
+
B
c

+
µkV
c
.

Multiply by wk and sum. The distance terms telescope because wk+1(wk+1 − 1) = wk(wk + 1), and at most
a
2ck0(k0 − 1)∆1 remains. Moreover wkµk ≤ 2/a and W = N(N + 2k0 − 1)/2 ≥ N2/2.

(b) In the first phase 0 ≤ 1 − aµ < 1, so the recursion can be iterated; dropping Fk ≥ 0 and summing the
geometric series gives ∆N1+1 ≤ (1− aµ)N1∆1 +B/a+ µV/a, and µV/a ≤ 2V/(a2k0). Insert this into (a), applied
to the second phase, and use (1− aµ)N1 ≤ e−aµN1 and N2 ≥ k0.

Lemma F.2 (Two-phase projected descent with a biased oracle). Let K ⊆ Rd be closed and convex, and
let f : Rd → R be twice continuously differentiable and α-strongly convex, with its minimizer x⋆ in K and
∇2f(x) ⪯ LI for x ∈ K; put κ = L/α. Let (Fk)k≥0 be a filtration and let z1 ∈ K be F0-measurable with
∥z1 − x⋆∥ ≤ R. Suppose that at every Fk−1-measurable center zk ∈ K an oracle returns an Fk-measurable vector

gk = ∇f(zk) + bk + ζk + ∆k, ∥bk∥ ≤ b, ∥∆k∥ ≤ bD a.s., E[ζk | Fk−1] = 0, E[∥ζk∥2 | Fk−1] ≤ v2.

Fix integers N1 ≥ 0 and N2 ≥ 16κ, let k0 = 16κ, and run, with the Euclidean projection ProjK onto K,

zk+1 = ProjK
(
zk − νk gk

)
, νk =


1

4L
, k = 1, . . . , N1,

4

α(k −N1 + k0)
, k = N1 + 1, . . . , N1 +N2.

Output

x̂ =W−1
N1+N2∑
k=N1+1

wkzk, wk = k −N1 + k0 − 1, W =

N1+N2∑
k=N1+1

wk.

Then

E[f(x̂)− f⋆] ≤ αR2

2
e−N1/(8κ) +

7(b+ bD)2

α
+

48 v2

αN2
. (F.3)
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Proof. Write Dk = E ∥zk − x⋆∥2, Fk = E[f(zk) − f⋆], uk = bk + ∆k and b̄ = b + bD, so that ∥uk∥ ≤ b̄. By
induction, zk ∈ K is Fk−1-measurable and square integrable, so E ⟨ζk, zk − x⋆⟩ = 0.

For z ∈ K the segment from x⋆ to z lies in K, so ∇f(z) = Q(z − x⋆) with Q =
∫ 1

0
∇2f(x⋆ + t(z − x⋆)) dt and

αI ⪯ Q ⪯ LI. Hence Q2 ⪯ LQ, and strong convexity gives

∥∇f(z)∥2 ≤ L ⟨∇f(z), z − x⋆⟩ , 3
2 ⟨∇f(z), z − x⋆⟩ ≥ f(z)− f⋆ + α ∥z − x⋆∥2 , (F.4)

the second by adding ⟨∇f(z), z − x⋆⟩ ≥ f(z)− f⋆ + α
2 ∥z − x

⋆∥2 to half of ⟨∇f(z), z − x⋆⟩ ≥ α ∥z − x⋆∥2. Since

x⋆ ∈ K, Dk+1 ≤ E ∥zk − νkgk − x⋆∥2, and ∥gk∥2 ≤ 2 ∥∇f(zk)∥2 + 4b̄2 + 4 ∥ζk∥2. Every step satisfies νk ≤ 1/(4L),
since 4/(α(k0 + 1)) < 1/(4L), so the coefficient of E ⟨∇f(zk), zk − x⋆⟩ ≥ 0 is at most −2νk + 2Lν2k ≤ −3

2νk.

Young’s inequality 2b̄ ∥zk − x⋆∥ ≤ α ∥zk − x⋆∥2 /2 + 2b̄2/α and (F.4) give

Dk+1 ≤
(

1− ανk
2

)
Dk − νkFk +

2νk b̄
2

α
+ 4ν2k(b̄2 + v2). (F.5)

This is (F.2) with a = α/2, c = 1, B = 2b̄2/α, V = 4(b̄2 + v2) and the steps of Lemma F.1(b) with µ = 1/(4L),
for which aµ = 2/k0 = 1/(8κ) ≤ 1. Since D1 ≤ R2, N2 ≥ k0 and N2 ≥ 16, Lemma F.1(b) and the convexity of f
give (F.3).

F.2 Oracle calls and rounds without acceleration

Theorem F.3 (Strongly convex objectives: oracle calls and rounds). Let f ∈ Fsc and let the noise be admissible
at levels (M,σ, δ). Let N ≥ 32κ be even, B ≥ 1 an integer and h > 0. Run Lemma F.2 with K = B(R), z1 = 0
and N1 = N2 = N/2, where the oracle of round k is the estimate of Procedure 1 with center zk, radius h and B
frames; this is variant (a) of Procedure 2. The method uses N rounds and T ′ = 2mdNB calls, and

E[f(x̂)− f⋆] ≤ αR2

2
e−N/(16κ) +

1

α

[
(21C2

b + 3Cf)L
2
βd

−τh2β−2 +
192mCσd

2σ2

T ′h2

]
+ (21A2

1 + 3Cη)
M2

α
+ 21S2

1

dδ2

αh2
.

(F.6)

(a) Let σ > 0 and T ≥ 2mdN . With B = ⌊T/(2mdN)⌋ and h = hT the method uses at most T calls, and

E[f(x̂)− f⋆] ≤ αR2

2
e−N/(16κ) + CΦΦT + CM

M2

α
+ Cδ

dδ2

αh2T
, (F.7)

where
CΦ = 21C2

b + 3Cf + 384mCσ, CM = 21A2
1 + 3Cη, Cδ = 21S2

1 .

Moreover dδ2/(αh2T ) = (Tδ2/(dσ2))ΦT .

(b) Let σ > 0 and
NT = 2

⌈
max{16κ, 8κ log(αR2/(2ΦT ))}

⌉
.

If T ≥ 2mdNT , then (a) with N = NT uses NT ≤ 2 + 32κ+ 16κ log+(αR2/(2ΦT )) rounds, at most T calls,
and

E[f(x̂)− f⋆] ≤ (CΦ + 1)ΦT + CM
M2

α
+ Cδ

dδ2

αh2T
.

The condition T ≥ 2mdNT , which is equivalent to B ≥ 1, holds whenever

T ≥ 8md+ 64mdκ
[
1 + log(64mdκ) + log+ αR2

2Φ1

]
. (F.8)

The same holds if the upper bound ∇2f ⪯ LI is assumed only on B(R).

For δ = 0, L > α and T ≥ Tlb (see (E.7)), Theorem 1(b) shows that the bound in (b) is optimal up to a factor
depending only on β; the same holds for the accelerated bound (F.12) below.
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Proof. Apply Lemma F.2 with b = bf + bη, bD = bδ, v2 = v2h/B and N1 = N2 = N/2. Its hypotheses follow from
(E1)–(E3), since each center is measurable before its round, and they involve the Hessian only on K = B(R); the
estimate itself uses no Hessian bound. Using (bf + bη + bδ)

2 ≤ 3(b2f + b2η + b2δ) and 96/(NB) = 192md/T ′ ≤ 3
gives (F.6).

For (a), ⌊x⌋ ≥ x/2 for x ≥ 1 gives T/2 ≤ T ′ ≤ T ; substitute (F.1). For (b), the definition of NT makes
the initial-error term at most ΦT . Moreover ΦT ≥ Φ1/T and log T ≤ T/(64mdκ) + log(64mdκ) − 1 imply
2mdNT ≤ T/2 + 4md+ 32mdκ[1 + log(64mdκ) + log+(αR2/(2Φ1))], so (F.8) suffices.

F.3 An accelerated method with inexact gradients

The method of the next lemma is the constant-momentum scheme of Nesterov (2004, Section 2.2), run with
inexact gradients.

Lemma F.4 (Accelerated method with inexact gradients). Let φ : Rd → R be differentiable and µ-strongly convex

with an Lφ-Lipschitz gradient. Put κφ = Lφ/µ, ω = κ
−1/2
φ , θ = (1− ω)/(1 + ω), and let x⋆φ be the minimizer of

φ and φ⋆ = φ(x⋆φ). Let (Fk)k≥0 be a filtration, let x0 be F0-measurable and square integrable, x−1 = x0, and for
k ≥ 0

yk = xk + θ(xk − xk−1), xk+1 = yk −
gk
Lφ

, gk = ∇φ(yk) + uk + ζk,

where gk is Fk+1-measurable, ∥uk∥ ≤ b almost surely, E[ζk | Fk] = 0 and E[∥ζk∥2 | Fk] ≤ v2. Let V0 =

φ(x0)− φ⋆ + µ
2

∥∥x0 − x⋆φ∥∥2. Then for every K ≥ 0

E[φ(xK)− φ⋆] ≤
(

1− 1

2
√
κφ

)K
EV0 +

3b2

µ
+

3
√
κφ v

2

Lφ
. (F.9)

Proof. Write x⋆ = x⋆φ,∇k = ∇φ(yk) and ek = uk+ζk. Put v0 = x0, mk = (1−ω)vk+ωyk and vk+1 = mk−(ω/µ)gk.
By induction, (1 + ω)yk = xk + ωvk, so mk − x⋆ = yk − x⋆ + (1− ω)(yk − xk)/ω. The vectors yk, vk and mk are

Fk-measurable and square integrable. For Vk = φ(xk)− φ⋆ + (µ/2) ∥vk − x⋆∥2, the estimate-sequence argument
of Nesterov (2004, Section 2.2), with the error retained, gives

Vk+1 ≤ (1− ω)Vk − ω ⟨ek, vk+1 − x⋆⟩ . (F.10)

Indeed, smoothness gives φ(xk+1) ≤ φ(yk) − ∥∇k∥2 /(2Lφ) + ∥ek∥2 /(2Lφ). Expand ∥vk+1 − x⋆∥2, bound

∥mk − x⋆∥2 by convexity of the squared norm, and use ω2/µ = 1/Lφ, the formula for mk, strong convexity at yk
and convexity between yk and xk. This leaves

Vk+1 ≤ (1− ω)Vk +
∥gk∥2 − ∥∇k∥2 + ∥ek∥2

2Lφ
− ω ⟨ek,mk − x⋆⟩ .

The numerator equals 2 ⟨ek, gk⟩, and gk/Lφ = ω(mk − vk+1); this proves (F.10).

Since vk+1− x⋆ = (mk − x⋆− (ω/µ)∇k)− (ω/µ)ek, where the first vector is Fk-measurable, conditional centering
and the Cauchy–Schwarz inequality give

−ωE ⟨ζk, vk+1 − x⋆⟩ =
E ⟨ζk, uk⟩+ E ∥ζk∥2

Lφ
≤ bv + v2

Lφ
.

Pathwise, Young’s inequality gives −ω ⟨uk, vk+1 − x⋆⟩ ≤ (ω/2)Vk+1 + ωb2/µ. Hence (1 − ω/2)EVk+1 ≤ (1 −
ω)EVk + c, where c = ωb2/µ+ (bv + v2)/Lφ. With ρ = (1− ω)/(1− ω/2) ≤ 1− ω/2, iteration yields

EVK ≤ ρKEV0 + 2c/ω ≤ (1− ω/2)KEV0 + 3b2/µ+ 3v2/(ωLφ),

where we used 2bv ≤ b2 + v2 and ωLφ ≥ µ. The claim follows because the function gap is at most VK .
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F.4 Restarts with growing batches

Restarting an accelerated method in stages is a standard way to obtain linear convergence for strongly convex
problems (cf. the multistage method of Ghadimi and Lan, 2013). In the next lemma the batch size doubles from
stage to stage, and the bias and the residual variance are unknown to the method.

Lemma F.5 (Restarts with growing batches). Let φ, µ, Lφ, κφ be as in Lemma F.4, let x0 ∈ Rd be deterministic,

and let V̄0 be a known number with V̄0 ≥ φ(x0)− φ⋆ + µ
2

∥∥x0 − x⋆φ∥∥2. Let 0 < ε < V̄0, let v2sam ≥ 0 be a known
number, and put

J =
⌈
log2

V̄0
ε

⌉
, N0 = ⌈5√κφ ⌉, εj = 2−jV̄0, Bj = max

{
1,
⌈12
√
κφ v

2
sam

Lφεj

⌉}
.

Let x(0) = x0. For j = 1, . . . , J (stage j), run N0 iterations of the method of Lemma F.4 started at x0 = x−1 =
x(j−1), each iteration using a batch of Bj samples, and let x(j) be its last iterate. Number the iterations of all
stages consecutively by i = 0, 1, . . . , JN0 − 1. Let (Fi)i≥0 be a filtration such that the gradient of iteration i is
Fi+1-measurable and, if iteration i belongs to stage j, its error is ui + ζi with

∥ui∥ ≤ b almost surely, E[ζi | Fi] = 0, E[∥ζi∥2 | Fi] ≤ v2sam/Bj + r2,

where b, r ≥ 0 are unknown. Then

E[φ(x(J))− φ⋆] ≤ 3

4
ε+

4b2

µ
+

4
√
κφ r

2

Lφ
. (F.11)

The procedure uses JN0 ≤ (1 + log2(V̄0/ε))(1 + 5
√
κφ) iterations (rounds) and

∑J
j=1N0Bj ≤ JN0 + 288v2sam/(µε)

samples. In particular, if r = 0 and b2 ≤ µε/16, then E[φ(x(J))− φ⋆] ≤ ε.

Proof. Let Ej = E[φ(x(j))− φ⋆] and G = 3b2/µ+ 3
√
κφ r

2/Lφ. The starting point of each stage is measurable

before the stage, so Lemma F.4 applies to every stage. In it, (1− 1/(2
√
κφ))N0 ≤ e−5/2 < 1/8, the batch size

bounds the sampling term by εj/4, and, after the first stage, strong convexity bounds the initial potential by
twice the starting gap. Thus

E1 ≤ V̄0/8 +G+ ε1/4, Ej ≤ Ej−1/4 +G+ εj/4 (j ≥ 2).

Unrolling and using εj = 2J−jεJ gives EJ ≤ εJ/4 + (4/3)G+ εJ/2, which is (F.11) since εJ ≤ ε.

The round count is JN0. Moreover Bj ≤ 1+12
√
κφv

2
sam 2j/(LφV̄0),

∑J
j=1 2j < 4V̄0/ε and N0 ≤ 6

√
κφ. Therefore∑

j N0Bj ≤ JN0 + 288v2sam/(µε). For r = 0 and b2 ≤ µε/16, the error bound is at most ε.

F.5 Accelerated rounds with random-frame estimates

The batch sizes are chosen from the stochastic part v2sam = Cσdσ
2/h2 of the variance in (E2). The remaining

part r2 = CfL
2
βd

−τh2β−2 + CηM
2 is not divided by the batch size in the analysis, which keeps the batch sizes

independent of the unknown level M .

Theorem F.6 (Accelerated method with explicit constants). Let β > 2, Lβ , α,R > 0, L ≥ α, κ = L/α and
σ > 0, and let Fsc = Fsc(β, Lβ ;α,L,R) be defined with either seminorm. Put

A = 1152mCσ, Cacc
Φ = A+ 12C2

b + 4Cf , Cacc
M = 12A2

1 + 4Cη, Cacc
δ = 12S2

1 ,

and V̄0 = (L+ α)R2/2.

(a) Fixed budget. For T ≥ 1, put h = hT , ε = AΦT and v2sam = Cσdσ
2/h2T . If V̄0 ≤ ε, output x̂ = 0 and set

J = 0. Otherwise run Lemma F.5 with φ = f , µ = α, Lφ = L, x0 = 0 and these V̄0, ε, v2sam, that is, variant
(b) of Procedure 2 with

N0 = ⌈5
√
κ ⌉, J = ⌈log2(V̄0/ε)⌉, εj = 2−jV̄0, Bj = max{1, ⌈12

√
κ v2sam/(Lεj)⌉};
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each gradient estimate is Procedure 1 at the center yk, with radius hT and Bj frames. If T ≥ 4mdN0J , the
method uses at most T calls and N = N0J ≤ (1 + 5

√
κ)(1 + log+

2 (LR2/(AΦT ))) rounds. For every f ∈ Fsc

and noise admissible at levels (M,σ, δ),

E[f(x̂)− f⋆] ≤ Cacc
Φ ΦT + Cacc

M

M2

α
+ Cacc

δ

dδ2

αh2T
. (F.12)

A sufficient condition for T ≥ 4mdN0J is

T ≥ 48md
√
κ
[
log2(51md

√
κ) + log+

2

V̄0
AΦ1

]
. (F.13)

(b) Target accuracy and admissible errors. Let σ ≥ 0, 0 < ε < LR2 and

h =
( αε dτ

8(12C2
b + 4Cf)L2

β

) 1
2β−2

.

Run Lemma F.5 as in (a), but with target ε/2, radius h and v2sam = Cσdσ
2/h2. The method uses N0J

rounds, where J = ⌈log2((L+ α)R2/ε)⌉ ≤ 2 + log2(LR2/ε), and

T ≤ 2mdN0J +
1152mCσd

2σ2

αεh2
≤ Cβ

(
T⋆(ε) + d

√
κ
[
1 + log

LR2

ε

])
(F.14)

calls. It satisfies E[f(x̂)− f⋆] ≤ ε for every f ∈ Fsc and noise admissible at levels (M,σ, δ) with

M ≤
( αε

8Cacc
M

)1/2
, δ ≤ h

( αε

8Cacc
δ d

)1/2
= cβδε,

where cβ depends only on β. The batch sizes do not depend on M or δ.

The accelerated method is not projected: its centers, queries and output may lie outside B(R), as Definition 1
allows, and the proof uses the Hessian and estimator bounds on all of Rd.

Proof of Lemma F.6(a) and of the upper bound in Theorem 1(a). Iteration i of Lemma F.5 is round k = i + 1,
so the filtration of the lemma is (Fk−1)k≥1 of Definition 1. By (E1)–(E3), the oracle of a round k of stage
j, with center y, has error u + ζ, where u = b(y) + ∆ satisfies ∥u∥ ≤ bf + bη + bδ, E[ζ | Fk−1] = 0, and

E[∥ζ∥2 | Fk−1] ≤ v2sam/Bj + r2, where r2 = CfL
2
βd

−τh2β−2
T + CηM

2. By (F.1),

b2f
α

= C2
bΦT ,

b2δ
α

= S2
1

dδ2

αh2T
,

v2sam
α

= Cσ
T

d
ΦT ,

r2

α
= CfΦT + Cη

M2

α
. (F.15)

Smoothness bounds the initial potential by V̄0. If V̄0 ≤ ε, then f(0) − f⋆ ≤ ε = AΦT , which implies (F.12).
Otherwise Lemma F.5,

√
κ/L ≤ 1/α and (bf + bη + bδ)

2 ≤ 3(b2f + b2η + b2δ) prove (F.12). The same lemma

bounds the number of frames by N0J + 288v2sam/(αAΦT ) = N0J + T/(4md), so the method makes at most
2mdN0J + T/2 ≤ T calls when T ≥ 4mdN0J . Since V̄0 ≤ LR2, J ≤ 1 + log+

2 (LR2/(AΦT )).

A direct computation with N0 ≤ 6
√
κ, ΦT ≥ Φ1/T and log T ≤ T/a + log a − 1 for a = 48md

√
κ/ log 2 shows

that (F.13) implies T ≥ 4mdN0J .

Theorem 1(a) follows with Cβ ≥ max{51m,Cacc
Φ , Cacc

M , Cacc
δ }: since A ≥ 1 and V̄0 ≤ LR2, its budget condition

implies (F.13), and dδ2/(αh2T ) = (Tδ2/(dσ2))ΦT by (F.1).

Proof of Lemma F.6(b) and of the achievable levels in Theorem 1(c). As in the proof of (a), with target ε/2 and
radius h, the bound (F.11) is at most 3ε/8 plus (12C2

b + 4Cf)L
2
βd

−τh2β−2/α = ε/8, the contribution of the

smoothing bias and of its residual variance, plus Cacc
M M2/α+ Cacc

δ dδ2/(αh2) ≤ ε/4; the sum is less than ε. The
sample bound of Lemma F.5 gives (F.14), since h/hε depends only on β and T⋆(ε) = d2σ2(αε)−1h−2

ε by (4) and
(5); for the same reason h(αε/d)1/2 = (h/hε)δε. The converse bounds in Theorem 1(c) are proved in Lemma E.7
and Section H.
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G LOWER BOUNDS ON THE NUMBER OF ROUNDS

This appendix bounds from below the number of rounds needed on Fsc by algorithms that request at most n
values per round, with exact values or with Gaussian noise. Section G.2 treats one round and Section G.3 treats
N rounds, both with the tilts of Section G.1; Section G.4 deduces the necessary number of rounds (Lemma G.5),
and Section G.5 compares it with the upper bound. For β = 2 and noisy values, Duchi et al. (2018) proved the
one-round bound n−2/(d+4) on smooth strongly convex functions, which is the exponent of Lemma G.3 at β = 2.

Setting. Throughout this appendix β > 2, q = ⌈β⌉ − 1 ≥ 2 and γ = β − q ∈ (0, 1]; the numbers Lβ , α,R > 0
and L ≥ 3α are fixed, and Fsc = Fsc(β, Lβ ;α,L,R) is defined with the operator seminorm (the Hilbert–Schmidt
seminorm is treated in Lemma G.6). We write vol for the Lebesgue measure on Rd and f⋆ = min f .

Definition G.1 (Rounds with a bounded number of calls). Let N,n ≥ 1 be integers. An algorithm with N
rounds of at most n calls draws independent random elements Θ1, . . . ,ΘN with laws fixed by the algorithm. In
round k it makes at most n calls at points of Rd that are measurable functions of Θ1, . . . ,Θk and of the answers
of rounds 1, . . . , k − 1. The output x̂ is a measurable function of Θ1, . . . ,ΘN and of all answers. The answer
to a call at Xt is either the exact value Yt = f(Xt), or Yt = f(Xt) + ξt with independent N(0, σ2) variables ξt,
independent of Θ1, . . . ,ΘN (the Gaussian model). For a class C and σ ≥ 0 let

RN,n(C;σ) = inf sup
f∈C

E
[
f(x̂)− f⋆

]
,

where the infimum is over all algorithms with N rounds of at most n calls, with exact values if σ = 0 and in the
Gaussian model if σ > 0.

This is the round structure of Section 2, and the Gaussian model is the oracle of Definition 1 with only the
centered component. Calls whose answers are ignored do not change the law of the output, so in the proofs we
may assume that every round has exactly n calls. An algorithm with N rounds and T calls in total has at most
T calls per round, so every lower bound on RN,n below also holds, with n = T , for such algorithms.

G.1 Tilts

Let χ be the cutoff and Kβ ,K2 ≥ 1 the constants of Lemma E.1. For z, v ∈ Rd and r > 0 the tilt with center z,
slope v and radius r is

Pz,v,r(x) = −⟨v, x− z⟩ χ
(
∥x− z∥2 /r2

)
. (G.1)

Lemma G.2 (Translated and rescaled tilts). Let z, v ∈ Rd and r > 0. The function Pz,v,r is infinitely differentiable
and vanishes where ∥x− z∥ ≥ r; where ∥x− z∥ ≤ r/2 it satisfies Pz,v,r(x) = −⟨v, x− z⟩ and ∇Pz,v,r(x) = −v.
Moreover

[Pz,v,r]β,op ≤ Kβ ∥v∥ r1−β , sup
x∈Rd

∥∥∇2Pz,v,r(x)
∥∥
op
≤ K2 ∥v∥ /r. (G.2)

Proof. The support and the local form follow from χ = 0 on [1,∞) and χ = 1, χ′ = 0 on (−∞, 1/4]. For v ≠ 0
let u = v/ ∥v∥; with the profile ψu of (E.1),

Pz,v,r(x) = −∥v∥ r ψu

(
(x− z)/r

)
, DkPz,v,r(x) = −∥v∥ r1−kDkψu

(
(x− z)/r

)
, (G.3)

and the operator-norm bounds of Lemma E.1 give (G.2).

G.2 One round

Theorem G.3 (One round with Gaussian noise). Let σ > 0 and let n ≥ 1 be an integer. Put

r̄ = min
{R

2
,
( αKβ

K2Lβ

) 1
β−2
}
, r = min

{
r̄,
( K2

βσ
2Rd

16 · 2d nL2
β

) 1
2β+d

}
.

Then

R1,n(Fsc;σ) ≥
3L2

β

64αK2
β

r2(β−1). (G.4)
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Consequently R1,n(Fsc;σ) ≥ c1n−2(β−1)/(2β+d) for every n ≥ 1, where

c1 =
3L2

β

64αK2
β

min
{
r̄,
(K2

βσ
2Rd

16 · 2dL2
β

) 1
2β+d

}2(β−1)

does not depend on n, and 2(β − 1)/(2β + d) < (β − 1)/β for every d ≥ 1.

Proof. We hide a sign perturbation at a uniformly random point of B(R/2), bound the information that one
round gives about the sign, and reduce the error to a test of the sign.

Step 1: hard functions. Let a = Lβr
β−1/Kβ . For z ∈ B(R/2) and ω ∈ {−1, 1} let

fz,ω(x) = α ∥x− z∥2 + Pz,−ωae1,r(x) = α ∥x− z∥2 + ωa ⟨e1, x− z⟩ χ
(
∥x− z∥2 /r2

)
.

By Lemma G.2, [fz,ω]β,op ≤ Kβar
1−β = Lβ , and since r ≤ r̄ the Hessian of the tilt has operator norm

at most K2a/r = K2Lβr
β−2/Kβ ≤ α. Hence αI ⪯ ∇2fz,ω ⪯ 3αI ⪯ LI, and a ≤ αr/K2 ≤ αr. The point

x⋆z,ω = z−ωae1/(2α) satisfies
∥∥x⋆z,ω − z∥∥ = a/(2α) ≤ r/2, so by Lemma G.2∇fz,ω(x⋆z,ω) = 2α(x⋆z,ω−z)+ωae1 = 0.

By strong convexity x⋆z,ω is the minimizer, and
∥∥x⋆z,ω∥∥ ≤ R/2 + r/2 ≤ 3R/4. Thus fz,ω ∈ Fsc.

Step 2: information. Fix an algorithm with one round of n calls at X1, . . . , Xn, which are functions of Θ1. Let Z
be uniform on B(R/2) and ω uniform on {−1, 1}, independent of each other, of Θ1 and of the noise, and let Pz,ω

be the joint law of Θ1 and of the answers when the objective is fz,ω. Since

|fz,1(x)− fz,−1(x)| = 2a |⟨e1, x− z⟩|χ(∥x− z∥2 /r2) ≤ 2ar 1{∥x− z∥ < r}

and the law of (X1, . . . , Xn) does not depend on (z, ω), Lemma B.5(b) gives

KL(Pz,1∥Pz,−1) ≤ 2a2r2

σ2

n∑
i=1

P
(
∥Xi − z∥ < r

)
.

For every fixed x, P(∥x− Z∥ < r) ≤ vol(B(r))/vol(B(R/2)) = (2r/R)d, and Z is independent of the queries. Let
EZ denote the average over z distributed as Z. By Pinsker’s inequality (Lemma B.5(a)) and Jensen’s inequality,

EZ TV(PZ,1, PZ,−1) ≤
(

1
2EZ KL(PZ,1∥PZ,−1)

)1/2
≤ ar

σ

(
n
(2r

R

)d)1/2
=
(2dnL2

βr
2β+d

K2
βσ

2Rd

)1/2
≤ 1

4

by the choice of r.

Step 3: from the error to a test. Given z, let ω̂ = 1 if x̂1 < z1 and ω̂ = −1 otherwise. The first coordinate of
x⋆z,ω is z1 − ωa/(2α), so ω̂ ≠ ω implies

∥∥x̂− x⋆z,ω∥∥ ≥ a/(2α), and then fz,ω(x̂) −min fz,ω ≥ a2/(8α) by strong
convexity. For fixed z, ω̂ is a test between Pz,1 and Pz,−1, so by Lemma B.5(a) and Step 2, P(ω̂ ≠ ω) ≥
1
2 (1− EZ TV(PZ,1, PZ,−1)) ≥ 3

8 . The worst-case error over Fsc is at least the average over (Z, ω), so

sup
f∈Fsc

E
[
f(x̂)− f⋆

]
≥ a2

8α
· 3

8
=

3L2
βr

2β−2

64αK2
β

.

The algorithm was arbitrary, which proves (G.4).

Step 4: the power of n. Since n−1/(2β+d) ≤ 1, r ≥ min{r̄, (K2
βσ

2Rd/(16 · 2dL2
β))1/(2β+d)}n−1/(2β+d), which gives

the bound with c1. Finally 2(β − 1)/(2β + d) < (β − 1)/β is equivalent to d > 0.

The queries of one round cannot concentrate near a perturbation at a uniformly random location.

G.3 Several rounds: nested tilts

The construction adapts the smooth nested perturbations of Dorn et al. (2026, Appendix E) to rounds and to a
fixed Hölder seminorm.



Timofei Loginov, Darina Dvinskikh, Nazarii Tupitsa, Osman Osmanov, Yuriy Dorn, Alexander Gasnikov

Theorem G.4 (Several rounds). Let N,n ≥ 1 be integers and put

r1 = min
{
R,
( αKβ

8K2Lβ

) 1
β−2
}
, ϑN =

Lβ

2αKβ(N + 1)
,

and define recursively

ϱi = ϑNr
β−1
i (1 ≤ i ≤ N + 1), ri+1 = (4Nn)−1/dϱi (1 ≤ i ≤ N). (G.5)

Then, for every σ ≥ 0,

RN,n(Fsc;σ) ≥ RN,n(Fsc; 0) ≥ 3α

8
ϱ2N+1, ϱN+1 = r1

(
ϑNr

β−2
1

) (β−1)N+1−1
β−2 (4Nn)−

(β−1)((β−1)N−1)
d(β−2) . (G.6)

In particular RN,n(Fsc;σ) ≥ cNn−νN for every n ≥ 1, where

νN =
2(β − 1)

(
(β − 1)N − 1

)
d(β − 2)

, cN =
3α

8
r21
(
ϑNr

β−2
1

) 2((β−1)N+1−1)
β−2 (4N)−νN , (G.7)

and cN does not depend on n.

Proof. We hide the minimizer behind N + 1 tilts with nested random centers Z1, Z2, . . . . With probability at
least 3/4, every query of round k misses the ball around Zk in which f differs from the sum Fk of the first k tilts.
The algorithm then behaves as if it saw only Fk in round k, and it learns nothing about the sign of the last tilt.

Step 1: scales. By the choice of r1, and since K2 ≥ 1 and N ≥ 1,

ϑNr
β−2
1 ≤ 1

16K2(N + 1)
≤ 1

32
. (G.8)

If ri ≤ r1, then ϱi/ri = ϑNr
β−2
i ≤ 1/32 and ri+1 = (4Nn)−1/dϱi ≤ ϱi ≤ ri/32 ≤ r1. By induction, ri+1 ≤ ϱi ≤

ri/32 for 1 ≤ i ≤ N and ϱN+1 ≤ rN+1/32; hence ϱi+1 ≤ ϱi/32, and for 1 ≤ i ≤ N + 1

N+1∑
j=i

ϱj ≤
32

31
ϱi ≤

ri
31
. (G.9)

Step 2: hard functions. Let W1, . . . ,WN be uniform on B(1) and ω uniform on {−1, 1}, all independent. Put
Vi = ϱiWi for i ≤ N , VN+1 = ωϱN+1e1, Z0 = 0 and Zi = Zi−1 + Vi for 1 ≤ i ≤ N + 1, and

Fk(x) = α ∥x∥2 +

k∑
j=1

PZj−1,2αVj ,rj (x) (0 ≤ k ≤ N + 1), f = FN+1. (G.10)

Since ∥Vj∥ ≤ ϱj , Lemma G.2 bounds the seminorm of the j-th tilt by 2αKβϱjr
1−β
j = 2αKβϑN = Lβ/(N + 1),

and the quadratic contributes nothing, so [f ]β,op ≤ Lβ . The Hessian of the j-th tilt has operator norm at most

2αK2ϱj/rj = 2αK2ϑNr
β−2
j ≤ α/(8(N + 1)) by (G.8), so αI ⪯ ∇2f ⪯ 3αI ⪯ LI. By (G.9), ∥ZN+1 − Zj−1∥ ≤∑N+1

l=j ϱl ≤ rj/31, so by Lemma G.2 the j-th tilt has gradient −2αVj at ZN+1, and ∇f(ZN+1) = 2α(ZN+1 −∑N+1
j=1 Vj) = 0. Thus every realization of f has the unique minimizer ZN+1, of norm at most r1/31 ≤ R, and lies

in Fsc.

Step 3: localization. For 1 ≤ k ≤ N ,

f(x) = Fk(x) whenever ∥x− Zk∥ ≥ rk+1. (G.11)

The difference f − Fk is the sum of the tilts j = k + 1, . . . , N + 1. The tilt j = k + 1 has center Zk and radius
rk+1. For j ≥ k + 2, (G.9) gives ∥Zj−1 − Zk∥ ≤ rk+1/31, hence ∥x− Zj−1∥ ≥ 30

31rk+1 > rk+1/32 ≥ rk+2 ≥ rj .
All these tilts vanish at x.

Step 4: a truncated run. Fix an algorithm with N rounds of n calls and exact values, with Θ1, . . . ,ΘN independent
of (W1, . . . ,WN , ω). We allow its queries in round k to depend also on V1, . . . , Vk−1 and its output on V1, . . . , VN ,
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which only enlarges the class of algorithms. In the truncated run, with the same Θ1, . . . ,ΘN and V1, . . . , VN ,
the calls of round k are answered with the values of Fk instead of f ; let X̃k,1, . . . , X̃k,n be its queries in round

k and x̃ its output. Since Fs depends only on V1, . . . , Vs, induction on k shows that X̃k,i is a function of
(Θ1, . . . ,Θk, V1, . . . , Vk−1) and x̃ a function of (Θ1, . . . ,ΘN , V1, . . . , VN ).

For 1 ≤ k ≤ N let Ek be the event that
∥∥∥X̃k,i − Zk

∥∥∥ < rk+1 for some i ≤ n. Given Θ1, . . . ,ΘN ,W1, . . . ,Wk−1,

which determine X̃k,i and Zk−1, the vector Wk is uniform on B(1) and Zk = Zk−1 + ϱkWk; hence each query

satisfies
∥∥∥X̃k,i − Zk

∥∥∥ < rk+1 with conditional probability at most (rk+1/ϱk)d = 1/(4Nn). A union bound over

the Nn queries gives

P
( N⋃
k=1

Ek

)
≤ 1

4
. (G.12)

On G =
⋂N

k=1E
c
k the actual and the truncated runs coincide: if they agree before round k, the queries of round k

agree, and on Ec
k the answers agree by (G.11). In particular x̂ = x̃ on G.

Step 5: the error with exact values. By strong convexity, f(x̂) − f⋆ ≥ α
2 ∥x̂− ZN+1∥2, where ZN+1 = ZN +

ωϱN+1e1. The variables 1G , x̃ and ZN are functions of (Θ1, . . . ,ΘN ,W1, . . . ,WN ), which is independent of ω,

and 1
2

∑
o∈{−1,1} ∥y − oϱN+1e1∥2 = ∥y∥2 + ϱ2N+1 for every y ∈ Rd. Conditioning on these variables and using

(G.12),

E
[
f(x̂)− f⋆

]
≥ α

2
E
[
1G ∥x̃− ZN − ωϱN+1e1∥2

]
≥ α

2
ϱ2N+1 P(G) ≥ 3α

8
ϱ2N+1.

The left-hand side averages the error over realizations of f in Fsc, so the worst-case error is at least 3α
8 ϱ

2
N+1. As

the algorithm was arbitrary, RN,n(Fsc; 0) ≥ 3α
8 ϱ

2
N+1.

Step 6: Gaussian noise. An algorithm with exact values can simulate a given algorithm for the Gaussian model
with the same rounds and calls: it draws the noise variables as part of Θk and adds them to the exact answers.
Its queries and output have the same joint law, hence the same error on every f , so RN,n(Fsc; 0) ≤ RN,n(Fsc;σ).

Step 7: the endpoint. By (G.5), log ϱi+1 = (β−1) log ϱi+log ϑN− β−1
d log(4Nn) and log ϱ1 = log ϑN +(β−1) log r1.

Solving this linear recursion gives

ϱN+1 = ϑ
(β−1)N+1−1

β−2

N r
(β−1)N+1

1 (4Nn)−
(β−1)((β−1)N−1)

d(β−2) ,

which is (G.6) because (β − 1)N+1 = 1 + (β − 2) (β−1)N+1−1
β−2 . Squaring gives 3α

8 ϱ
2
N+1 = cNn

−νN .

The shifts ϱi = ϑNr
β−1
i are much smaller than the radii ri, so the radii shrink faster than geometrically. This

is forced by the fixed Hölder seminorm: by (G.3), a tilt with slope of norm 2αϱ and radius r has seminorm
2αϱr1−β [ψu]β,op, where [ψu]β,op > 0 does not depend on u, so shifts proportional to the radii would give tilts with

seminorms growing like r2−β
i . For σ > 0 and N = 1, Lemma G.3 is stronger than Lemma G.4, whose exponent is

ν1 = 2(β − 1)/d > 2(β − 1)/(2β + d); with exact values, Lemma G.4 is the only bound of this appendix.

G.4 Rounds needed for the sequential rate

Corollary G.5 (A necessary number of rounds). Let σ > 0, let d, β, Lβ, α, R and L ≥ 3α be fixed, and let
N ≥ 1 be an integer such that N = 1 or

(β − 1)N < 1 +
d(β − 2)

2β
. (G.13)

Then for every k ≥ 0,

lim
n→∞

n
β−1
β
(
log(n+ 1)

)−k
RN,n(Fsc;σ) =∞.

Consequently, if there are C, k ≥ 0 such that for all sufficiently large n some algorithm with N rounds of at most
n calls satisfies supf∈Fsc

E[f(x̂)− f⋆] ≤ Cn−(β−1)/β(log(n+ 1))k, then

N ≥ Nβ(d) := max
{

2,
⌈
logβ−1

(
1 +

d(β − 2)

2β

)⌉}
. (G.14)
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Proof. If N = 1, Lemma G.3 gives R1,n(Fsc;σ) ≥ c1n
−2(β−1)/(2β+d), with an exponent smaller than (β −

1)/β. Otherwise (G.13) is equivalent to νN < (β − 1)/β for the exponent νN of (G.7), and Lemma G.4 gives
RN,n(Fsc;σ) ≥ cNn−νN . In both cases the risk is at least a positive constant, independent of n, times n−e with
e < (β − 1)/β, and n(β−1)/β−e(log(n+ 1))−k →∞.

Under the assumption of the second claim, RN,n(Fsc;σ) ≤ Cn−(β−1)/β(log(n + 1))k for all large n, so neither
N = 1 nor (G.13) holds. Thus N ≥ 2 and N ≥ logβ−1(1 + d(β − 2)/(2β)), which gives (G.14) because N is an
integer.

For β = 3, for instance, Nβ(d) = max{2, ⌈log2(1 + d/6)⌉}, which is 2 for d ≤ 18 and 5 for d = 100. For fixed
β, Nβ(d) grows like log d/ log(β − 1), and as β ↓ 2 the logarithm in (G.14) tends to d/4. By the remark after
Lemma G.1, the corollary also holds with n replaced by the total number of calls T .

G.5 Discussion

Remark G.6 (Hilbert–Schmidt seminorm). For a q-tensor A, ∥A∥HS ≤ d(q−1)/2 ∥A∥op (Lemma B.1(a)). Hence the
class Fsc(β, Lβ ;α,L,R) defined with the Hilbert–Schmidt seminorm contains the class defined with the operator
seminorm and the constant Lβd

−(q−1)/2, and its minimax risk is at least as large. So Lemmas G.3 and G.4 hold
for the Hilbert–Schmidt seminorm with Lβ replaced by Lβd

−(q−1)/2 in all parameters. For fixed d this changes
only the constants c1 and cN , and Lemma G.5 holds unchanged.

Remark G.7 (Size of the constants). The constants of Lemma G.4 are small: by (G.8), the factor

(ϑNr
β−2
1 )2((β−1)N+1−1)/(β−2) in (G.7) is at most 32−2((β−1)N+1−1)/(β−2), which is below 10−45 for β = 3 and

N = 3.

H ADVERSARIAL AND LIPSCHITZ ERRORS

This appendix proves the bound on δmax in Theorem 1(c) and the adversarial levels for convex objectives stated
at the end of Section 6. Achievable levels follow from the descent results of Sections F and L: for strongly convex
objectives they are Lemma F.6(b). The impossibility bounds use a hiding argument in which the adversarial
error is a fixed function of the query point: Lemma H.1 for strongly convex and Lemma H.2 for convex objectives.
Section H.5 treats two-point feedback and a probability criterion.

H.1 Setting

Admissible levels. Let C be a class, ε > 0, T ≥ 1 and M,σ ≥ 0. Then δmax(ε, T ) is the supremum of the
δ ≥ 0 for which some algorithm with at most T oracle calls, in any number of rounds, is ε-accurate on C at levels
(M,σ, δ). The level Mmax(ε, T ) is defined in the same way, with σ and δ fixed. For M = 0, respectively δ = 0,
these are the admissible levels of Section 2. Noise admissible at some levels is admissible at all larger levels, so
both quantities are nonincreasing in the levels held fixed.

Classes and scales. Let β > 2, q = ⌈β⌉ − 1 and m = ⌈q/2⌉, and let [f ]β and τ be as in Section 2. We use
Fsc = Fsc(β, Lβ ;α,L,R) with 0 < α < L and κ = L/α, and Fcvx = Fcvx(β, Lβ ;L,R). For ε > 0, the quantities
T⋆(ε), hε and δε of (4) and (5) satisfy

T⋆(ε) = d2σ2(αε)−1h−2
ε , L2

βd
−τh2β−2

ε = αε,
dδ2ε
αh2ε

= ε, (H.1)

and for σ > 0, (3) gives ΦT⋆(ε) = ε and hT = hΦT
.

H.2 Strongly convex objectives

Constants. Put ρ = min{α, (L− α)/2}; let χ, Kβ and K2 be as in Lemma E.1, and ϑ, Lϑ, K̃β and K̃2 as in
Lemma E.2.

• In the operator case, and in the Hilbert–Schmidt case with odd q, put rβ = (
√

32Kβ)
1

β−1 , ℓ∗ = 1, K∗ =
max{1,K2} and ν∗ = τ .
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• In the Hilbert–Schmidt case with even q, put rβ = (
√

32K̃β)
1

β−1 , ℓ∗ = Lϑ, K∗ = max{1, K̃2} and ν∗ = 0.

Define

ε0 = min
{αR2

32
,

1

α

( ρ rβ√
32K∗

) 2(β−1)
β−2 dν∗/(β−2)

L
2/(β−2)
β

}
, Chid = 2

√
32 ℓ∗rβ . (H.2)

Theorem H.1 (Hiding adversarial errors, strongly convex case). Let β > 2, 0 < α < L, R,Lβ > 0 and
C = Fsc(β, Lβ ;α,L,R) with either seminorm, and let ε0 and Chid be as in (H.2). For every ε ∈ (0, ε0], every
T ≥ 1 and all σ ≥ 0,

δmax(ε, T ) ≤ Chid min
{√

d,
√

log(4T )
}
δε.

The adversarial error that achieves this is a fixed function of the query point, and the other noise components
vanish.

By Lemma F.6(b), the level cβδε is admissible with at most Cβ

(
T⋆(ε) + d

√
κ [1 + log(LR2/ε)]

)
oracle calls, so the

bound is attained up to the factor Cβ min{
√
d,
√

log(4T )}.

Proof of Lemma H.1. Hard functions. Put a =
√

32αε, µ = α + ρ, f0(x) = µ ∥x∥2 /2 and h̄ = rβhε, and let
v ∈ Sd−1. In the operator case and in the Hilbert–Schmidt case with odd q, let

fv(x) = f0(x) + a ⟨v, x⟩χ(∥x∥2 /h̄2), a =
Lβh̄

β−1

Kβdτ/2
.

In the Hilbert–Schmidt case with even q, let w̄ = h̄d−1/4 and

fv(x) = f0(x) + aw̄ ϑ(⟨v, x⟩ /w̄)χ(∥x∥2 /h̄2), a =
Lβw̄

β−1

K̃β

.

In both cases the second expression for a equals
√

32αε, by (H.1) and the choice of rβ , and the condition ε ≤ ε0
is equivalent to a ≤ αR together with K∗a/h̄ ≤ ρ in the first case, or K∗a/w̄ ≤ ρ in the second. As in the
membership proofs of Lemmas E.3 and E.4, [fv]β ≤ Lβ , αI ⪯ ∇2fv ⪯ (α+ 2ρ)I ⪯ LI and x⋆v = −(a/µ)v ∈ B(R).
Both families satisfy f−v − f0 = −(fv − f0), x⋆−v = −x⋆v and

|fv(x)− f0(x)| ≤ ℓ∗a |⟨v, x⟩| 1{∥x∥ ≤ h̄} (x ∈ Rd). (H.3)

Hiding. Let θ = min{1,
√

2 log(4T )/(d− 1)} for d ≥ 2 and θ = 1 for d = 1, let Av = {x : |⟨v, x⟩| > θ ∥x∥}, and
put δhid = ℓ∗aθh̄. The oracle returns Yv(x) = f0(x) if |fv(x)− f0(x)| ≤ δhid and Yv(x) = fv(x) otherwise. Its
error Yv − fv is a Borel function of the query point bounded by δhid, hence admissible at level δhid for any round
structure; the other noise components are zero. By (H.3), Yv = f0 outside Av.

Let v be uniform on Sd−1, independent of the seed Θ of the algorithm. Run the algorithm on the exact values of f0,
and let X0

1 , . . . , X
0
T be its queries and x̃ its output; they depend only on Θ. On Ωv = {X0

t /∈ Av for every t ≤ T},
the run on Yv has the same queries and answers, by induction over rounds, so x̂ = x̃. If θ = 1, then Av is empty.
Otherwise Lemma B.6, conditionally on Θ, gives P(X0

t ∈ Av) ≤ 2e−(d−1)θ2/2 = 1/(2T ). In either case a union
bound gives P(Ωv) ≥ 1/2.

Error. The event Ωv does not change under v 7→ −v, and (∥y − x∥2 + ∥y + x∥2)/2 ≥ ∥x∥2. Applied with x = x⋆v
and y = x̃, strong convexity and µ ≤ 2α give, with Ev the average over v,

EvE[fv(x̂)− fv(x⋆v)] ≥ α

2

a2

µ2
P(Ωv) ≥ a2

16α
= 2ε,

so some instance has error larger than ε. Finally θ ≤ 2 min{1,
√

log(4T )/d} for every d ≥ 1 and ah̄ =
√

32rβ
√
d δε,

hence δmax(ε, T ) ≤ δhid ≤ Chid min{
√
d,
√

log(4T )}δε.



Timofei Loginov, Darina Dvinskikh, Nazarii Tupitsa, Osman Osmanov, Yuriy Dorn, Alexander Gasnikov

H.3 Convex objectives: achievable levels

For convex objectives the gradient must be known to accuracy of order ε/R instead of
√
αε, and both methods of

Theorem 4 are ε-accurate for adversarial levels of order εh/(R
√
d), the gradient accuracy times the radius divided

by
√
d. At the gradient scale h ≍ (εdτ/2/(LβR))1/(β−1), and at the value scale h = (ε/(8V ))1/2 with V as in

Section 6. For τ = 0 and u = ε/(LβR
β) ≤ 1 the first radius is of order Ru1/(β−1). For β ∈ (2, 3], V ≤ Lβ(2R)β−2

gives a value-scale radius of at least (2β+1)−1/2Ru1/2, which is larger for β ∈ (2, 3) and u < 1, so there the value
scale tolerates the larger level up to constants. For β > 3 only V = L is available, and the value scale tolerates
the larger level if and only if L ≲ ε/h2, with h the gradient-scale radius.

H.4 Convex objectives: an impossibility bound

For minimization over a ball with queries in the ball, the obstruction of Pasechnyuk-Vilensky et al. (2026), built
from linear functions, gives a bound of the same order for every class that contains linear functions. Linear
functions have no minimizer on Rd, so for Fcvx we combine the localized functions of Lemma E.6 with the hiding
argument of Lemma H.1.

Proposition H.2 (An impossibility bound for convex objectives). Let β > 2, L,R,Lβ > 0 and C =
Fcvx(β, Lβ ;L,R), with either the operator seminorm (ν = 0) or the Hilbert–Schmidt seminorm (ν = ⌊q/2⌋). Let
Kβ ,K2 be the constants of Lemma E.1, K̄2 = max{1,K2}, and

εc = min
{ Lβ(2K̄2R)β

32K̄2Kβdν/2
,
( L

96K̄2
2

) β
β−2
(32K̄2Kβd

ν/2

Lβ

) 2
β−2
}
.

For every ε ∈ (0, εc], every T ≥ 1, every number of rounds and all M,σ ≥ 0,

δmax(ε, T ) ≤ 64K̄2 εmin
{

1,

√
log(4T )

d

}
= 64K̄2 min

{√
d,
√

log(4T )
} ε√

d
.

Proof. Put h̄ = (32K̄2Kβd
ν/2ε/Lβ)1/β , a = Lβh̄

β−1/(Kβd
ν/2) and µ = 2K̄2a/h̄, so that ah̄ = 32K̄2ε and

µ = 64K̄2
2ε/h̄

2. For v ∈ Sd−1 let f0(x) = µ ∥x∥2 /2 and fv(x) = f0(x) + a ⟨v, x⟩χ(∥x∥2 /h̄2). As in the proof of
Lemma E.6, with v in place of vω and h̄ in place of h, [fv]β ≤ Lβ , (µ/2)I ⪯ ∇2fv ⪯ (3µ/2)I, and fv has the
minimizer x⋆v = −(a/µ)v, of norm h̄/(2K̄2). The two conditions in ε ≤ εc are ∥x⋆v∥ ≤ R and 3µ/2 ≤ L, so fv ∈ C.

The proof of Lemma H.1 applies with the same θ,Av, Yv and δhid = aθh̄. Strong convexity with modulus µ/2 in
its last step gives

EvE[fv(x̂)− fv(x⋆v)] ≥ µ

4

a2

µ2

1

2
=

ah̄

16K̄2
= 2ε.

Since ah̄ = 32K̄2ε and θ ≤ 2 min{1,
√

log(4T )/d}, the asserted bound follows.

H.5 Two-point feedback and the probability criterion

Remark H.3 (Two-point oracles). In two-point feedback a call specifies two points x, x′ and returns f(x) + η(x) +
ξ + δt and f(x′) + η(x′) + ξ′ + δ′t, where ξ, ξ′ are stochastic (centered plus oblivious) errors and the adversarial
errors δt, δ

′
t are bounded by δ and chosen as in (A).

(i) Achievability. Suppose that the stochastic part is shared, ξ = ξ′, and that one call queries z + htjUi and
z − htjUi. The stochastic error then cancels in every difference of the stencil, and the Lipschitz and adversarial
parts are as before, so the estimate is that of Lemma D.3 at levels (M, 0, δ). Hence Lemma F.6(b) and Theorem 4
hold with σ = 0, with T counting oracle calls and md oracle calls per frame. In particular, the levels cβ

√
αε and

cβδε are attained with Cβmd
√
κ [1 + log(LR2/ε)] oracle calls, and δε does not depend on σ. Without sharing, a

call consists of two one-point queries of the same round, and the one-point results apply.

(ii) Impossibility. The two instances of Lemma E.7 have the same function f± + η±, so its proof applies to
every feedback that depends on the objective only through f + η and whose other noise components do not
depend on (f, η), in particular to two-point feedback. The hard instances of Lemma H.1 and Lemma H.2 have
M = σ = 0 and an adversarial error that is a fixed function of the point. Feedback that returns these values
at r points per call is simulated by r one-point queries, so the proofs apply with rT queries: for d ≥ 2 let
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θ = min{1,
√

2 log(4rT )/(d− 1)}, and θ = 1 for d = 1. If θ = 1, the cone Av is empty and P(Ωc
v) = 0. Otherwise

θ2 = 2 log(4rT )/(d− 1), and the union bound for the event Ωv of the proof of Lemma H.1 and Lemma B.6 give

P(Ωc
v) ≤ 2rTe−(d−1)θ2/2 = 1/2.

Both bounds hold with log(4rT ) in place of log(4T ). For r = 2, log(8T ) ≤ 3
2 log(4T ), so the constants grow by at

most
√

3/2.

Remark H.4 (The probability criterion of Pasechnyuk-Vilensky et al. (2026)). Pasechnyuk-Vilensky et al.
(2026) require P{f(x̂) − inf f ≤ ε} ≥ 1 − ϖ for a fixed ϖ ∈ (0, 1/2) (called β there). The hiding ar-
gument also applies to this criterion, with r ≥ 1 points per call as in Lemma H.3(ii). For d ≥ 2 take
θ = min{1,

√
2 log(4rT/(1− 2ϖ))/(d− 1)}, and θ = 1 for d = 1; then EvP(Ωc

v) ≤ (1− 2ϖ)/2, by the same two
cases (Av = ∅ if θ = 1, the union bound otherwise), where P refers to the randomness of the algorithm for fixed v
and Ev averages over v uniform on Sd−1.

On Ωv the outputs for v and −v coincide, and one point x cannot solve both instances. Otherwise strong convexity
would give ∥x− x⋆v∥

2
, ∥x+ x⋆v∥

2 ≤ 2ε/α in Lemma H.1, and ≤ 4ε/µ in Lemma H.2, and the parallelogram identity

would give ∥x⋆v∥
2 ≤ 2ε/α, respectively ≤ 4ε/µ; in these constructions, however, ∥x⋆v∥

2 ≥ 8ε/α, respectively
= 16ε/µ. Hence, for each v, the success probabilities for v and −v sum to at most 1 + P(Ωc

v). Averaging over v,
the mean success probability is at most (1 + EvP(Ωc

v))/2 ≤ (3− 2ϖ)/4 < 1−ϖ, so some instance is solved with
probability less than 1−ϖ. Therefore the levels of Lemma H.1 and Lemma H.2, with log(4rT/(1− 2ϖ)) in place
of log(4T ), are not admissible for this criterion. This covers the deterministic oracle of Pasechnyuk-Vilensky et al.
(2026) with unrestricted queries.

I HESSIAN GROWING WITH THE GRADIENT

This appendix states and proves Lemma I.1, which Section 3 summarizes. Throughout, f belongs to
Fsc(β, Lβ ;α,∞, R), with either seminorm, and satisfies∥∥∇2f(x)

∥∥
op
≤ L0 + L1 ∥∇f(x)∥ (x ∈ Rd) (I.1)

with L0 > 0 and L1 ≥ 0, the condition of Zhang et al. (2020). At the minimizer ∇f(x⋆) = 0 and ∇2f(x⋆) ⪰ αI,
so α ≤ L0. The method is the projected two-phase method of Lemma F.3, which needs an upper bound on the
Hessian only on B(R); the two lemmas below provide it.

Theorem I.1 (Hessian growing with the gradient). Let β > 2, α,Lβ , R, L0, σ > 0, L1 ≥ 0, and let f ∈
Fsc(β, Lβ ;α,∞, R), with either seminorm, satisfy (I.1). Put Leff = min{L0e

2L1R, Cβ(L0(1+L1R)q−2+LβR
β−2)}

and κeff = Leff/α. If T ≥ Cβdκeff(1+log(dκeff)+log+(αR2/Φ1)), the projected two-phase method with Leff in place
of L and radius hT satisfies (6) for every noise admissible at levels (M,σ, δ), in at most Cβκeff(1+log+(αR2/ΦT ))
rounds. If L0 > α, the lower bounds of Theorem 1(b), (c) hold with L = L0.

Lemma I.2 (Growth along rays). For every x, with s = ∥x− x⋆∥,

∥∇f(x)∥ ≤ L0

L1

(
eL1s − 1

)
(L0s if L1 = 0),

∥∥∇2f(x)
∥∥
op
≤ L0e

L1s.

Proof. Write x = x⋆ + su with ∥u∥ = 1 and put g(t) = ∥∇f(x⋆ + tu)∥. Integration of the Hessian along the

segment and (I.1) give g(t) ≤ w(t) := L0t+ L1

∫ t

0
g. Then w(0) = 0 and w′ ≤ L0 + L1w, and multiplication by

e−L1t and integration bound w, hence g, by the first claim. Inserting it into (I.1) gives the second.

Lemma I.3 (Polynomial growth). For every x, with s = ∥x− x⋆∥: if q = 2, then
∥∥∇2f(x)

∥∥
op
≤ L0 + Lβs

β−2;

if q ≥ 3, then, with n = q − 2 and Cn = (n+ 1)nn,∥∥∇2f(x)
∥∥
op
≤ eCnL0 max{1, L1s}n +

Cn + 1

n!
Lβs

β−2.

Proof. Both seminorms bound [f ]β,op. If q = 2, then
∥∥∇2f(x⋆)

∥∥
op
≤ L0 by (I.1), and

∥∥∇2f(x)−∇2f(x⋆)
∥∥
op
≤

Lβs
β−2. Let q ≥ 3 and s > 0, write x = x⋆ + su with ∥u∥ = 1, fix unit vectors v, w and put φ(t) =

D2f(x⋆ + tu)[v, w]. Then φ ∈ Cn, and φ(n)(t) = Dqf(x⋆ + tu)[v, w, u, . . . , u] is γ-Hölder with constant Lβ . By
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Lemma B.2(a) in dimension one, the Taylor polynomial P of degree n of φ at 0 satisfies |φ(t)− P (t)| ≤ Stn+γ

for t ≥ 0, with S = Lβ/n!, and n+ γ = β − 2. Let r = min{s, 1/L1} (r = s if L1 = 0). On [0, r], Lemma I.2 gives
|φ| ≤ eL0, hence |P | ≤ eL0+Srn+γ . Lagrange interpolation at the nodes ir/n, 0 ≤ i ≤ n, whose basis polynomials
are bounded at s ≥ r by (ns/r)n, gives |P (s)| ≤ (n + 1)(ns/r)n(eL0 + Srn+γ). Since (s/r)nrn+γ ≤ sn+γ and
s/r = max{1, L1s},

|φ(s)| ≤ |P (s)|+ Ssn+γ ≤ eCnL0 max{1, L1s}n + (Cn + 1)Ssβ−2.

The supremum over v, w is the operator norm of the symmetric matrix ∇2f(x). For s = 0 the claim follows from
(I.1).

For x ∈ B(R) we have ∥x− x⋆∥ ≤ 2R, so the two lemmas give ∇2f ⪯ LeffI on B(R) with

Leff = min
{
L0e

2L1R, eCnL0 max{1, 2L1R}n +
Cn + 1

n!
Lβ(2R)β−2

}
(I.2)

for q ≥ 3, and with the second term replaced by L0 +Lβ(2R)β−2 for q = 2. Since max{1, 2t} ≤ 2(1 + t), this is at
most the value min{L0e

2L1R, Cβ(L0(1 + L1R)q−2 + LβR
β−2)} used in Lemma I.1, and both are at least L0 ≥ α.

Proof of Lemma I.1. Upper bound. Apply Lemma F.3(b) with Leff in place of L and κeff = Leff/α ≥ 1 in place
of κ. By the remark after that theorem, it needs the Hessian bound only on B(R), which (I.2) provides; the
estimate of Procedure 1 uses no bound on the Hessian, even at queries outside B(R). The budget condition (F.8),
the number of rounds and the bound (CΦ + 1)ΦT +CMM

2/α+Cδdδ
2/(αh2T ) take the form stated in Lemma I.1

after enlarging Cβ , since dδ2/(αh2T ) = (Tδ2/(dσ2))ΦT .

Lower bounds. A function with ∇2f ⪯ L0I satisfies (I.1) for every L1 ≥ 0. If L0 > α, the class therefore contains
Fsc(β, Lβ ;α,L0, R), on which Theorem 1(b) and the converse bounds of Theorem 1(c) hold.

Remark I.4 (The power of L1R). For 4 < β ≤ 5, so that q = 4 and n = 2, the power n in Lemma I.3 cannot be

lowered. For k > 0 let fk(x) = 1
2 ∥x∥

2
+ k2

12x
4
1. Then ∇2fk(x) = I + k2x21e1e

⊤
1 ⪰ I, D4fk is constant, so [fk]β = 0,

and the minimizer is 0. With t = k |x1|,
∥∥∇2fk(x)

∥∥
op

= 1 + t2 ≤ 2 + 3t+ t3 ≤ 2 + 3k ∥∇fk(x)∥, so (I.1) holds

with L0 = 2 and L1 = 3k, while at x = Re1 the Hessian has norm 1 + (L1R/3)2. Hence no bound of the form
C max{1, L1R}a + C ′ on B(R) with a < 2 and C,C ′ independent of L1 holds on these classes.

Remark I.5 (Rounds). The accelerated method of Lemma F.6 is not projected: its extrapolated points may leave
B(R), where (I.2) does not bound the Hessian. Whether a round bound proportional to

√
κeff log(1/ε) suffices

under (I.1) is open.

J POLYNOMIAL-PILOT METHODS FOR STRONGLY CONVEX
OBJECTIVES

This appendix proves Theorem 3, except for the method with logarithmically many rounds, which is treated in
Section K. In this class, the curvature of f and the coefficients of its Taylor polynomial of degree q may have
arbitrary magnitude. The methods below estimate this polynomial from function values and then minimize the
remainder. The upper bounds are Lemma J.11 (β > 4, T ≥ C0d

q) and Lemma J.17 (2 < β ≤ 4, T ≥ C0d
2),

where C0 depends only on β, α,R, Lβ , σ; Section J.6 combines them with the lower bound of Theorem 1(b).

J.1 Setting

Throughout this appendix β > 2, q = ⌈β⌉ − 1 ≥ 2, γ = β − q ∈ (0, 1], m = ⌈q/2⌉ and α,Lβ , R > 0. We write

B(r) = {x : ∥x∥ ≤ r}, R̄ = R + 1, f⋆ = min f , Kj =
(
d+j
j

)
for the dimension of the space of polynomials of

degree at most j on Rd, and pβ = (β − 1)/β, so that ΦT of (3) is proportional to T−pβ . As in Section 2, either
Lβ bounds [f ]β,op and τ = 0, or Lβ bounds [f ]β,HS and τ = τβ . In both cases [f ]β,op ≤ Lβ , and only the stencil
bounds (J.2) depend on the choice.

Definition J.1 (Class, centered noise and minimax risk). The class Fsc(β, Lβ ;α,∞, R) is the class of Section 2
with L = ∞: ∇2f ⪰ αI, [f ]β ≤ Lβ and x⋆ ∈ B(R), while derivatives of orders 2, . . . , q may have arbitrary
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magnitude. The noise is centered at level σ ≥ 0 if η ≡ 0, ξo ≡ 0, δt ≡ 0 and the centered component satisfies (C);
a query Xt then returns Yt = f(Xt) + ξt with

E[ξt | Et] = 0, E[ξ2t | Et] ≤ σ2.

For a class C, RT (C;σ) = inf supE[f(x̂)−f⋆], where the infimum is over all algorithms that know d, T, β, α,R, Lβ , σ
and make at most T oracle calls in any number of rounds, and the supremum is over f ∈ C and all noises centered
at level σ.

A function with ∇2f ⪰ αI is α-strongly convex, so its minimizer exists and is unique. Adding a polynomial
of degree at most q to f adds a constant to Dqf and changes neither [f ]β,op nor [f ]β,HS. Exact values and
independent N(0, σ2) errors that are independent of Θ1,Θ2, . . . are centered noise at level σ. For centered noise
the error ξt = Yt− f(Xt) is a function of the query and the answer. Hence Fk−1 contains the errors of the rounds
before round k, and Et contains Fk−1, Θk and the errors of the earlier queries of round k.

The stencil under centered noise. Let the center z of round k be bounded and Fk−1-measurable, and let
the radius h > 0 be deterministic. We write ḡh(z) = ḡh,1(z) for one round of Procedure 1 with one frame (2md
oracle calls). Lemma D.3(i), (ii) and (iv), with M = δ = 0, ξo ≡ 0 and B = 1, give

ḡh(z) = ∇f(z) + b(z) + ζ, ∥b(z)∥ ≤ bh, E[ζ | Fk−1] = 0, E
[
∥ζ∥2

∣∣ Fk−1

]
≤ ς2h, (J.1)

where b(z) = Gh(z)−∇f(z) is Fk−1-measurable, ζ is Fk-measurable, and

bh = CbLβd
−τ/2hβ−1, ς2h = CfL

2
βd

−τh2β−2 + Cσ
dσ2

h2
; (J.2)

for d = 1 the variance bound holds a fortiori. Since E[∥b(z) + ζ∥2 | Fk−1] = ∥b(z)∥2 + E[∥ζ∥2 | Fk−1], for every
bounded Fk−1-measurable random vector w and every event G ∈ Fk−1,

E
[
⟨ζ, w⟩1G

]
= 0, E

[
∥ḡh(z)−∇f(z)∥2 1G

]
≤ (b2h + ς2h)P(G). (J.3)

With B frames, (J.1) and (J.3) hold with ς2h/B in place of ς2h, and so does Lemma J.9 below.

Conventions. Minimizers and projections of known continuous functions over compact sets are chosen by
Lemma J.2, so they are Borel functions of the data; computation is not charged (Lemma J.18). We write
∥X∥Lv = (E |X|v)1/v and clip[−b,b](x) = max{−b,min{b, x}} for b > 0. In statements, Cβ and cβ depend only on
β. In proofs, C and c denote positive numbers that depend only on β, α,R,Lβ , σ and on integers fixed in the
proof as functions of β; they never depend on d or T , and their values may change from line to line.

J.2 Tools

Lemma J.2 (Borel choice of minimizers). Let X be a metric space, Y ⊂ Rn compact, K ⊆ X × Y closed with
nonempty sections Kx = {y : (x, y) ∈ K}, and ψ : K → R continuous. There is a Borel map π : X → Y with
π(x) ∈ Kx and ψ(x, π(x)) = miny∈Kx

ψ(x, y) for every x.

Proof. Extend ψ to a continuous function on X×Y by Tietze’s theorem. For closed F ⊆ Y , the set {x : Kx∩F ≠ ∅}
is the projection of the closed set K∩ (X×F ) along the compact factor Y , hence closed. Every open subset of Y is
a countable union of closed sets, so x 7→ Kx is weakly measurable with nonempty compact values. The measurable
maximum theorem (Aliprantis and Border, 2006, Theorem 18.19), applied to −ψ on the Borel σ-algebra of X,
gives π.

The next lemma concerns the median of block means (Nemirovski and Yudin, 1983; Hsu and Sabato, 2016), for
errors that are martingale differences rather than independent.

Lemma J.3 (Medians of block means under martingale noise).
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(a) Let r be odd, j = (r + 1)/2, and let Z1, . . . , Zr be real random variables adapted to a filtration (Gi)ri=0 with
E[Z2

i | Gi−1] ≤ v for all i. Let med be their median. Then

|med|2j ≤
∑
S

∏
i∈S

Z2
i ,

the sum being over all S ⊆ {1, . . . , r} with |S| = j. Hence E |med|2j ≤
(
r
j

)
vj, and P(|med| > u) ≤(

r
j

)
(v/u2)j ≤ 2r(v/u2)j for u > 0.

(b) Let med1, . . . ,medJ be as in (a), each with its own filtration, and E0 = maxi |medi|. For u > 0 and
0 < a < 2j,

P(E0 > u) ≤ J2r
( v
u2

)j
, E

[
Ea

01{E0 > u}
]
≤ J2rvj

2j

2j − a
ua−2j .

(c) Let the noise be centered at level σ, and let the queries of round k be made in an order that is fixed before
the round. Let I1, . . . , Ir be disjoint sets of queries of the round such that every query of Ii precedes every
query of Ii+1, let wt be deterministic numbers, and put Zi =

∑
t∈Ii

wtξt. Let Gi be the σ-algebra generated
by Fk−1, Θk and the errors of all queries of the round up to the last query of Ii, and G0 = Fk−1 ∨ σ(Θk).
Then (Zi) is adapted to (Gi), E[Zi | Gi−1] = 0 and E[Z2

i | Gi−1] ≤ σ2
∑

t∈Ii
w2

t .

Proof. (a) At least j of the Zi have absolute value at least |med|, which gives the pointwise bound. For
S = {i1 < · · · < ij}, conditioning successively on Gij−1, . . . ,Gi1−1 gives E

∏
i∈S Z

2
i ≤ vj ; the integrands are

nonnegative. Summation over S and Markov’s inequality give the moment and tail bounds.

(b) The first bound is a union bound, and the second follows from it and E[Ea
01{E0 > u}] = uaP(E0 >

u) +
∫∞
u
ata−1P(E0 > t) dt.

(c) For t ∈ Ii we have Gi−1 ⊆ Et, so the tower property gives E[ξt | Gi−1] = 0 and E[ξ2t | Gi−1] ≤ σ2. For t < t′ in
Ii, ξt is Et′ -measurable, so E[ξtξt′ | Gi−1] = 0. Expanding the square proves the claim.

Lemma J.4 (Maximum-volume design). Let ϕ = (ϕ1, . . . , ϕK) be a basis of the polynomials of degree at most
q on Rd, K = Kq, let D ⊂ Rd be a closed ball of positive radius, and let J ≥ K. Let x1, . . . , xJ ∈ D maximize

detG, where G =
∑J

i=1 ϕ(xi)ϕ(xi)
⊤. Then G ≻ 0 and supx∈D ϕ(x)⊤G−1ϕ(x) ≤ K/(J −K + 1).

Proof. The maximum exists by compactness, and it is positive because the vectors ϕ(x), x ∈ D, span RK : a
polynomial that vanishes on a ball is zero. Fix x ∈ D and append the row ϕ(x)⊤ to the J ×K matrix with
rows ϕ(xi)

⊤. By maximality, replacing one of the first J rows by the last one does not increase detG, so the
first J rows form a dominant submatrix, and Mikhalev and Oseledets (2018, Theorem 4.2) gives c ∈ RJ with

ϕ(x) =
∑

i ciϕ(xi) and ∥c∥2 ≤ K/(J −K + 1). The smallest ∥c∥2 among such c equals ϕ(x)⊤G−1ϕ(x).

Lemma J.5 (Polynomials on balls). Let p be a polynomial of degree at most q on Rd and ρ > 0.

(a)
∥∥∇2p(x)

∥∥
op
≤ q4ρ−2 supB(2ρ) |p| for ∥x∥ ≤ ρ.

(b) supB(ρ) |p| ≤ Cpol
q (ρ/a)q supB(a) |p| for 0 < a ≤ ρ, where Cpol

q =
∑q

j=0 q
2j/j!.

Proof. By Markov’s inequality (Borwein and Erdélyi, 1995, Chapter 5), a univariate polynomial φ of degree at most
q satisfies sup[−t,t] |φ′| ≤ (q2/t) sup[−t,t] |φ| for t > 0. (a) For a unit vector u, apply it twice to φ(t) = p(x+ tu)

on [−ρ, ρ]; the points x+ tu lie in B(2ρ), and φ′′(0) = u⊤∇2p(x)u. (b) For a unit vector v, applied j times to
φ(t) = p(tv) on [−a, a] it gives

∣∣φ(j)(0)
∣∣ ≤ (q2/a)j supB(a) |p|. Insert this into the Taylor expansion of φ at 0 and

use (ρ/a)j ≤ (ρ/a)q.

For data y ∈ RJ at the nodes of the design of Lemma J.4 let Πy = c⊤ϕ, with c = G−1
∑

i yiϕ(xi), be the
least-squares fit by a polynomial of degree at most q. It is linear in y and reproduces polynomials of degree at
most q.
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Lemma J.6 (Stability of the fit). Let the design of Lemma J.4 be taken on D = B(s), s > 0, with J = 2Kq, and
put Γ0 =

√
2Kq. If maxi |yi| ≤ ȳ, then supD |Πy| ≤ Γ0ȳ. If s = 2R̄, then also

∥∥∇2Πy(x)
∥∥
op
≤ Γ2ȳ for ∥x∥ ≤ R̄,

where Γ2 = Γ0q
4/R̄2.

Proof. The fitted values (Πy(xi))i are the orthogonal projection of y onto a subspace of RJ , so c⊤Gc =∑
i Πy(xi)

2 ≤ Jȳ2. By the Cauchy–Schwarz inequality and Lemma J.4, |Πy(x)|2 ≤ (c⊤Gc)ϕ(x)⊤G−1ϕ(x) ≤
2Kq ȳ

2 on D. The second claim follows from Lemma J.5(a) with ρ = R̄.

J.3 Pilot fit, guard and corrected residual method

The pilot. Fix a radius s > 0, the design x1, . . . , xJ of Lemma J.6 on B(s) (J = 2Kq nodes), an odd integer
r ≥ 3 and an integer ℓ ≥ 1. In one round, query every node rℓ times, node after node, and split the rℓ values at
xi into r consecutive blocks of ℓ values. Let f̃i be the median of the r block means at xi, let P = Πf̃ be the fit of
these medians, and put νi = f̃i − f(xi) and E0 = maxi |νi|. The pilot uses n0 = 2Kqrℓ oracle calls in one round,
at points fixed in advance. Outside Section K we take s = 2R̄. Let ϱj = Lβ(2R̄)β−j/(q − j)! for j = 0, 2, and for
a tolerance θ ≥ 1 put

Υθ = ϱ0 + Γ0(ϱ0 + θ), Λθ = ϱ2 + Γ2(ϱ0 + θ). (J.4)

Since R̄ ≥ 1 and θ ≥ 1, both numbers are at most C
√
Kq θ.

Lemma J.7 (Accuracy of the pilot). Let f ∈ Cq with [f ]β,op ≤ Lβ, and let t = Tqf(0; ·) be its Taylor polynomial
of degree q at 0 (Section B.2). On every realization, supB(s) |P − t| ≤ Γ0(Lβs

β/q! + E0). If s = 2R̄, then on
every realization

sup
B(R)

|f − P | ≤ ϱ0 + Γ0(ϱ0 + E0), sup
x∈B(R)

∥∥∇2(f − P )(x)
∥∥
op
≤ ϱ2 + Γ2(ϱ0 + E0); (J.5)

in particular, on the event {E0 ≤ θ} the residual g = f − P satisfies |g| ≤ Υθ and
∥∥∇2g

∥∥
op
≤ Λθ on B(R). If the

noise is centered at level σ, then for u > 0

P(E0 > u) ≤ J2r
( σ2

ℓu2

)(r+1)/2

, E
[
E01{E0 > u}

]
≤ 2J2r

(σ2

ℓ

)(r+1)/2

u−r. (J.6)

Proof. The fit is linear and reproduces t, so P − t = Π
(
(f− t)(xi)

)
i
+Πν. By Lemma B.2(a), |f − t| ≤ Lβ ∥x∥β /q!,

which is at most Lβs
β/q! at the nodes, and Lemma J.6 gives the first claim. For s = 2R̄ write f−P = (f−t)−(P−t).

On B(R), |f − t| ≤ ϱ0 and, by Lemma B.2(c) with j = 2 and ∇2t(x) = Tq−2D
2f(0;x),

∥∥∇2(f − t)
∥∥
op
≤ ϱ2;

Lemma J.6 bounds P − t and its Hessian. This gives (J.5).

For the tails, νi is the median of the r block means of the errors at xi. By Lemma J.3(c) with weights 1/ℓ, these
means satisfy the assumption of Lemma J.3(a) with v = σ2/ℓ. Lemma J.3(b) with j = (r+ 1)/2 and a = 1, where
2j/(2j − 1) ≤ 2, gives (J.6).

Lemma J.8 (Polynomial-value guard). Let P be continuous, let xP minimize P over B(R), let z ∈ B(R) and
Υ > 0. Output x̂ = z if P (z) ≤ P (xP ) + 2Υ, and x̂ = xP otherwise. If supB(R) |f − P | ≤ Υ, then f(x̂) ≤ f(z).
On every realization, f(x̂)− f⋆ ≤ 2Υ + 2 supB(R) |f − P |.

Proof. If supB(R) |f − P | ≤ Υ and z is rejected, then f(z) − f(xP ) ≥ P (z) − P (xP ) − 2Υ > 0. In both cases
x̂ ∈ B(R) and P (x̂) ≤ P (xP ) + 2Υ ≤ P (x⋆) + 2Υ, because x⋆ ∈ B(R). Comparing f with P at x̂ and at x⋆ gives
the second claim.

A corrected residual method. Let P be a polynomial of degree at most q that is Fk1
-measurable, where k1 is

the last round of the pilot, let g = f − P , and fix a radius h > 0. At a center x ∈ B(R) the residual oracle makes
one round of Procedure 1 with radius h and returns v̂(x) = ḡh(x)−∇P (x). By (J.1), v̂(x) = ∇g(x) + b(x) + ζ:
the residual gradient is estimated with the error of ḡh, and no coefficient of P enters the bounds. With step sizes
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µk > 0 and a starting point z1 ∈ B(R) that is measurable with respect to the rounds before the first iteration,
iteration k uses two rounds:

yk ∈ arg min
x∈B(R)

{
P (x) + ⟨v̂(zk), x⟩+

∥x− zk∥2

2µk

}
,

zk+1 = ProjB(R)

(
yk − µk(v̂(yk)− v̂(zk))

)
.

(J.7)

The first line treats the known polynomial exactly; the second corrects the step with a fresh estimate at yk, as in
the forward–backward–forward method of Tseng (2000). By Lemma J.2, yk is a Borel function of P , v̂(zk), zk
and µk. Hence zk is measurable with respect to the rounds before iteration k, yk with respect to these and the
first round of iteration k, and both lie in B(R). If

∥∥∇2g
∥∥
op
≤ Λ on B(R) and µkΛ ≤ 1/2, the objective of the

first line has Hessian ∇2f −∇2g + µ−1
k I ⪰ (α+ Λ)I on B(R), so yk is unique although P need not be convex.

Lemma J.9 (One corrected step). Let f ∈ Cq with [f ]β ≤ Lβ, ∇2f ⪰ αI for some α ≥ 0, and a minimizer
x⋆ ∈ B(R). Let G ∈ Fk1

be an event on which
∥∥∇2g(x)

∥∥
op
≤ Λ for all x ∈ B(R), where Λ > 0 is a number. Let

∆k = E[∥zk − x⋆∥2 1G], Fk = E[(f(yk)− f⋆)1G] and Vh = b2h + ς2h. If µkΛ ≤ 1/2, then

∆k+1 ≤ ∆k − 2µkFk + 4µkRbh + 8µ2
kVh,

and if moreover α > 0 and αµk ≤ 1, then

∆k+1 ≤
(

1− αµk

4

)
∆k − 2µkFk +

2µkb
2
h

α
+ 8µ2

kVh.

Proof. Omit the index k and write u = x⋆, w = z−y, c = µ(v̂(y)− v̂(z)), ez = v̂(z)−∇g(z) and ey = v̂(y)−∇g(y).
Steps 1 and 2 hold on every realization in G.

Step 1: the first line of (J.7). The optimality condition at y over the convex set B(R) ∋ u gives ⟨w, y − u⟩ ≥
µ ⟨∇P (y) + v̂(z), y − u⟩. Add ⟨c, y − u⟩ to both sides. Since ∇P +∇g = ∇f and ∇2f ⪰ αI,

⟨w + c, y − u⟩ ≥ µ ⟨∇f(y) + ey, y − u⟩ ≥ µ
(
f(y)− f(u) +

α

2
∥y − u∥2 + ⟨ey, y − u⟩

)
;

the error ez has canceled.

Step 2: the second line. Since y− c− u = (z− u)− (w+ c), we have ∥y − c− u∥2 = ∥z − u∥2 − 2 ⟨w + c, y − u⟩ −
∥w∥2 + ∥c∥2. The projection onto B(R) ∋ u is nonexpansive, so Step 1 gives

∥zk+1 − u∥2 ≤ ∥z − u∥2 − 2µ
(
f(y)− f(u)

)
− αµ ∥y − u∥2 − 2µ ⟨ey, y − u⟩ − ∥w∥2 + ∥c∥2 .

On G, ∇g is Λ-Lipschitz on B(R), and µΛ ≤ 1/2 gives ∥c∥2 ≤ 2µ2Λ2 ∥w∥2 + 4µ2(∥ey∥2 + ∥ez∥2) ≤ 1
2 ∥w∥

2
+

4µ2(∥ey∥2 + ∥ez∥2).

Step 3: expectations. Multiply by 1G and take expectations. The centers z and y are bounded and measurable
with respect to the past of their rounds, and G belongs to that past. By (J.1) and (J.3), ey = b(y) + ζy with

E[⟨ζy, y − u⟩1G] = 0, and E[(∥ey∥2 + ∥ez∥2)1G] ≤ 2Vh. For the first claim, bound −2µ ⟨b(y), y − u⟩ ≤ 4µRbh

and drop the remaining nonpositive terms. For the second, bound −2µ ⟨b(y), y − u⟩ ≤ αµ
2 ∥y − u∥

2
+

2µb2h
α ;

this leaves the term −E[(αµ
2 ∥y − u∥

2
+ 1

2 ∥w∥
2
)1G], and ∥z − u∥2 ≤ 2 ∥y − u∥2 + 2 ∥w∥2 with αµ ≤ 1 gives

αµ
2 ∥y − u∥

2
+ 1

2 ∥w∥
2 ≥ αµ

4 ∥z − u∥
2
.

Both the restarted method below and the metric method of Section J.5 lead to the recursion (F.2), which is
solved by Lemma F.1.

Proposition J.10 (Restarted corrected method). Let f ∈ Fsc(β, Lβ ;α,∞, R), let G and Λ be as in Lemma J.9,
and put k0 = max{7, 16Λ/α}. Run N1 ≥ 0 iterations of (J.7) from z1 = 0 with the step 8/(α(k0 + 1)), and

then N2 ≥ 1 iterations with the steps 8/(α(k + k0)), k = 1, . . . , N2. Output ȳ = W−1
∑N2

k=1 wkyN1+k, where
wk = k + k0 − 1 and W =

∑
k wk. The method uses 2(N1 +N2) rounds of 2md oracle calls each, and if N2 ≥ k0,

then

E
[
(f(ȳ)− f⋆)1G

]
≤ αk20R

2

8N2
2

e−2N1/(k0+1) +
2b2h
α

+
96(b2h + ς2h)

αN2
.
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Procedure 3 Pilot fit and corrected residual method (β > 4)

Require: budget T ; d, β, α,R,Lβ , σ; the stencil of Procedure 1
1: q ← ⌈β⌉ − 1, ω ← (q − 2)/(4q), θ ← Tω

2: choose an odd r ≥ 3 with ω(r − 1) ≥ pβ + 3, and ℓ← max{1, ⌈16σ2⌉}
3: run the pilot of Section J.3 on B(2R̄) (one round, n0 = 2Kqrℓ oracle calls)
4: P ← fit of the medians of block means
5: Λ← Λθ, Υ← Υθ from (J.4), k0 ← max{7, 16Λ/α}
6: Nit ← ⌊(T − n0)/(4md)⌋, N1 ← ⌊Nit/2⌋, N2 ← Nit −N1

7: h←
(
d1+τσ2/(L2

βN2)
)1/(2β)

8: run Lemma J.10 with the residual oracle v̂(x) = ḡh(x)−∇P (x); obtain ȳ
9: return the output of the guard of Lemma J.8 with candidate ȳ and level Υ

Proof. All steps are at most 8/(α(k0 + 1)), hence µkΛ ≤ 1/2 and αµk ≤ 1. Lemma J.9 gives (F.2) with a = α/4,
c = 2, B = 2b2h/α and V = 8(b2h+ς2h), and the steps are those of Lemma F.1(b), with aµ = 2/(k0+1) ≤ min{1, 2/k0}.
Since ∆1 ≤ R2 and, by convexity, f(ȳ)− f⋆ ≤ W−1

∑
k wk(f(yN1+k)− f⋆), Lemma F.1(b) gives the claim.

J.4 Budget of order dq for β > 4

Theorem J.11 (Polynomial-pilot upper bound, β > 4). Let β > 4, α,R,Lβ , σ > 0, and let the noise be
centered at level σ. There is C0, depending only on β, α,R,Lβ , σ, such that for every d ≥ 1 and every T ≥ C0d

q,
Procedure 3 uses at most T oracle calls in 1 + 2Nit rounds and satisfies

E[f(x̂)− f⋆] ≤ Cβ ΦT for every f ∈ Fsc(β, Lβ ;α,∞, R),

for the operator seminorm with τ = 0 and for the Hilbert–Schmidt seminorm with τ = τβ.

Proof. Write p = pβ . Here q ≥ 4, so ω = (q − 2)/(4q) ∈ (0, 1/4) and θ = Tω ≥ 1. The integer r depends only on
β, ℓ only on σ, and σ2/ℓ ≤ 1/16. Let G = {E0 ≤ θ}; it is determined by the pilot round.

Step 1: oracle calls. Each factor of Kq =
∏q

i=1(d + i)/i is at most d + 1, so Kq ≤ 2qdq and n0 ≤ 2q+1rℓdq.
Let C0 ≥ max{2q+2rℓ, 32m}. Then n0 ≤ T/2 and T/(8md) ≥ 4, so Nit ≥ T/(16md) ≥ 2, N2 ≥ T/(32md) and
N1 ≥ Nit/4. The method uses at most n0 + 4mdNit ≤ T oracle calls.

Step 2: the radius. Put X = L2
βd

−τh2β−2. The choice of h gives X = dσ2/(N2h
2) = L

2/β
β d−τ/β(dσ2/N2)p,

and N2 ≥ T/(32md) gives X ≤ (32m)pαΦT , because 2p − τ/β = 2 − (2 + τ)/β. By (J.2), b2h = C2
bX and

ς2h = (Cf + CσN2)X. Hence

2b2h
α

+
96(b2h + ς2h)

αN2
≤ C1(32m)p ΦT , C1 = 98C2

b + 96Cf + 96Cσ. (J.8)

Step 3: the event G. By Lemma J.7, on G the residual g = f − P satisfies
∥∥∇2g

∥∥
op
≤ Λθ and |g| ≤ Υθ on B(R).

Since Λθ ≤ C
√
Kq θ, we have k0 + 1 ≤ Cdq/2Tω, and T ≥ C0d

q gives d ≤ T 1/q. Hence

Nit

k0 + 1
≥ c T

1−ω

d1+q/2
≥ c T

1
2−

1
q−ω = c Tω,

because 1
2 −

1
q = 2ω. After increasing C0, N2 ≥ k0 and 2N1/(k0 + 1) ≥ cTω. On G the guard does not increase

the value (Lemma J.8), so Lemma J.10 with Λ = Λθ and (J.8) give

E
[
(f(x̂)− f⋆)1G

]
≤ αR2

8
e−cTω

+ C1(32m)p ΦT .

Step 4: the complement. On Gc we have E0 > θ ≥ 1, so Lemma J.8 and (J.5) give f(x̂) − f⋆ ≤ 2Υθ + 2ϱ0 +
2Γ0(ϱ0 +E0) ≤ C

√
Kq E0. By (J.6) with σ2/ℓ ≤ 1/16, E[E01Gc ] ≤ J2−rθ−r ≤ 2Kqθ

−r. Since Kq ≤ 2qdq ≤ 2qT
and ωr ≥ p+ 3,

E
[
(f(x̂)− f⋆)1Gc

]
≤ CK3/2

q θ−r ≤ CT 3/2−ωr ≤ CT−p−1.
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Step 5: conclusion. The exponent 2 − (2 + τ)/β of d in ΦT is positive, because τ ≤ (β − 1)/2; hence ΦT ≥
α−1L

2/β
β σ2pT−p. After increasing C0, the remainders of Steps 3 and 4 are at most ΦT in total, and E[f(x̂)−f⋆] ≤

(C1(32m)p + 1)ΦT , where the constant depends only on β. The pilot uses only [f ]β,op ≤ Lβ , which holds in both
cases, and τ enters only through (J.2).

J.5 Budget of order d2 for 2 < β ≤ 4

For q ∈ {2, 3} the fit of Section J.4 needs of order dq values, and its curvature bound Λθ grows like
√
Kq, which

is too large when T is of order d2. We replace it by an estimate of H0 = ∇2f(0) whose error in operator norm
grows more slowly than d. For 2 < β ≤ 3 the quadratic model built from this estimate is accurate on B(R), and
the method of Section J.4 applies. For 3 < β ≤ 4 the cubic part of f is not estimated. Instead, convexity bounds
the variation of ∇2f relative to H0 (Lemma J.14), and projected steps in a metric calibrated by the estimate of
H0 replace the corrected method.

Lemma J.12 (Robust estimate of a symmetric matrix). Let M⋆ be a deterministic symmetric d × d matrix,
σ0 > 0, and v ≥ 2 an integer. Suppose that observations Y1, Y2, . . . are made in an order fixed in advance, each
referring to a pair (i, j) with i ≤ j, and that Yn = (M⋆)injn + ξ̃n, where (ξ̃n) is adapted to a filtration (Hn) with

E[ξ̃n | Hn−1] = 0 and E[ξ̃2n | Hn−1] ≤ σ2
0. From 2v observations of every pair one can compute a symmetric

matrix M̂ with (
E
∥∥∥M̂ −M⋆

∥∥∥v
op

)1/v ≤ Cv σ0
√
d log(2d),

where Cv depends only on v.

Proof. Let ℓd = log(2d) and b = σ0
√
d/ℓd. For every pair, let cij be the median of the first 2v − 1 observations,

let Y ′
ij be the last one, and put

M̂ij = M̂ji = cij + clip[−b,b](Y
′
ij − cij).

We write M̂ −M⋆ as a bias matrix plus a matrix martingale.

Step 1: one entry. By Lemma J.3(a) with r = 2v − 1, ωij = cij − (M⋆)ij satisfies Eω2v
ij ≤

(
2v−1

v

)
σ2v
0 . Let H′

ij

be the σ-algebra before Y ′
ij and ξ̃ the error of Y ′

ij . Then M̂ij − (M⋆)ij = ωij + clip[−b,b](ξ̃ − ωij) = ϖij + χij ,
where ϖij is the conditional mean given H′

ij . Clipping is 1-Lipschitz, and a 1-Lipschitz function of a real random

variable has at most its variance; applied to the conditional law of ξ̃, this gives E[χ2
ij | H′

ij ] ≤ σ2
0 . Moreover

|χij | ≤ 2b. Since E[ξ̃ | H′
ij ] = 0,

ϖij = E
[
clip[−b,b](ξ̃ − ωij)− (ξ̃ − ωij)

∣∣ H′
ij

]
.

If |ωij | ≤ b/2, then
∣∣∣clip[−b,b](x)− x

∣∣∣ = (|x| − b)+ and (
∣∣∣ξ̃ − ωij

∣∣∣− b)+ ≤ (
∣∣∣ξ̃∣∣∣− b/2)+ ≤ 2ξ̃2/b, so |ϖij | ≤ 2σ2

0/b.

Otherwise |ϖij | ≤ |ωij |+ b ≤ 3 |ωij |.

Step 2: the bias matrix. The entries ϖij with |ωij | ≤ b/2 form a matrix of operator norm at most 2dσ2
0/b. The

others form a matrix of operator norm at most F = (
∑

i,j 9ω2
ij1{|ωij | > b/2})1/2, the sum running over ordered

pairs. Since |ω|v 1{|ω| > b/2} ≤ (2/b)v |ω|2v, Minkowski’s inequality in Lv/2 gives ∥F∥2Lv ≤ 36
(
2v−1

v

)2/v
d2σ4

0/b
2.

Hence the bias matrix ϖ satisfies
∥∥∥∥ϖ∥op∥∥∥

Lv
≤ Cvdσ

2
0/b.

Step 3: the martingale part. Let Eii = eie
⊤
i and Eij = eie

⊤
j + eje

⊤
i for i < j, and Y =

∑
i≤j χijEij , summed in

the order of the observations Y ′
ij . This is a martingale of symmetric matrices whose increments have operator

norm at most 2b, and its predictable quadratic variation is at most σ2
0

∑
i≤j E

2
ij = dσ2

0I. The matrix Freedman
inequality (Tropp, 2011, Theorem 1.2), applied to Y and to −Y, gives

P(∥Y∥op ≥ u) ≤ 2d exp
(
− u2

2dσ2
0 + 4bu/3

)
≤ 2de−u2/(4dσ2

0) + 2de−3u/(8b).

With u0 = 2σ0
√
dℓd + 3bℓd, the right-hand side at u = u0 + s, s ≥ 0, is at most e−s2/(4dσ2

0) + e−3s/(8b), and

integrating the tail gives
∥∥∥∥Y∥op∥∥∥

Lv
≤ Cv(u0 + σ0

√
d+ b).

Step 4: conclusion. We have M̂ −M⋆ = ϖ + Y, dσ2
0/b = bℓd = σ0

√
dℓd and σ0

√
d+ b ≤ Cσ0

√
dℓd.
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Lemma J.13 (Hessian pilot). Let 2 < β ≤ 4, f ∈ Cq with [f ]β,op ≤ Lβ, H0 = ∇2f(0), let the noise be centered
at level σ > 0, and let v ≥ 2 be an integer. For ρ > 0 and i < j consider the difference quotients

Y (ρei)− 2Y (0) + Y (−ρei)
ρ2

,
Y (ρ(ei + ej))− Y (ρ(ei − ej))− Y (ρ(ej − ei)) + Y (−ρ(ei + ej))

4ρ2
,

where Y (x) is a fresh value at x each time, and let Ĥ be the matrix of Lemma J.12 computed from them with
ρ = (σ/Lβ)1/β(log(2d)/d)1/(2β). This uses at most 8vd2 oracle calls in one round, and

(
E
∥∥∥Ĥ −H0

∥∥∥v
op

)1/v ≤ Cvd
a′
, a′ =

3

4
+

1

2β
< 1,

where Cv depends only on v, β, Lβ , σ.

Proof. The query points do not depend on any observation, so they form one round with an order fixed in advance;
there are 2v d(d+ 1)/2 quotients of at most 4 oracle calls each. The error of a quotient is a combination of at
most four errors of consecutive queries whose squared coefficients sum to at most 6/ρ4. Hence Lemma J.3(c)
gives the assumptions of Lemma J.12 with σ2

0 = 6σ2/ρ4.

The means of the quotients are

(M⋆)ii =

∫ 1

−1

(1− |s|) ∂iif(sρei) ds, (M⋆)ij =
1

4

∫ 1

−1

∫ 1

−1

∂ijf(ρ(sei + tej)) ds dt.

For q = 2,
∥∥∇2f(y)−H0

∥∥
op
≤ Lβ ∥y∥β−2

. For q = 3, Lemma B.2(c) gives
∥∥∇2f(y)−H0 −D3f(0)[y]

∥∥
op
≤

Lβ ∥y∥β−2
, and the linear term averages to zero, because both weightings are symmetric under y 7→ −y. The

points have norm at most
√

2ρ and β − 2 ≤ 2, so every entry of M⋆ −H0 is at most 2Lβρ
β−2 in absolute value

and ∥M⋆ −H0∥op ≤ 2dLβρ
β−2. With Lemma J.12,

(
E
∥∥∥Ĥ −H0

∥∥∥v
op

)1/v ≤ Cv

√
6σ

ρ2

√
d log(2d) + 2dLβρ

β−2.

For the given ρ both terms are constants times L
2/β
β σ1−2/βda(log(2d))1−a with a = 1

2 + 1
β < 1, and log(2d) ≤ 2

√
d

gives da(log(2d))1−a ≤ 2d(1+a)/2 = 2da
′
.

The next lemma, used for 3 < β ≤ 4, is a Hölder version of an inequality of Glaeser (1963, Lemme I); a related
bound is Nesterov (2021, Lemma 3).

Lemma J.14 (Relative curvature). Let 3 < β ≤ 4, so that q = 3, and let f ∈ C3 with ∇2f ⪰ αI and [f ]β,op ≤ Lβ.
Put κ = β − 2 ∈ (1, 2], υ = 1− 1/κ ∈ (0, 1/2], H0 = ∇2f(0) and, for a unit vector w, gw(x) = w⊤∇2f(x)w.

(a) ∥∇gw(x)∥ ≤ 2L
1/κ
β gw(x)υ for all x.

(b) For ϱ > 0 and ∥x∥ ≤ ϱ, C−1
ϱ H0 ⪯ ∇2f(x) ⪯ CϱH0 with Cϱ =

[
1 + 2ϱ

κ (Lβ/α)1/κ
]κ

.

(c) For ∥x∥ ≤ R, 1
2H0 − c̄I ⪯ ∇2f(x) ⪯ 3

2H0 + c̄I with c̄ = 3LβR
κ.

Proof. (a) The gradient ∇gw(x) = D3f(x)[w,w, ·] is (κ − 1)-Hölder with constant Lβ , so for a unit vector u and
s ≥ 0,

gw(x+ su) ≤ gw(x) + s ⟨∇gw(x), u⟩+
Lβ

κ
sκ .

If ∇gw(x) ̸= 0, take u = −∇gw(x)/ ∥∇gw(x)∥ and s = (gw(x)/Lβ)1/κ. Since gw > 0, this gives s ∥∇gw(x)∥ ≤
(1 + 1/κ)gw(x) ≤ 2gw(x), which is (a).

(b) By (a),
∥∥∥∇(g

1/κ
w )

∥∥∥ = κ−1g−υ
w ∥∇gw∥ ≤ 2

κL
1/κ
β , so

∣∣gw(x)1/κ − gw(0)1/κ
∣∣ ≤ 2ϱ

κ L
1/κ
β for ∥x∥ ≤ ϱ. Since

gw ≥ α, this gives gw(x) ≤ Cϱgw(0) and gw(0) ≤ Cϱgw(x) for every unit w.
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(c) Let ∥x∥ ≤ R and hw = gw(0). By the Hölder bound and (a),

|gw(x)− hw| ≤ |⟨∇gw(0), x⟩|+ Lβ

κ
Rκ ≤ 2L

1/κ
β Rhυw + LβR

κ .

With z = hw/(LβR
κ) we have 2L

1/κ
β Rhυw = LβR

κ · 2zυ, and 2zυ ≤ z/2 + 2 for z ≥ 0, because zυ ≤ max{1,
√
z}

and 2
√
z ≤ z/2 + 2. Hence |gw(x)− hw| ≤ hw/2 + 3LβR

κ for every unit w, which is (c).

Lemma J.15 (Spectral initialization). Let f be as in Lemma J.14 with minimizer x⋆ ∈ B(R). Let A ⪰ αI
be a symmetric matrix with eigenvalues a1 ≥ · · · ≥ ad and orthonormal eigenvectors o1, . . . , od, let EA =
∥A−H0∥op, write xi = ⟨x, oi⟩, and let CA = {x : |xi| ≤ R ∀i}, which contains x⋆. Put Rd = R

√
d and

Ξd = 1 + 2
√

2L
1/κ
β Rd + (Lβ/κ)Rκ

d . Starting from x0 = 0, make d updates

xt+1,i = clip[−R,R]

(
xt,i − a−1

i ĝi(xt)
)
, i = 1, . . . , d,

where ĝ(xt) = ∇f(xt) + ζt is any gradient estimate and ĝi = ⟨ĝ, oi⟩. Let u be the projection of xd onto B(R) in
the norm ∥y∥A = (y⊤Ay)1/2. Then, on every realization,

∥u− x⋆∥2A ≤ 80R2d3Ξ2
d + 12R2d+ 12R2dE2

A + 4d
∑
t<d

∥ζt∥2 .

Proof. We bound the entries of ∇2f −A on CA in the rows of the large eigenvalues, show by induction that these
coordinates contract, and add the coordinates with small ai at the end.

Step 1: entries of the Hessian. For i ̸= j, polarization with w± = (oi ± oj)/
√

2 gives

D3f(0)[oi, oj , ·] = 1
2

(
∇gw+(0)−∇gw−(0)

)
, gw±(0) ≤ w⊤

±Aw± + EA =
ai + aj

2
+ EA.

With Lemma J.14(a) this gives, also for i = j,
∥∥D3f(0)[oi, oj , ·]

∥∥ ≤ 2L
1/κ
β (max{ai, aj}+ EA)υ. By the Hölder

continuity of D3f ,
∥∥∇2f(y)−H0 −D3f(0)[y]

∥∥
op
≤ Lβ ∥y∥κ /κ, and every y ∈ CA has ∥y∥ ≤ Rd. Hence, in the

basis (oi), ∣∣(∇2f(y)−A)ij
∣∣ ≤ EA + 2L

1/κ
β Rd(max{ai, aj}+ EA)υ +

Lβ

κ
Rκ

d (y ∈ CA).

Let JA = (1+EA +2dΞd)2 and let kA be the number of i with ai > JA. For i ≤ kA and any j, a := max{ai, aj} >
JA ≥ 1 gives EA ≤

√
a, a+ EA ≤ 2a and, since υ ≤ 1

2 , (a+ EA)υ ≤
√

2a. Hence∣∣(∇2f(y)−A)ij
∣∣ ≤ Ξd

√
max{ai, aj} (i ≤ kA, y ∈ CA). (J.9)

Step 2: one update. Let et = xt − x⋆. Both xt and x⋆ lie in the convex set CA, so ∇f(xt) = Aet +Mtet with

Mt =
∫ 1

0
(∇2f(x⋆ + set)−A) ds, whose entries obey (J.9) in the rows i ≤ kA. Clipping fixes x⋆i and is 1-Lipschitz,

so |et+1,i| ≤ a−1
i |(Mtet)i + ζt,i|. Hence, with z̄ti =

√
ai |et,i|, for i ≤ kA

z̄t+1
i ≤ Ξd

∑
j≤kA

z̄tj√
min{ai, aj}

+ Ξd

∑
j>kA

|et,j |+ ∥ζt∥ ,

where for j > kA we used aj ≤ ai, and ai > 1.

Step 3: induction. Let B̄0 = 0 and B̄t+1 = B̄t/2 + 2RdΞd + ∥ζt∥. We show by induction that z̄ti ≤ B̄t for
i ≤ min{t, kA}. Let i ≤ min{t+ 1, kA}. In the bound of Step 2, the indices j ≤ min{t, kA} satisfy z̄tj ≤ B̄t and

Ξd/
√

min{ai, aj} ≤ Ξd/
√
JA ≤ 1/(2d), so they contribute at most B̄t/2. The other indices satisfy j ≥ i, hence

aj ≤ ai. Their terms are at most Ξd |et,j | ≤ 2RΞd (for j ≤ kA use z̄tj/
√
aj = |et,j |), and there are at most d of

them.

Step 4: conclusion. After d updates, B̄d ≤ 4RdΞd +
∑

t<d 2−(d−1−t) ∥ζt∥. By the Cauchy–Schwarz inequality,

the indices i ≤ kA contribute at most dB̄2
d ≤ 32R2d3Ξ2

d + 4d
∑

t ∥ζt∥
2

to ∥xd − x⋆∥2A. The other indices have
ai ≤ JA ≤ 3(1 +E2

A + 4d2Ξ2
d) and |ed,i| ≤ 2R, so they contribute at most 12R2d+ 12R2dE2

A + 48R2d3Ξ2
d. Finally,

the projection onto B(R) ∋ x⋆ in the norm ∥·∥A does not increase the distance to x⋆.
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Lemma J.16 (Projected steps in a calibrated metric). Let f ∈ Fsc(β, Lβ ;α,∞, R) and let k2 be a round. Let
a nonempty compact convex set T ⊆ B(R), a symmetric matrix S and a point x1 ∈ T be Fk2-measurable,
with S ⪰ ΛI for a number Λ > 0. Let µS ∈ (0, 1] be a number and G ∈ Fk2

an event on which x⋆ ∈ T and
µSS ⪯ ∇2f(x) ⪯ 3

2S for all x ∈ B(R). Fix a radius h > 0, let k0 = max{7, 24/µS}, and after round k2 run, with
one round of Procedure 1 (one frame, radius h) per iteration,

xk+1 = ProjST
(
xk − µkS

−1ḡh(xk)
)
, k = 1, . . . , N1 +N2,

where ProjST is the projection onto T in the norm ∥y∥S = (y⊤Sy)1/2, µk = 8/(µS(k0 + 1)) for k ≤ N1 and

µN1+k = 8/(µS(k + k0)) for 1 ≤ k ≤ N2. Output x̂ = W−1
∑N2

k=1 wkxN1+k, where wk = k + k0 − 1 and
W =

∑
k wk. Then x̂ ∈ T , and if N2 ≥ k0,

E
[
(f(x̂)− f⋆)1G

]
≤ µSk

2
0

4N2
2

e−2N1/(k0+1)E
[
∥x1 − x⋆∥2S 1G

]
+

8b2h
µSΛ

+
48(b2h + ς2h)

µSΛN2
.

Proof. The centers lie in T and are measurable with respect to the past of their rounds, so x̂ ∈ T . Let
∆k = E[∥xk − x⋆∥2S 1G], Fk = E[(f(xk)− f⋆)1G], Vh = b2h + ς2h, and ∥y∥S−1 = (y⊤S−1y)1/2.

Step 1: two inequalities on G. As in the proof of Lemma F.2, on G and for x ∈ B(R) we have ∇f(x) = H̄(x− x⋆)

with H̄ =
∫ 1

0
∇2f(x⋆ + s(x− x⋆)) ds, now with µSS ⪯ H̄ ⪯ 3

2S. Hence H̄1/2S−1H̄1/2 ⪯ 3
2I, and

∥∇f(x)∥2S−1 ≤ 3
2 ⟨∇f(x), x− x⋆⟩ , ⟨∇f(x), x− x⋆⟩ ≥ f(x)− f⋆ + µS

2 ∥x− x
⋆∥2S .

Step 2: one step. Write ḡh(xk) = ∇f(xk) + bk + ζk as in (J.1). On G the projection is nonexpansive in ∥·∥S and
x⋆ ∈ T , so

∥xk+1 − x⋆∥2S ≤ ∥xk − x
⋆∥2S − 2µk ⟨ḡh(xk), xk − x⋆⟩+ µ2

k ∥ḡh(xk)∥2S−1 .

Multiply by 1G and take expectations. We use Step 1, (J.3), ∥y∥2S−1 ≤ ∥y∥2 /Λ, ∥ḡh∥2S−1 ≤ 2 ∥∇f∥2S−1 +

2 ∥bk + ζk∥2S−1 and

2µk ∥bk∥S−1 ∥xk − x⋆∥S ≤
µkµS

4
∥xk − x⋆∥2S +

4µk

µS
∥bk∥2S−1 .

All steps satisfy µk ≤ 8/(µS(k0 + 1)) ≤ 1/3, so the terms with ⟨∇f(xk), xk − x⋆⟩ ≥ 0 have total coefficient
−2µk + 3µ2

k ≤ −µk. This gives (F.2) with a = µS/4, c = 1, B = 4b2h/(µSΛ) and V = 2Vh/Λ, and the steps are
those of Lemma F.1(b), with aµ = 2/(k0 + 1) ≤ min{1, 2/k0}. That lemma and the convexity of f on T prove
the claim.

The method for 2 < β ≤ 4. Procedure 4 collects the two constructions. Let a′ = 3
4 + 1

2β be as in Lemma J.13,

ω = (1− a′)/4 and θ = Tω. With fresh values for every quotient, Lemma J.13 with moment parameter v uses
nH(v) = 2v(3d+ 4

(
d
2

)
) = 2vd(2d+ 1) oracle calls. The numbers Sd ≤ Cda

′
and, for β > 3, Fd ≤ Cdβ+1 are the

explicit moment bounds of Step 1 of the corresponding part of the proof of Lemma J.17; they depend only on d
and the known parameters.

Theorem J.17 (Quadratic-pilot upper bound, 2 < β ≤ 4). Let 2 < β ≤ 4, α,R,Lβ , σ > 0, and let the noise be
centered at level σ. There is C0, depending only on β, α,R, Lβ , σ, such that for every d ≥ 1 and every T ≥ C0d

2,
Procedure 4 uses at most T oracle calls, in 1 + 2Nit rounds for β ≤ 3 and in 1 + d+Nit rounds for β > 3, and
satisfies

E[f(x̂)− f⋆] ≤ CβΦT for every f ∈ Fsc(β, Lβ ;α,∞, R),

for the operator seminorm with τ = 0 and for the Hilbert–Schmidt seminorm with τ = τβ.

The algorithm does not use the events G of the proofs. For β > 3 every output lies in the trust set T , and (J.11)
below takes the place of the polynomial-value guard.

Proof for 2 < β ≤ 3. Here q = 2, m = 1, p = pβ , and v is the integer of Procedure 4, which depends only on β.
We follow the proof of Lemma J.11.

Step 1: the pilot. It uses n0 ≤ Cvd
2 oracle calls in one round. By Lemma B.2(a), |f(x)− T2f(0;x)| ≤ Lβ ∥x∥β /2,

so the mean of (Y (ei)− Y (−ei))/2 is within Lβ/2 of ∂if(0), and its error has conditional variance at most σ2/2.
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Procedure 4 Quadratic startup without a Hessian bound, 2 < β ≤ 4

Require: d, β, α, Lβ , R, σ, T , with the onset of Lemma J.17; the stencil of Procedure 1
1: if 2 < β ≤ 3 then
2: Choose an integer v ≥ 2 with ω(v − 1) ≥ a′/2 + pβ + 2

3: In one round form Ĥ by Lemma J.13 with parameter v, the median ĉ of 2v − 1 values at zero, and, for
each i, the median ĝi of 2v − 1 fresh differences (Y (ei)− Y (−ei))/2

4: P (x)← ĉ+ ⟨ĝ, x⟩+ x⊤Ĥx/2, n0 ← nH(v) + (2v − 1)(2d+ 1), Λ← Sdθ, Υ← Sdθ
5: Nit ← ⌊(T − n0)/(4md)⌋, N1 ← ⌊Nit/2⌋, N2 ← Nit −N1, h← (d1+τσ2/(L2

βN2))1/(2β)

6: Run Lemma J.10 from zero with this P,Λ, h,N1, N2; return its averaged output after the guard of
Lemma J.8 at level Υ

7: else
8: Choose an integer v ≥ 2 with ω(v − 1) ≥ (β + 1)/2 + pβ + 2

9: In one round form Ĥ by Lemma J.13 with parameter 2v; raise every eigenvalue below α to α, obtaining A
with ordered eigenbasis (oi)

10: Run the d updates of Lemma J.15 from zero. In update t, estimate coordinate i by the median of 2v − 1
fresh directional stencils (C.4) at xt, with direction oi and radius 1; query all coordinates in one round

11: u← ProjAB(R) xd, n0 ← nH(2v) + 2m(2v − 1)d2, Λ0 ← Sdθ, Ktr ← Fdθ

12: T ← {x ∈ B(R) : ∥x− u∥2A ≤ Ktr}, Λ← α+ 3LβR
β−2 + Λ0, S← A+ ΛI, µS ← α/(4Λ)

13: Nit ← ⌊(T − n0)/(2md)⌋, N1 ← ⌊Nit/2⌋, N2 ← Nit −N1, h← (d1+τσ2/(L2
βN2))1/(2β)

14: return the weighted average of Lemma J.16, run from x1 = u on T with S, µS, h,N1, N2

15: end if

By Lemma J.3 and Minkowski’s inequality, ∥ĉ− f(0)∥L2v ≤ Cσ and ∥∥ĝ −∇f(0)∥∥Lv ≤
√
d(Lβ/2 + Cσ). On

B(R),

|f − P | ≤ LβR
β

2
+ |ĉ− f(0)|+R ∥ĝ −∇f(0)∥+

R2

2

∥∥∥Ĥ −H0

∥∥∥
op
,

∥∥∇2(f − P )
∥∥
op
≤ LβR

β−2 +
∥∥∥Ĥ −H0

∥∥∥
op
.

With Lemma J.13 and
√
d ≤ da′

, Minkowski’s inequality gives an explicit number Sd ≤ Cda
′

such that

Z = S−1
d max

{
1, sup

B(R)

|f − P | , sup
B(R)

∥∥∇2(f − P )
∥∥
op

}
satisfies EZv ≤ 1.

Step 2: the event G = {Z ≤ θ}. It is determined by the pilot round, and on G the residual satisfies∥∥∇2(f − P )
∥∥
op
≤ Sdθ = Λ and |f − P | ≤ Sdθ = Υ on B(R). As in Steps 1 and 2 of the proof of Lemma J.11,

after increasing C0 the oracle calls are at most T , Nit ≥ T/(16md), N2 ≥ T/(32md), and (J.8) holds. Now
k0 + 1 ≤ Cda′

Tω and d ≤
√
T , so

Nit

k0 + 1
≥ c T

1−ω

d1+a′ ≥ c T 1−ω− 1+a′
2 = c Tω,

because 1−a′

2 = 2ω. As in Step 3 there, E[(f(x̂)− f⋆)1G] ≤ αR2

8 e−cTω

+ C1(32m)pΦT .

Step 3: the complement. On Gc the guard gives f(x̂)− f⋆ ≤ 2Sdθ + 2SdZ ≤ 4SdZ. Since Z1{Z > θ} ≤ Zvθ1−v,

E
[
(f(x̂)− f⋆)1Gc

]
≤ 4Sdθ

1−v ≤ CT a′/2−ω(v−1) ≤ CT−p−2.

Both remainders are absorbed into ΦT as in Step 5 of the proof of Lemma J.11.

Proof for 3 < β ≤ 4. Here q = 3, m = 2, p = pβ , κ, υ, c̄ are as in Lemma J.14, and v is the integer of Procedure 4.
A preliminary stage estimates H0 and a point u near x⋆; Lemma J.16 then runs on a trust set around u, in a
metric calibrated by the estimate of H0.

Step 1: the preliminary stage. Lemma J.13 with 2v in place of v gives Ĥ in one round. By Weyl’s inequality

the smallest eigenvalue of Ĥ is at least α−
∥∥∥Ĥ −H0

∥∥∥
op

, so
∥∥∥A− Ĥ∥∥∥

op
≤
∥∥∥Ĥ −H0

∥∥∥
op

and EA ≤ 2
∥∥∥Ĥ −H0

∥∥∥
op

;

the eigenvectors are chosen by Lemma J.2. In the updates of Lemma J.15, each value of the stencil (C.4) with
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h = 1 in the direction oi has mean within c0Lβ of ⟨∇f(xt), oi⟩ (Lemma C.1, with c0 from (C.3)), and its error
has conditional second moment at most S2σ

2/2 (Lemma J.3(c)). By Lemma J.3(a) and Minkowski’s inequality,

E[∥ζt∥2v | F ]1/(2v) ≤ C
√
d given the past F of the round. The stage uses n0 ≤ 16vd2 + 2m(2v − 1)d2 oracle calls

in 1 + d rounds. Since Ξ2
d ≤ Cdκ and d3Ξ2

d ≤ Cdβ+1, Lemmas J.13 and J.15 and Minkowski’s inequality give
explicit numbers Sd and Fd with

∥EA∥L2v ≤ Sd ≤ Cda
′
, ∥WA∥Lv ≤ Fd ≤ Cdβ+1, WA = ∥u− x⋆∥2A . (J.10)

Step 2: the trust set. Let Λ0 = Sdθ, Ktr = Fdθ and T = {x ∈ B(R) : ∥x− u∥2A ≤ Ktr}, a nonempty compact
convex set. On the event G = {EA ≤ Λ0, WA ≤ Ktr} we have x⋆ ∈ T . Let CR be the number Cϱ of Lemma J.14(b)
at ϱ = R, and ∥y∥H0

= (y⊤H0y)1/2. For every x ∈ T and on every realization, Lemma J.14(b), H0 ⪯ A+EAI

and ∥x− x⋆∥2A ≤ 2Ktr + 2WA give

f(x)− f⋆ ≤ CR

2
∥x− x⋆∥2H0

≤ CR

(
Ktr +WA + 2R2EA

)
. (J.11)

By (J.10) and Markov’s inequality, P(Gc) ≤ θ−2v + θ−v ≤ 2θ−v. Hölder’s inequality and (J.11) then give
E[(f(x)− f⋆)1Gc ] ≤ CFdθ

1−v for every T -valued random point x.

Step 3: the calibrated metric. Let Λ = α+ c̄+ Λ0, S = A+ ΛI and µS = α/(4Λ) ≤ 1
4 . On G, Lemma J.14(c) and

A− Λ0I ⪯ H0 ⪯ A+ Λ0I give, for x ∈ B(R), ∇2f(x) ⪯ 3
2A+ ( 32Λ0 + c̄)I ⪯ 3

2S and ∇2f(x) ⪰ 1
2A− ( 12Λ0 + c̄)I.

The convex combination of the last bound and ∇2f ⪰ αI with weights λ = α/(2Λ) and 1− λ gives

∇2f(x) ⪰ λ

2
A+

(
(1− λ)α− λ( 1

2Λ0 + c̄)
)
I ⪰ µSS,

because λ/2 = µS and (1− λ)α− λ( 1
2Λ0 + c̄) ≥ α− λΛ = α

2 ≥ µSΛ.

Step 4: optimization. After increasing C0, n0 ≤ T/2, Nit ≥ T/(8md) and N2 ≥ T/(16md), so the choice of h gives,
as in Step 2 of the proof of Lemma J.11, b2h + ς2h/N2 ≤ (C2

b + Cf + Cσ)(16m)pαΦT . Since µSΛ = α/4, the last

two terms of Lemma J.16 are at most C2ΦT , where C2 depends only on β. Here k0 = max{7, 96Λ/α} ≤ Cda′
Tω

and d ≤
√
T , so Nit/(k0 + 1) ≥ cTω as for β ≤ 3, and N2 ≥ k0 after increasing C0. On G, ∥u− x⋆∥2S =

WA + Λ ∥u− x⋆∥2 ≤ Fdθ + 4ΛR2, so the first term of Lemma J.16 is a power of T times e−cTω

.

Step 5: conclusion. The output lies in T , so by Step 2 and d ≤
√
T the contribution of Gc is at most

CFdθ
1−v ≤ CT (β+1)/2−ω(v−1) ≤ CT−p−2. Both remainders are absorbed into ΦT after increasing C0, as in the

proof of Lemma J.11. The preliminary stage uses only [f ]β,op ≤ Lβ .

J.6 The minimax rate

Proof of Theorem 3. Upper bound. For 2 < β ≤ 4 it is Lemma J.17, and for β > 4 it is Lemma J.11. Both
methods use at most CβT/d rounds (Lemma J.19).

Lower bound. Apply Theorem 1(b) with L = 3α and M = 0. Its proof (Section E.4) gives cβ > 0 and C ′
0,

depending only on β, α,R,Lβ , σ, such that every algorithm with T ≥ C ′
0d

2 oracle calls, in any number of rounds,
has worst-case error at least cβΦT over the functions with αI ⪯ ∇2f ⪯ 3αI, [f ]β ≤ Lβ and minimizer in B(R),
under independent N(0, σ2) errors. These functions belong to Fsc(β, Lβ ;α,∞, R), and these errors are centered
noise. Taking C0 ≥ C ′

0 in Lemmas J.11 and J.17, and since dq ≥ d2, both bounds hold under the stated budget
condition.

Logarithmically many rounds. This is Lemma K.2; the size of its pilot is estimated after its proof.

J.7 Remarks

Remark J.18 (Computation). The methods of this appendix use exact minimizers of known functions over balls,
and the oracle model does not charge this computation. The maximum-volume design depends only on d, q, R and
is computed once; any design with the conclusion of Lemma J.4 can replace it. For β > 4 the guard needs a global
minimizer of a polynomial of degree q ≥ 4 over a ball, which is a nonconvex problem. On the event where the
analysis takes place, the objective of the first line of (J.7) has Hessian at least (α+ Λ)I on the ball; off that event



Timofei Loginov, Darina Dvinskikh, Nazarii Tupitsa, Osman Osmanov, Yuriy Dorn, Alexander Gasnikov

an exact global minimizer is still used. For 2 < β ≤ 3 the polynomial P is quadratic, and both minimizations
are trust-region subproblems. For 3 < β ≤ 4 the method uses eigendecompositions and projections onto B(R)
and onto the intersection of B(R) with an ellipsoid, in the norms ∥·∥A and ∥·∥S of Lemmas J.15 and J.16, and
minimizes no polynomial of degree three.

Remark J.19 (Rounds). The pilots for β > 4 and for 2 < β ≤ 3 are single rounds, because their query points are
fixed in advance; for 3 < β ≤ 4 the preliminary stage uses 1 + d rounds. The method of Lemma J.10 uses two
rounds of 2md oracle calls per iteration, and that of Lemma J.16 one. Hence the number of rounds is of order
T/(md): apart from the 2md oracle calls of one stencil, the methods are sequential.

Remark J.20 (Oblivious noise). The stencil tolerates oblivious noise (Lemma D.3), but the analysis of the
one-round pilots does not. Condition (O) bounds the second moment of an oblivious error only given Fk−1, so
the oblivious errors at all nodes of the pilot round may equal ±W for one random variable W with EW 2 = σ2.
The medians of block means then have only the tail of W , Lemma J.3(a) does not apply, and the event {E0 > θ}
is no longer negligible in the proof of Lemma J.11. A bias of order σ alone would be harmless, since the proofs
use only E0 ≤ θ. Lemma J.12 uses the centering both in its bias bound and in its martingale part. We therefore
treat centered noise only.

K LOGARITHMIC-ROUND POLYNOMIAL CORRECTION

The methods of Section J have a small polynomial startup, but their optimization steps are sequential. Here
a more accurate pilot, whose residual has curvature bounded independently of d, allows epochs with doubling
numbers of frames: the statistical rate is the same, the number of rounds is logarithmic, and the startup is
larger. All startup calls are counted in the budget. We also treat convex objectives without a Hessian bound
(Section K.3).

The notation is that of Section J.1, K = Kq, and Lβ , σ, R > 0. In Sections K.1 to K.3 the noise is centered at
level σ (Lemma J.1).

K.1 A pilot with dimension-free residual curvature

Let Γ0 =
√

2K and Cpol
q be as in Lemmas J.5 and J.6, and define

Hq = Cpol
q (2R̄)q, a = min

{
1,

(
q!

2LβΓ0Hq

)1/γ
}
, θ =

aq

2Γ0Hq
, ℓ = max{1, ⌈16σ2/θ2⌉}. (K.1)

The pilot is that of Section J.3 with design radius s = a, this ℓ and an odd r ≥ 3. Let P be its fit, E0 the largest
absolute error of its medians, G = {E0 ≤ θ}, and, with ϱ0, ϱ2 as in Section J.3,

U = ϱ0 + 1, Λ = ϱ2 +
q4

R̄2
. (K.2)

Unlike Υθ and Λθ in Section J.3, U and Λ do not depend on d.

Lemma K.1 (A rescaled polynomial pilot). For every f ∈ Cq(Rd) with [f ]β,op ≤ Lβ, this pilot uses Qpil = 2Krℓ
calls in one round. On G,

sup
B(R)

|f − P | ≤ U, sup
B(R)

∥∇2(f − P )∥op ≤ Λ.

If f also has a global minimizer in B(R), then for every candidate in B(R) the output x̂ of the guard of Lemma J.8,
with level U , satisfies E[(f(x̂)− f⋆)1Gc ] ≤ 4UK2−r.

Proof. Let t = Tqf(0; ·). By Lemma J.7 with s = a, supB(a) |P − t| ≤ Γ0(Lβa
β/q! + E0). Since a ≤ 1 ≤ 2R̄,

Lemma J.5(b) with ρ = 2R̄ multiplies this bound by Hqa
−q, and (K.1) gives Hqa

−qΓ0Lβa
β/q! = HqΓ0Lβa

γ/q! ≤ 1
2

and Hqa
−qΓ0 = 1/(2θ). Hence, on every realization,

sup
B(2R̄)

|P − t| ≤ 1

2
+
E0

2θ
. (K.3)

On G this is at most one. On B(R), Lemma B.2(a),(c) give |f− t| ≤ ϱ0 and ∥∇2(f− t)∥op ≤ ϱ2, and Lemma J.5(a)
with ρ = R̄ gives ∥∇2(P − t)∥op ≤ q4/R̄2 on G. This proves the bounds on G.
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Procedure 5 Polynomial pilot and batched residual correction

Require: T, d, β, Lβ , R, σ (also α in the strongly convex case); the pilot, guard level U , starting point and
schedule (nj , Bj , hj , µj,k, ωj,k) of Lemma K.2 or Lemma K.3

1: In one round acquire all Qpil pilot values and fit P
2: Select xP ∈ arg minB(R) P ; set z(0) = xP (Lemma K.2) or z(0) = 0 (Lemma K.3)
3: for j = 1, . . . , J do
4: z1 ← z(j−1)

5: for k = 1, . . . , nj do
6: v̂z ← ḡhj ,Bj

(zk)−∇P (zk) from a fresh stencil block

7: yk ← arg minx∈B(R){P (x) + ⟨v̂z, x⟩+ ∥x− zk∥2 /(2µj,k)}
8: v̂y ← ḡhj ,Bj

(yk)−∇P (yk) from a fresh stencil block
9: zk+1 ← ProjB(R)(yk − µj,k(v̂y − v̂z))

10: z(j) ←
∑nj

k=1 ωj,kyk/
∑nj

k=1 ωj,k

11: return z(J) if P (z(J)) ≤ P (xP ) + 2U , and xP otherwise

By (J.6) with 2K nodes and σ2/ℓ ≤ θ2/16, E[E01Gc ] ≤ Kθ2−r. By Lemma J.8 and (K.3), f(x̂) − f⋆ ≤
4ϱ0 + 3 + E0/θ on every realization, which is at most 4UE0/θ on Gc.

K.2 A statistical rate in logarithmically many rounds

Procedure 5 runs a pilot and then J epochs of the corrected method (J.7). Epoch j makes nj iterations with Bj

frames per stencil, radius hj , steps µj,k and averaging weights ωj,k, and starts from the output of the previous

epoch. The algorithm uses Qpil+4md
∑J

j=1 njBj calls in 1+2
∑J

j=1 nj rounds: in each iteration the second center
depends on the first stencil, while the Bj frames of one stencil are queried together. Polynomial minimization
and the guard need no calls.

Theorem K.2 (Logarithmically many rounds). Let β > 2, α,Lβ , σ, R > 0, and let f ∈ Fsc(β, Lβ ;α,∞, R)
with centered noise at level σ. Run Procedure 5 with the pilot of Section K.1, where r is the smallest odd
integer r ≥ 3 with 4UK2−r ≤ ΦT , with Qpil = 2Krℓ, the guard level U , the starting point z(0) = xP , and, for
k0 = max{7, 16Λ/α} and n = ⌈2k0⌉,

nj = n, Bj = 2j−1, hj =

(
d1+τσ2

L2
βnBj

)1/(2β)

, µj,k =
8

α(k + k0)
, ωj,k = k + k0 − 1,

for the epochs j = 1, . . . , J , where

J =

⌊
log2

(
1 +

T −Qpil

4mdn

)⌋
. (K.4)

If

Qpil ≤ T/2, T −Qpil ≥ 4mdn, 2U16−J ≤ ΦT , (K.5)

then the algorithm uses at most T calls in exactly 1+2nJ rounds, which is at most a constant multiple of 1+log T ,
with the constant depending only on β, α, Lβ , R, and its output satisfies

E[f(x̂)− f⋆] ≤ CβΦT .

Proof. The epochs use 4mdn(2J − 1) ≤ T − Qpil calls, and n depends only on β, α, Lβ , R. Write p = pβ and
Aj = E[(f(z(j))− f⋆)1G]. On G, |f − P | ≤ U on B(R) (Lemma K.1), so A0 ≤ 2U .

Consider epoch j. Its starting point z(j−1) ∈ B(R) is measurable with respect to the earlier rounds, and all its
steps are at most 8/(α(k0 + 1)). Hence Lemma J.9, with Bj frames, gives (F.2) with a = α/4, c = 2, B = 2b2hj

/α

and V = 8Vj , where Vj = b2hj
+ ς2hj

/Bj . Lemma F.1(a) with N = n and the convexity of f give

Aj ≤
αk20
8n2

E[∥z(j−1) − x⋆∥21G] +
b2hj

α
+

64Vj
αn

. (K.6)
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Strong convexity and n ≥ 2k0 bound the first term by Aj−1/16. For Qj = 4mdnBj , the radius hj gives

L2
βd

−τh2β−2
j =

dσ2

nBjh2j
= (4m)pαΦQj

,

so Aj ≤ Aj−1/16 +CβΦQj . Since ΦQj−1 = 2pΦQj and 2p/16 ≤ 1/8, induction gives AJ ≤ 2U16−J +CβΦQJ
with

a new Cβ . Maximality of J gives QJ > (T −Qpil)/4 ≥ T/8, so (K.5) yields AJ ≤ CβΦT . On G the guard does
not increase the value (Lemma J.8), and on Gc Lemma K.1 and the choice of r bound its contribution by ΦT .

Size of the pilot. For fixed β, α, Lβ , σ, R and sufficiently large K, the quantities a, θ and ℓ in (K.1) are bounded
above and below by positive multiples of K−1/(2γ), K−(q/γ+1)/2 and Kq/γ+1, respectively; these multiples depend
only on the fixed parameters. Since ΦT ≥ cT−pβ , there is also such a constant C for which r ≤ C(1+log(2+d+T )).
Consequently,

Qpil ≤ CK 2+q/γ
(
1 + log(2 + d+ T )

)
.

For integer β, the right-hand side is at most another such constant times dβ
2−1(1 + log(2 + d+ T )), and the onset

conditions (K.5) hold once T exceeds a polynomial in d, up to logarithmic factors. This startup is much larger
than those of Lemmas J.11 and J.17. The leading constant Cβ depends only on β; the startup and the number of
rounds also depend on α,Lβ , σ, R.

K.3 A polynomial-pilot method for convex objectives

Let f ∈ Cq(Rd) be convex with [f ]β ≤ Lβ and a global minimizer x⋆ ∈ B(R); strong convexity is not assumed.
We use the pilot of Section J.3 on B(2R̄) with tolerance 1, ℓ = max{1, ⌈16σ2⌉} and an odd r ≥ 3, so that
Qpil = 2Krℓ. Let U1 = Υ1 and Λ1 be the numbers (J.4) with θ = 1, and

Apil = 2U1 + 2ϱ0 + 2Γ0ϱ0 + 2Γ0.

Theorem K.3 (Polynomial-pilot upper bound for convex objectives). Under the assumptions just stated, let
N ≥ 1 and

h =

(
d1+τσ2

L2
βN

)1/(2β)

, Vh = b2h + ς2h, µ = min

{
1

2Λ1
,

R√
8NVh

}
,

with bh, ςh from (J.2). Run Procedure 5 with this pilot, the guard level U1, the starting point z(0) = 0 and one
epoch (J = 1) with n1 = N , B1 = 1, h1 = h, µ1,k = µ and ω1,k = 1. The output satisfies

E[f(x̂)− f⋆] ≤ Cβ

{
Λ1R

2

N
+RL

1/β
β σ(β−1)/βd(β−1−τ)/(2β)N−(β−1)/(2β)

}
+ApilK2−r. (K.7)

The algorithm uses Qpil + 4mdN calls in 1 + 2N rounds.

Proof. Let G = {E0 ≤ 1}, ∆k = E[∥zk − x⋆∥21G] and Fk = E[(f(yk)− f⋆)1G]. On G the residual Hessian is at
most Λ1 on B(R) (Lemma J.7) and µΛ1 ≤ 1/2, so Lemma J.9 with α = 0 gives ∆k+1 ≤ ∆k−2µFk+4µRbh+8µ2Vh.
Summing over k ≤ N , and using ∆1 ≤ R2 and convexity, we obtain for the average ȳ = z(1) of the yk

E[(f(ȳ)− f⋆)1G] ≤ R2

2µN
+ 2Rbh + 4µVh ≤

Λ1R
2

N
+ 2
√

2R
√
Vh/N + 2Rbh.

The radius gives X := L2
βd

−τh2β−2 = dσ2/(Nh2), hence b2h = C2
bX, Vh/N ≤ (C2

b + Cf + Cσ)X and
√
X =

L
1/β
β σ(β−1)/βd(β−1−τ)/(2β)N−(β−1)/(2β). On G the guard does not increase the objective. On Gc, Lemma J.8 and

(J.5) bound its gap by ApilE0, and (J.6) gives E[E01Gc ] ≤ K2−r.

With the whole budget, let

ST = RL
1/β
β σ(β−1)/βd 1−(2+τ)/(2β)T−(β−1)/(2β),

let r be the smallest odd integer r ≥ 3 with ApilK2−r ≤ ST , and N = ⌊(T − Qpil)/(4md)⌋. If Qpil ≤ T/2,
T ≥ 16md and Λ1R

2d/T ≤ ST , then T/4 ≤ 4mdN ≤ T − Qpil, and (K.7) gives E[f(x̂) − f⋆] ≤ CβST with at
most T calls.
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Ellipsoidal norms. Let Σ be a known invertible matrix and ∥x∥Σ = ∥Σx∥. Lemmas K.2 and K.3 apply to

f̃(z) = f(Σ−1z), with each query z made at Σ−1z. Function values and their errors are unchanged, so these
results hold, with the same calls, rounds and noise levels, when strong convexity, the localization of x⋆, the Hölder
seminorms ([f ]β,op,Σ = [f̃ ]β,op and [f ]β,HS,Σ = [f̃ ]β,HS) and the Lipschitz constant of η are measured in ∥ · ∥Σ and
its dual norm. No factor depending on the condition number of Σ appears.

L CONVEX OBJECTIVES: UPPER BOUNDS

This appendix proves the upper bounds of Section 6 for minimization over a compact convex set Q, where the
minimizer may lie on the boundary with a nonzero gradient; the class Fcvx(β, Lβ ;L,R) is the case Q = B(R)
(Lemma L.1). The gradient-scale bound, Lemma L.6, rests on projected methods with a bounded bias (Sections L.1
and L.2). The value-scale bound, Lemma L.9, rests on descent on the ball average of f (Section L.3). Section L.4
simplifies their constants. Section L.5 proves the upper bound of Lemma L.10, whose lower bound is proved in
Section M, and Section L.6 gives the achievable level of Lipschitz noise.

Setting. For a nonempty closed convex set K ⊂ Rd, ProjK is the Euclidean projection onto K, and for r ≥ 0

Kr = K + rB(1) = {x ∈ Rd : dist(x,K) ≤ r};

this set is closed and convex, and Kr + sB(1) = Kr+s for r, s ≥ 0. The random vector W is uniform on B(1) and
U is uniform on Sd−1. For a function g defined near x+ hB(1) we write gh(x) = Eg(x+ hW ). With γ = β − q as
in Section 2, we put cγ = 1/((1 + γ)(2 + γ)) ≤ 1/2. Rounds and noise obey Definition 1.

Definition L.1 (Constrained problems). Let Q ⊂ Rd be nonempty, closed and convex with diameter D =
supx,y∈Q ∥x− y∥ ∈ (0,∞); thus Q is compact. For a closed convex set K ⊂ Rd, let FK

cvx(β, Lβ ;L) be the set of
real functions f that are defined and q times continuously differentiable on an open set containing K and satisfy

0 ⪯ ∇2f(x) ⪯ LI (x ∈ K), ∥Dqf(x)−Dqf(y)∥ ≤ Lβ ∥x− y∥γ (x, y ∈ K),

where the norm of Dqf(x) −Dqf(y) is ∥·∥op (τ = 0) or ∥·∥HS (τ = τβ). A constrained problem consists of Q,
a starting point x0 ∈ Q, a number R ∈ (0, D] and an objective f with a minimizer u ∈ arg minQ f such that
∥x0 − u∥ ≤ R. Each result below states the smoothness of f near Q that it uses. A method knows Q through
ProjQ, and it knows x0, R, D and the parameters of the class. All its queries lie in Qh, where h is the radius of
its stencil, and it outputs a point x̂ ∈ Q; its error is E[f(x̂)−minQ f ].

By integration along segments, the Hessian inequalities imply that f is convex with an L-Lipschitz gradient on
every convex set on which they hold. If the projection onto Q ∩B(x0, R) is available, Q may be replaced by this
intersection and D by its diameter, which is at most min{D, 2R}.

Known parameters. The methods of this appendix know ProjQ, x0, β, L, R, D, σ, d, the target accuracy ε
and the constants of Lemma D.3 (explicit for m = 1). They know Lβ , except for the method of Lemma L.9(b).
They do not use M , δ, f or η; the numbers M̄ below are design values. We assume L > 0 and Lβ > 0: an affine
objective satisfies the assumptions with every L > 0, and if Lβ = 0, every statement holds with any L′

β > 0 in
place of Lβ . The case σ = 0 is included; the terms containing σ then vanish.

The estimate. The next lemma is Lemma D.3 for an objective that is smooth only near the set that contains
the centers.

Lemma L.2 (The estimate near a set). Let K ⊂ Rd be nonempty, closed and convex, let h > 0, and put ϑ = 2
if the Hölder bound is measured in the Hilbert–Schmidt norm and q is even, and ϑ = 1 otherwise. Let f be q
times continuously differentiable on an open set containing Kϑh, with ∥Dqf(x)−Dqf(y)∥ ≤ Lβ ∥x− y∥γ for
all x, y ∈ Kϑh, and let the noise be admissible at levels (M,σ, δ). Consider round k of Procedure 1 with B ≥ 1
frames, the deterministic radius h and an Fk−1-measurable center z with values in K. Then all queries of the
round lie in Kh, and the conclusions (i)–(iv) of Lemma D.3 hold. In particular

ḡ = ∇f(z) + b(z) + ζ + ∆, (L.1)

where b(z) is Fk−1-measurable, ζ + ∆ is Fk-measurable, E[ζ | Fk−1] = 0,

∥b(z)∥ ≤ CbLβd
−τ/2hβ−1 +A1M, ∥∆∥ ≤

√
dS1δ

h
almost surely,
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and

E
[
∥ζ∥2

∣∣ Fk−1

]
≤ 1

B

(
CfL

2
βd

−τh2β−2 + CηM
2 + Cσ

dσ2

h2

)
. (L.2)

The bound (L.2) also holds for d = 1.

Proof. All queries lie in Kh. The Taylor, Pizzetti and Poincaré arguments in Section C use only the ball
z + hB(1), except for the Hilbert–Schmidt bias with even q: its additional difference of radius h′ = hd−1/4 uses
z + (h+ h′)B(1) ⊆ K2h. So the stated neighborhood contains every point used by those proofs. The surrogate
gradient is continuous on K by dominated convergence on compact subsets, so its value at the predictable center
is measurable. The noise part of the proof of Lemma D.3 is unchanged, and its stronger d = 1 variance bound
implies (L.2).

For m = 1, that is, for β ∈ (2, 3], the stencil is the central difference: t1 = a1 = 1, and Shf = fh, Shη = ηh in
(C.5). Hence

∇f(z) + b(z) = ∇fh(z) +∇ηh(z), ∥∇ηh(z)∥ ≤M, (L.3)

and S1 = S2 = A1 = 1, Cη = 4 and Cσ = (1 + 2−1/2)2. In the operator geometry also Cb = c1 = 1 and
Cf = 4c21 = 4 (Section D and (C.3)).

L.1 Projected methods with a bounded bias

In this subsection Q is as in Lemma L.1, and φ is differentiable on an open set containing Q, convex on Q, with
∥∇φ(x)−∇φ(y)∥ ≤ L ∥x− y∥ for x, y ∈ Q. Let (Fk)k≥0 be a filtration; in the applications it is the filtration of
Definition 1, and step k is round k. In step k an Fk−1-measurable point z ∈ Q, the center, is submitted to an
oracle, which returns an Fk-measurable vector

gk = ∇φ(z) + bk + ζk, ∥bk∥ ≤ b a.s., E[ζk | Fk−1] = 0, E[∥ζk∥2 | Fk−1] ≤ v2B . (L.4)

In the applications bk contains the adversarial part of the estimate, which may depend on ζk; so bk and ζk are
not assumed to be Fk-measurable. The comparator u ∈ Q is an arbitrary fixed point. In the applications it
minimizes f on Q, possibly at a boundary point with ∇f(u) ̸= 0, and in Lemma L.9 it need not minimize φ = fh.
For x, y ∈ Q the segment [x, y] lies in Q, so integration of ∇φ along it and convexity give

φ(y) ≤ φ(x) + ⟨∇φ(x), y − x⟩+
L

2
∥y − x∥2 , φ(y) ≥ φ(x) + ⟨∇φ(x), y − x⟩ . (L.5)

Lemma L.3 (Projected stochastic gradient). Let z1 = x0 ∈ Q and 0 < ν ≤ 1/(2L). For k = 1, . . . , N submit the

center zk, and let zk+1 = ProjQ(zk − νgk). Let z̄N = 1
N

∑N+1
k=2 zk. For every u ∈ Q,

E[φ(z̄N )− φ(u)] ≤ ∥x0 − u∥
2

2νN
+ νv2B +Db. (L.6)

In particular, let ∥x0 − u∥ ≤ R, v̄B ≥ vB and ν = min{1/(2L), R/(v̄B
√

2N)}, with ν = 1/(2L) if v̄B = 0. Then

E[φ(z̄N )− φ(u)] ≤ LR2

N
+

√
2Rv̄B√
N

+Db. (L.7)

Proof. This is the standard analysis of projected stochastic gradient descent for smooth objectives, with the bias
kept. By induction, zk ∈ Q is Fk−1-measurable. Fix k. The projection inequality ⟨zk − νgk − zk+1, u− zk+1⟩ ≤ 0
gives

ν ⟨gk, zk+1 − u⟩ ≤
1

2

(
∥zk − u∥2 − ∥zk+1 − u∥2 − ∥zk+1 − zk∥2

)
. (L.8)

By (L.5) for the pairs (zk, zk+1) and (zk, u), φ(zk+1) − φ(u) ≤ ⟨∇φ(zk), zk+1 − u⟩ + L
2 ∥zk+1 − zk∥2. Write

∇φ(zk) = gk − bk − ζk, bound ⟨gk, zk+1 − u⟩ by (L.8), −⟨bk, zk+1 − u⟩ by bD, and −⟨ζk, zk+1 − zk⟩ by ν ∥ζk∥2 +

∥zk+1 − zk∥2 /(4ν). Since ν ≤ 1/(2L), the terms with ∥zk+1 − zk∥2 have a nonpositive total coefficient, and

φ(zk+1)− φ(u) ≤ ∥zk − u∥
2 − ∥zk+1 − u∥2

2ν
+ ν ∥ζk∥2 + bD − ⟨ζk, zk − u⟩ . (L.9)



Minimax Oracle Call Complexity, Rounds and Admissible Noise in Zeroth-Order Optimization

The last term has mean zero, because zk − u is bounded and Fk−1-measurable. Summing over k = 1, . . . , N ,
taking expectations and using the convexity of φ on Q proves (L.6). For the tuned step, 1/ν ≤ 2L+ v̄B

√
2N/R

gives R2/(2νN) ≤ LR2/N +Rv̄B/
√

2N , and νv̄2B ≤ Rv̄B/
√

2N .

The accelerated method below is a variant of the AC-SA method of Lan (2012) for convex objectives, run with a
biased oracle.

Lemma L.4 (Accelerated projected method). Let Γ0 = 0, Γk = k(k+ 1)/2 and ρk = k/Γk = 2/(k+ 1) for k ≥ 1.
Let v0 = x0 ∈ Q and 0 < ν0 ≤ 1/(4L). For k = 1, . . . , N submit the center zk, where

zk = (1− ρk)xk−1 + ρkvk−1, vk = ProjQ(vk−1 − ν0k gk), xk = (1− ρk)xk−1 + ρkvk.

Then for every u ∈ Q,

E[φ(xN )− φ(u)] ≤ ∥x0 − u∥2

ν0N(N + 1)
+

(2N + 1) ν0v
2
B

3
+Db. (L.10)

In particular, let ∥x0 − u∥ ≤ R, v̄B ≥ vB and ν0 = min{1/(4L), R/(v̄BN
3/2)}, with ν0 = 1/(4L) if v̄B = 0. Then

E[φ(xN )− φ(u)] ≤ 4LR2

N2
+

2Rv̄B√
N

+Db. (L.11)

Proof. All iterates lie in Q, and zk, vk−1, xk−1 are Fk−1-measurable. Write νk = ν0k. Smoothness, convexity, and
xk − zk = ρk(vk − vk−1) give

φ(xk)− φ(u) ≤ (1− ρk)(φ(xk−1)− φ(u)) + ρk ⟨∇φ(zk), vk − u⟩+ 1
2Lρ

2
k ∥vk − vk−1∥2 .

Split the oracle error as in the proof of Lemma L.3: apply the projection inequality to ⟨gk, vk − u⟩, bound

the bias term by bD, and use −⟨ζk, vk − vk−1⟩ ≤ νk ∥ζk∥2 + ∥vk − vk−1∥2 /(4νk). The remaining coefficient of

∥vk − vk−1∥2 is nonpositive because 2Lρkνk ≤ 1. Multiplication by Γk yields

Γk(φ(xk)− φ(u)) ≤ Γk−1(φ(xk−1)− φ(u)) +
∥vk−1 − u∥2 − ∥vk − u∥2

2ν0

+ ν0k
2 ∥ζk∥2 + kbD − k ⟨ζk, vk−1 − u⟩ .

The last term has mean zero. Summing, dropping the final nonpositive distance, and using
∑
k2 = N(N +

1)(2N + 1)/6 proves (L.10). Finally 1/ν0 ≤ 4L + v̄BN
3/2/R, (2N + 1)/3 ≤ N , and Nν0v

2
B ≤ Rv̄B/

√
N give

(L.11).

Remark L.5 (The bias does not accumulate). In Lemma L.4 the quadratic upper model uses the exact gradient
∇φ(zk), and the bias enters only through ρk ⟨bk, u− vk⟩ ≤ ρkbD, because vk is projected onto the bounded set
Q. So the accelerated method pays the same bias term Db as the plain method; for an unbounded feasible set the
argument gives no bound. Treated as an inexact oracle in the sense of Devolder et al. (2014), a gradient error of
norm b on a set of diameter D has accuracy of order bD, and the fast gradient method accumulates it into a
term of order NDb. A bound of the same form as (L.10), with noise weighted by k/ΓN and multiplied by the
diameter, is Proposition 3.5 of Cohen et al. (2018).

L.2 The stencil as a biased gradient

The next corollary uses only Lemma L.2 and the lemmas above. Its accelerated form is Procedure 6, which with
m = 1 is also the method of Lemma L.9(d).

Corollary L.6 (Direct projected methods). Let Q, x0, R and D be as in Lemma L.1, let ε > 0, and put

h = (4Cb)−
1

β−1

(ε dτ/2
LβD

) 1
β−1

, M̄ =
ε

8A1D
, v̄2h = CfL

2
βd

−τh2β−2 + CηM̄
2 + Cσ

dσ2

h2
.

Let ϑ be as in Lemma L.2, and let f be q times continuously differentiable on an open set containing Qϑh, with

0 ⪯ ∇2f(x) ⪯ LI (x ∈ Q), ∥Dqf(x)−Dqf(y)∥ ≤ Lβ ∥x− y∥γ (x, y ∈ Qϑh),

and with a minimizer u ∈ arg minQ f such that ∥x0 − u∥ ≤ R; for instance, f ∈ FQϑh
cvx (β, Lβ ;L) with such a

minimizer. Let the noise be admissible at levels (M,σ, δ). Consider the following two methods; in both, the oracle
of round k is Procedure 1 at the center zk, with radius h and B frames.
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Procedure 6 Projected acceleration with batched scalar stencils

Require: Q, ProjQ, x0 ∈ Q; h,m,N,B, ν0 from Lemma L.6(b), or m = 1 and h,N,B, ν0 from Lemma L.9(d)
1: v0 ← x0
2: for k = 1, . . . , N do
3: ρk ← 2/(k + 1); zk ← (1− ρk)xk−1 + ρkvk−1

4: Acquire ḡk at zk by Procedure 1, radius h, B frames
5: vk ← ProjQ(vk−1 − ν0kḡk)
6: xk ← (1− ρk)xk−1 + ρkvk

7: return xN ∈ Q

(a) Run Lemma L.3 with φ = f and z1 = x0, output z̄N , and take

N =
⌈8LR2

ε

⌉
, T0 =

256mdR2v̄2h
9ε2

, B =
⌈ T0

2mdN

⌉
, ν = min

{ 1

2L
,
R
√
B

v̄h
√

2N

}
.

(b) Run Lemma L.4 with φ = f and v0 = x0, output xN , and take

N = ⌈
√

32LR2/ε ⌉, T0 =
512mdR2v̄2h

9ε2
, B =

⌈ T0
2mdN

⌉
, ν0 = min

{ 1

4L
,
R
√
B

v̄hN3/2

}
.

Suppose M ≤ M̄ and δ ≤ εh/(8S1D
√
d). Then both methods query only points of Qh, both outputs x̂ lie in Q

and satisfy E[f(x̂)−minQ f ] ≤ ε, and the number of calls is T = 2mdNB ≤ T0 + 2mdN , where, explicitly,

T0 = θ
[256mCσ(4Cb)

2
β−1

9

σ2

ε2
d 2− τ

β−1R2
(LβD

ε

) 2
β−1

+md
R2

D2

(16Cf

9C2
b

+
4Cη

9A2
1

)]
, (L.12)

with θ = 1 in (a) and θ = 2 in (b).

Proof. Let zk be the center of round k; it is Fk−1-measurable and lies in Q. By Lemma L.2 with K = Q, the
queries lie in Qh, and the returned vector is gk = ∇f(zk) + bk + ζk with bk = b(zk) + ∆k, E[ζk | Fk−1] = 0 and,

since M ≤ M̄ , E[∥ζk∥2 | Fk−1] ≤ v̄2h/B. The choice of h gives CbLβd
−τ/2hβ−1 = ε/(4D), so

∥bk∥ ≤ b :=
ε

4D
+A1M +

√
dS1δ

h
≤ ε

4D
+

ε

8D
+

ε

8D
=

ε

2D
.

Thus the setting of Section L.1 holds for φ = f , which is convex with an L-Lipschitz gradient on Q, with
v2B = v̄2h/B and Db ≤ ε/2.

In case (a), (L.7) with v̄B = v̄h/
√
B bounds the error by LR2/N +

√
2Rv̄h/

√
NB + Db. Here LR2/N ≤ ε/8,

and NB ≥ T0/(2md) = 128R2v̄2h/(9ε
2) gives

√
2Rv̄h/

√
NB ≤ 3ε/8. In case (b), (L.11) bounds the error by

4LR2/N2 + 2Rv̄h/
√
NB +Db, where 4LR2/N2 ≤ ε/8 and NB ≥ 256R2v̄2h/(9ε

2) gives 2Rv̄h/
√
NB ≤ 3ε/8. In

both cases the sum is at most ε, and f(u) = minQ f .

Finally, B ≤ T0/(2mdN) + 1 gives T ≤ T0 + 2mdN , and inserting

L2
βd

−τh2β−2 =
ε2

16C2
bD

2
, M̄2 =

ε2

64A2
1D

2
,

1

h2
= (4Cb)

2
β−1 d−

τ
β−1

(LβD

ε

) 2
β−1

into T0 gives (L.12).

L.3 Value analysis of the ball average

The method of this subsection is projected stochastic gradient descent driven by central differences, analyzed as
descent on the ball average fh. It uses central differences for every β: for β > 3 the stencil of Lemma D.3 has
m ≥ 2, and its surrogate Shf has weights of both signs and need not be convex.

Lemma L.7 (Values of the ball average). Let Q and D be as in Lemma L.1, and let h > 0.
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(a) Let γ ∈ (0, 1] and β = 2 + γ, and let f be twice continuously differentiable on an open set containing Qh,
with

∥∥∇2f(x)−∇2f(y)
∥∥
op
≤ Lβ ∥x− y∥γ for all x, y ∈ Qh. Then for x ∈ Q,

fh(x) = f(x) +
h2

2(d+ 2)
tr∇2f(x) + rh(x), |rh(x)| ≤ cγd

d+ β
Lβh

β ≤ cγLβh
β , (L.13)

and
∣∣tr∇2f(x)− tr∇2f(y)

∣∣ ≤ dLβ ∥x− y∥γ for all x, y ∈ Qh.

(b) Let f be differentiable on an open set containing Qh and convex on Qh, with ∥∇f(x)−∇f(y)∥ ≤ L ∥x− y∥
for x, y ∈ Qh. Then fh is defined and continuously differentiable on an open set containing Q, with
∇fh(x) = E∇f(x+ hW ) for x ∈ Q. It is convex on Q, ∥∇fh(x)−∇fh(y)∥ ≤ L ∥x− y∥ for x, y ∈ Q, and

0 ≤ fh(x)− f(x) ≤ d

2(d+ 2)
Lh2 (x ∈ Q).

If moreover f is twice continuously differentiable on an open set containing Qh, then 0 ≤ tr∇2f(x) ≤ dL for
x ∈ Q.

(c) Under the assumptions of (b), for all x, y ∈ Q,

f(x)− f(y) ≤ fh(x)− fh(y) +
Lh2

2
. (L.14)

Under the assumptions of (a) and (b), for all x, y ∈ Q,

f(x)− f(y) ≤ fh(x)− fh(y) + S(h), S(h) := min
{Lh2

2
,
LβD

γh2

2
+ 2cγLβh

β
}
. (L.15)

In particular, under (a) and (b), for x, y ∈ Q,∣∣tr∇2f(x)− tr∇2f(y)
∣∣ ≤ dmin{L,Lβ ∥x− y∥γ} ≤ dmin{L,LβD

γ}.

Proof. (a) For x ∈ Q and ∥v∥ ≤ h, Taylor’s formula with integral remainder and the Hölder condition give∣∣f(x+ v)− f(x)− ⟨∇f(x), v⟩ − 1
2∇

2f(x)[v, v]
∣∣ ≤ Lβ ∥v∥2+γ

∫ 1

0

(1− t)tγ dt = cγLβ ∥v∥β .

Averaging over v = hW , with EW = 0, EWW⊤ = I/(d+ 2) and E ∥W∥β = d/(d+ β), proves the identity. The
trace bound follows from |trA| ≤ d ∥A∥op.

(b) By Lemma B.4, whose proof is local, fh is continuously differentiable near Q and ∇fh(x) = E∇f(x+ hW ) for
x ∈ Q. Since x+ hW ∈ Qh for x ∈ Q, averaging preserves convexity and the Lipschitz constant of the gradient
on Q. Averaging 0 ≤ f(x+ v)− f(x)− ⟨∇f(x), v⟩ ≤ L ∥v∥2 /2 over v = hW , with E ∥W∥2 = d/(d+ 2), gives the
value bounds. When the Hessian exists, its eigenvalues lie in [0, L] on Q, which proves the trace bounds.

(c) The difference (f(x)− f(y))− (fh(x)− fh(y)) equals (fh − f)(y)− (fh − f)(x). Part (b) bounds it by Lh2/2,
and part (a) by h2dLβD

γ/(2(d+ 2)) + 2cγLβh
β . The last claim combines the trace bounds of (a) and (b).

Lemma L.8 (Central differences for objectives with a Lipschitz gradient). Let K ⊂ Rd be nonempty, closed and
convex, let h > 0, let f be differentiable on an open set containing Kh with ∥∇f(x)−∇f(y)∥ ≤ L ∥x− y∥ for
x, y ∈ Kh, and let the noise be admissible at levels (M,σ, δ). Consider a round of Procedure 1 with m = 1, an
Fk−1-measurable center z with values in K, the deterministic radius h and B frames. Then the queries lie in Kh,

ḡ = ∇fh(z) +∇ηh(z) + ζ + ∆, ∥∇ηh(z)∥ ≤M, ∥∆∥ ≤
√
d δ

h
a.s.,

and E[ζ | Fk−1] = 0. For d ≥ 2,

E
[
∥ζ∥2

∣∣ Fk−1

]
≤ 1

B

( d

d− 1
(Lh+M)2 + Cσ

dσ2

h2

)
, Cσ = (1 + 2−1/2)2; (L.16)

for d = 1 the term with Lh + M is absent. Part (iv) of Lemma D.3 holds with ∇f(z) + b(z) replaced by
∇fh(z) +∇ηh(z) and with S1 = 1. If moreover β ∈ (2, 3], f is twice continuously differentiable on an open set
containing Kh and

∥∥∇2f(x)−∇2f(y)
∥∥
op
≤ Lβ ∥x− y∥γ for x, y ∈ Kh, then ζ is the vector of Lemma L.2 with

m = 1 and the operator norm, and (L.2) holds for it as well.
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Proof. The mean, the stochastic-noise contribution, the adversarial bound and the adapted decomposition are
those of Lemma D.3 with m = 1; they use only continuity and oddness on z + hB(1). It remains to bound the
frame variance without a bound on ∇f(z).

Put ef (w) = (f(z + hw)− f(z − hw))/(2h)− ⟨∇f(z), w⟩. On the unit ball, ∇ef (w) = (∇f(z + hw) +∇f(z −
hw))/2 − ∇f(z) has norm at most Lh, so ef is odd and Lh-Lipschitz there. Composition with the odd,
nonexpansive projection onto that ball extends it to an odd Lh-Lipschitz function on Rd. The Lipschitz-noise
term eη(w) = (η(z + hw)− η(z − hw))/(2h) is odd and M -Lipschitz, so ef + eη has Lipschitz constant Lh+M .
By (B.5), the centered second moment of one frame is at most d(Lh+M)2/(d− 1). Independent frames divide it
by B; for d = 1 it is zero. Adding the orthogonal noise term proves (L.16). For the final claim, both constructions
define ζ = ḡ −∇fh(z)−∇ηh(z)−∆; apply Lemma L.2.

Theorem L.9 (Value analysis). Let Q, x0, R and D be as in Lemma L.1, and let h > 0. Let f be differentiable on
an open set containing Qh and convex on Qh, with ∥∇f(x)−∇f(y)∥ ≤ L ∥x− y∥ for x, y ∈ Qh, and let f have
a minimizer u ∈ arg minQ f such that ∥x0 − u∥ ≤ R. Every f ∈ FQh

cvx(β, Lβ ;L), β > 2, with such a minimizer
has these properties. Let the noise be admissible at levels (M,σ, δ). The method is projected stochastic gradient
descent on Q driven by central differences:

• z1 = x0;

• in round k = 1, . . . , N , run Procedure 1 with m = 1 at the center zk, with radius h and B frames (2dB calls),
obtain ḡk, and set zk+1 = ProjQ(zk − νḡk);

• output z̄N = 1
N

∑N+1
k=2 zk.

All queries lie in Qh, and z̄N ∈ Q.

(a) (Error bound.) For all N,B ∈ N and 0 < ν ≤ 1/(2L),

E
[
f(z̄N )−min

Q
f
]
≤ R2

2νN
+
νv2h
B

+D
(
M +

√
d δ

h

)
+ S(h), (L.17)

where
v2h = 4L2h2 + 4M2 + Cσdσ

2/h2, S(h) = Lh2/2.

If moreover β ∈ (2, 3] and f is twice continuously differentiable on an open set containing Qh, with∥∥∇2f(x)−∇2f(y)
∥∥
op
≤ Lβ ∥x− y∥γ for x, y ∈ Qh, where γ = β − 2, then (L.17) also holds with

v2h = min{4L2h2, 4L2
βh

2β−2}+ 4M2 + Cσdσ
2/h2, S(h) = min

{Lh2
2
,
LβD

γh2

2
+ 2cγLβh

β
}
.

(b) (Curvature branch, every β.) Let ε > 0, and take

h =

√
ε

8L
, M̄ =

ε

8D
, v̄2h = 4L2h2 + 4M̄2 + Cσ

dσ2

h2
,

N =
⌈8LR2

ε

⌉
, T0 =

256 dR2v̄2h
9ε2

, B =
⌈ T0

2dN

⌉
, ν = min

{ 1

2L
,
R
√
B

v̄h
√

2N

}
.

If M ≤ M̄ and δ ≤ εh/(8D
√
d), then E[f(z̄N )−minQ f ] ≤ ε, with N rounds and

T = 2dNB ≤ 2048Cσ

9

d2σ2LR2

ε3
+

272

9

dLR2

ε
+
(

2 +
16R2

9D2

)
d (L.18)

calls. This method uses L,R,D, σ, d, ε, but neither Lβ nor β.

(c) (Hölder branch, β ∈ (2, 3].) Suppose moreover that f satisfies the Hölder condition of (a) on Qh and that
0 < ε ≤ 8LβD

β. Take

h =

√
ε

8LβDγ
, M̄ =

ε

8D
, v̄2h = 4L2

βh
2β−2 + 4M̄2 + Cσ

dσ2

h2
,
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and define N,T0, B, ν as in (b), with this v̄h. Then h ≤ D, and the conclusion of (b) holds with

T ≤ 2048Cσ

9

d2σ2

ε2
· LβD

γR2

ε
+

128

9

( h
D

)2γ dLβD
γR2

ε
+

16 dLR2

ε
+
(

2 +
16R2

9D2

)
d. (L.19)

(d) (Acceleration.) In (b) and (c), replace the update by the method of Lemma L.4 with φ = fh and v0 = x0; it
queries at the centers zk and outputs xN ∈ Q. Keep h and v̄h, and take

N = ⌈
√

32LR2/ε ⌉, T0 =
512 dR2v̄2h

9ε2
, B =

⌈ T0
2dN

⌉
, ν0 = min

{ 1

4L
,
R
√
B

v̄hN3/2

}
.

Under the same conditions, E[f(xN ) − minQ f ] ≤ ε with T = 2dNB ≤ T0 + 2dN calls. In the curvature
branch this means

T ≤ 4096Cσ

9

d2σ2LR2

ε3
+

256

9

dLR2

ε
+

32R2

9D2
d+ 2d

⌈√
32LR2/ε

⌉
,

and in the Hölder branch

T ≤ 4096Cσ

9

d2σ2

ε2
· LβD

γR2

ε
+

256

9

( h
D

)2γ dLβD
γR2

ε
+

32R2

9D2
d+ 2d

⌈√
32LR2/ε

⌉
.

Proof. (a) By Lemma L.8 with K = Q, in round k

ḡk = ∇fh(zk) + bk + ζk, bk = ∇ηh(zk) + ∆k, ∥bk∥ ≤M +

√
d δ

h
,

where ḡk is Fk-measurable and E[ζk | Fk−1] = 0. Since d
d−1 (Lh+M)2 ≤ 2(Lh+M)2 ≤ 4L2h2 + 4M2 for d ≥ 2,

(L.16) gives E[∥ζk∥2 | Fk−1] ≤ v2h/B. In the Hölder case, (L.2) with m = 1, τ = 0 and Cf = Cη = 4 applies to
the same ζk by the last claim of Lemma L.8, so the smaller of the two bounds holds. By Lemma L.7(b), φ = fh
satisfies the setting of Section L.1, and Lemma L.3 with the comparator u gives

E[fh(z̄N )− fh(u)] ≤ R2

2νN
+
νv2h
B

+D
(
M +

√
d δ

h

)
.

Both z̄N and u lie in Q, so (L.14) or (L.15) gives f(z̄N ) − f(u) ≤ fh(z̄N ) − fh(u) + S(h), and f(u) = minQ f .
This proves (L.17).

(b) Here S(h) = Lh2/2 = ε/16 and v2h ≤ v̄2h. As in (L.7), the choice of ν gives R2/(2νN) + νv2h/B ≤ LR2/N +√
2Rv̄h/

√
NB. In this bound LR2/N ≤ ε/8, and NB ≥ T0/(2d) = 128R2v̄2h/(9ε

2) gives
√

2Rv̄h/
√
NB ≤ 3ε/8.

The conditions on M and δ give D(M +
√
dδ/h) ≤ ε/4, so the error is at most 13ε/16. For the calls, B ≤

T0/(2dN) + 1 and N ≤ 8LR2/ε+ 1 give T ≤ T0 + 16dLR2/ε+ 2d. With h2 = ε/(8L) and M̄ = ε/(8D), the parts
4L2h2 = Lε/2, 4M̄2 = ε2/(16D2) and Cσdσ

2/h2 = 8Cσdσ
2L/ε of v̄2h, multiplied by 256dR2/(9ε2), give (L.18).

(c) Now LβD
γh2/2 = ε/16 and (h/D)2 = ε/(8LβD

β) ≤ 1. Since β/2 = 1 + γ/2,

Lβh
β =

ε

8

( ε

8LβDβ

)γ/2
≤ ε

8
,

and 2cγ ≤ 1 gives S(h) ≤ 3ε/16. The rest of the argument of (b) applies, and the error is at most 15ε/16. For
the calls, insert

L2
βh

2β−2 =
ε

8
LβD

γ
( h
D

)2γ
, Cσ

dσ2

h2
=

8Cσdσ
2LβD

γ

ε

and 4M̄2 = ε2/(16D2) into T0; this gives (L.19).

(d) Replace Lemma L.3 by Lemma L.4 for φ = fh. By (L.11) with v̄B = v̄h/
√
B, the optimization error is at most

4LR2/N2 + 2Rv̄h/
√
NB ≤ ε/8 + 3ε/8, since NB ≥ 256R2v̄2h/(9ε

2). The other terms are as in (b) and (c), and

the transfer inequalities apply because xN ∈ Q. The contributions to T0 double, and 2dN = 2d⌈
√

32LR2/ε ⌉.
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L.4 Explicit call constants on a Euclidean ball

Proof of the upper bounds of Section 6. The gradient-scale bound follows from Lemma L.6 and the value-scale
bound from Lemma L.9, applied with Q = B(R), x0 = 0 and D = 2R. We simplify the constants for a general Q,
using R ≤ D and ⌈y⌉ ≤ y + 1, and write x = LR2/ε.

Gradient scale. Lemma L.6 uses ⌈8x⌉ rounds, or ⌈
√

32x ⌉ rounds in the accelerated form; in both forms
2mdN ≤ 16md(1 + x), because

√
32x ≤ 4 + 2x. Since R2(LβD/ε)

2/(β−1) = (LβR
β−1D/ε)2/(β−1), the bound

(L.12) with θ ≤ 2 gives

T ≤ T0 + 2mdN ≤ Cβ
σ2

ε2
d 2− τ

β−1

(LβR
β−1D

ε

) 2
β−1

+ Cβmd(1 + x)

with

Cβ = max
{512mCσ(4Cb)

2
β−1

9
,

32Cf

9C2
b

+
8Cη

9A2
1

+ 16
}
,

which depends only on β. For D = 2R, LβR
β−1D = 2LβR

β , and the radius and the noise conditions of Lemma L.6
take the form stated in Section 6.

Value scale. Let V = L, or, for β ∈ (2, 3] and the operator norm, V = min{L,LβD
β−2}. If V = L we use

Lemma L.9(b). If V = LβD
β−2 < L we use Lemma L.9(c), which requires ε ≤ 8LβD

β . Part (d) of that

theorem gives the accelerated forms. In all cases the radius is h =
√
ε/(8V ) and the conditions on the noise are

M ≤ ε/(8D) and δ ≤ εh/(8D
√
d). In the Hölder branch h ≤ D and V < L, so the second term of (L.19) is at

most 128
9 dx. Hence, in both branches,

T ≤ 2048Cσ

9

d2σ2

ε2
V R2

ε
+

272

9
dx+

34

9
d,

and for the accelerated form

T ≤ 4096Cσ

9

d2σ2

ε2
V R2

ε
+

256

9
dx+

32

9
d+ 2d

(√
32x+ 1

)
.

Both are at most
212Cσ

9

d2σ2

ε2
V R2

ε
+ 32d(1 + x);

for the second use 8
√

2
√
x ≤ 32x/9 + 9.

L.5 Matching bounds on the unconstrained class

In this subsection and the next, Q = B(R), x0 = 0 and D = 2R, so that the problems of Lemma L.1 are those of
the class Fcvx(β, Lβ ;L,R) and minQ f = f⋆.

Lower bounds. Theorem 5(a), proved in Section M, gives constants cβ , c
′
β > 0, depending only on β, with

the following property in the operator geometry. Let d ≥ 256, let the noise be independent N(0, σ2), which
is admissible at levels (0, σ, 0), let L ∈ (0,∞] and 0 < ε ≤ c′β min{LβR

β , LR2}. Then every algorithm with
E[f(x̂)− f⋆] ≤ ε for all f ∈ Fcvx(β, Lβ ;L,R) makes

T ≥ cβ
σ2

ε2
min

{
d5/2, d2

(LβR
β

ε

)2/β
,
d2LR2

ε

}
(L.20)

calls. With Lε = CcapL
2/β
β ε1−2/β as in its proof, the last term is the smallest one if and only if L ≤ Lε and

LR2/ε ≤ Ccap

√
d.

Corollary L.10 (Curvature matched to the hard instances). Consider the operator geometry, let cβ , c
′
β , Ccap

be as in (L.20), let d ≥ 256 and L, σ > 0, and for M ≤ ε/(16R) and δ ≤ ε3/2/(16R
√

8dL) let T ∗(ε;L) be the
smallest number of calls with which some algorithm achieves E[f(x̂)− f⋆] ≤ ε for all f ∈ Fcvx(β, Lβ ;L,R) and
all noise admissible at levels (M,σ, δ).
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(a) If

max
{ LR2

Ccap

√
d
,
( L

CcapL
2/β
β

) β
β−2
}
≤ ε ≤ min

{
c′βLβR

β , c′βLR
2, σ
√
d
}
, (L.21)

then
cβ
Ccap

d2σ2LR2

ε3
≤ T ∗(ε;L) ≤ 2048Cσ + 294

9

d2σ2LR2

ε3
,

with Cσ = (1 + 2−1/2)2. The upper bound is attained by Lemma L.9(b) with ⌈8LR2/ε⌉ rounds, and with twice
the constant by its accelerated form (d) with ⌈

√
32LR2/ε ⌉ rounds; neither uses β or Lβ.

(b) If L ≥ Lε and LβR
βd−β/4 ≤ ε ≤ c′βLβR

β, then

cβ
d2σ2

ε2

(LβR
β

ε

)2/β
≤ T ∗(ε;L) ≤ 212CσCcap

9

V

Lε

d2σ2

ε2

(LβR
β

ε

)2/β
+ 32d

(
1 +

LR2

ε

)
,

where V = L, or V = min{L,Lβ(2R)β−2} if 2 < β ≤ 3 and ε ≤ 8Lβ(2R)β.

The window (L.21) is nonempty if and only if its left end is at most its right end; this requires LR2 ≤ cLβR
β

and d ≥ c′′ for numbers c, c′′ depending only on β.

Proof. (a) The lower end of the window makes the last term of (L.20) the smallest one, which gives the
lower bound, since Gaussian noise is admissible at every level. For the upper bound apply Lemma L.9(b) on
Q = B(R), D = 2R, with h =

√
ε/(8L); its admissible levels are those defining T ∗(ε;L), and (L.18) gives

T ≤ 2048Cσ

9
d2σ2LR2

ε3 + 272
9

dLR2

ε + 22
9 d. Since ε ≤ σ

√
d and LR2/ε ≥ 1/c′β ≥ 1, the last two terms are at most

294
9 d2σ2LR2/ε3. For acceleration use ⌈

√
32x⌉ ≤ 16x+ 3/2 with x = LR2/ε in part (d) of that theorem.

(b) Since L ≥ Lε, the proof of Theorem 5(a) applies with ℓ = Lβ whenever ε ≤ c′βLβR
β , and the lower end of the

range makes the second term of (L.20) the smallest one. The upper bound is the value-scale bound of Section L.4
with d2σ2V R2/ε3 = (V/Lε)Ccap(d2σ2/ε2)(LβR

β/ε)2/β .

L.6 Admissible level of Lipschitz noise

Corollary L.11 (Admissible level of Lipschitz noise). Let β > 2, in either geometry, let ε > 0 and σ ≥ 0, and let
Mmax(ε, T ) be the admissible level of Section 2 on Fcvx(β, Lβ ;L,R). Then Mmax(ε, T ) ≥ ε/(16R) for every

T ≥ 2048Cσ

9

d2σ2LR2

ε3
+

272

9

dLR2

ε
+

22

9
d.

If ε < LR2/2, then also Mmax(ε, T ) ≤ 2ε/R for every T (Lemma E.7). The constants 1/16 and 2 do not depend
on d, T , σ, β or the geometry.

Proof. Apply Lemma L.9(b) with Q = B(R), x0 = 0, D = 2R and δ = 0. It applies to every f ∈ Fcvx(β, Lβ ;L,R),
for every β and every ε > 0, with M̄ = ε/(8D) = ε/(16R), and for D = 2R the right-hand side of (L.18) is the
stated number of calls. The upper bound is the first consequence listed in Lemma E.7, with p = 2.

M THE SMOOTH CONVEX LOWER BOUND

This appendix proves Theorem 5(a). It uses the hidden-map construction of Rajaraman and Han (2026), whose
hard functions are convex and Lipschitz but not differentiable; theorem and lemma numbers of that paper
refer to its version 3. Section M.1 smooths the family: the Euclidean norm in the hidden tube is replaced by√

1 + ∥·∥2 − 1, and the hinge that joins the function to a conic branch outside the unit ball (Rajaraman and

Han, 2026, Section 4.2) is replaced by a hinge of class Cq+2. Section M.2 carries the information argument of
Rajaraman and Han (2026) over to this family with explicit constants, and Section M.3 rescales the family to the
convex classes.
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M.1 A smooth hidden-map family

Throughout this appendix d = 2d0, β > 2, q = ⌈β⌉ − 1 and γ = β − q. We write Bn
2 (R) for the closed Euclidean

ball of radius R in Rn and Bn
2 = Bn

2 (1). Norms of derivative tensors are multilinear operator norms. The symbols
W , u, π, Mj , Sk, Ek, Ktube

β and Uj are local to this appendix: W is a matrix, and the constants are unrelated to
the Hessian bound L and to the stencil constants S1, S2.

The tube. For 0 < ϑ ≤ 1/2, r ≥ 16ϑ, a d0 × d0 matrix W , a vector u ∈ Rd0 and z = (x, y) with x, y ∈ Rd0 , set

BW (x, y) = Wx/r − y/(8ϑ), aW (x, y) =

√
1 + ∥BW (x, y)∥2 − 1,

bu(x, y) = 1
2 ∥x∥

2 − ⟨x, u⟩ , fW,u(x, y) = ϑ{log(eaW (x,y) + ebu(x,y))− log 2}. (M.1)

With ∥BW ∥ in place of aW and ε = ϑ, this is the hard function of Rajaraman and Han (2026, Section 2). The
bounded parameter set is Eb = {∥W∥op ≤ 4, ∥u∥ ≤ 3/8}.
Lemma M.1 (Geometry of the smooth tube). The function f = fW,u is smooth and convex on R2d0 , and
f(0) = 0. It has the global minimizer z∗ = (u, (8ϑ/r)Wu), and for every z = (x, y),

f(z)− f(z∗) ≥ ϑ

2(1 + exp(∥u∥2 /2))
∥x− u∥2 .

On Eb, ∥z∗∥ ≤ ρ = 3
√

5/8 and f is 1-Lipschitz on the unit ball.

Proof. The proof follows that of Rajaraman and Han (2026, Lemmas A.1 and A.2) for the tube ∥BW ∥. Both
arguments of the log-sum-exp are convex, and log-sum-exp is convex and coordinatewise increasing; the minima
0 of aW and −∥u∥2 /2 of bu are both attained at z∗. Since aW ≥ 0, bu(z) + ∥u∥2 /2 = ∥x− u∥2 /2, and

h(t) = log(1 + et) satisfies h′(t) ≥ (1 + e∥u∥
2/2)−1 for t ≥ −∥u∥2 /2, integrating h′ gives the error bound. On

Eb, ∇f is a convex combination of ϑ∇aW (z) = ϑB⊤
WBW (z)/(1 + ∥BW (z)∥2)1/2, where B⊤

W is the adjoint of the
linear map BW , and of ϑ(x− u, 0). Their norms are at most ϑ ∥BW ∥op ≤ (16ϑ2/r2 + 1/64)1/2 ≤

√
5/8 and, on

the unit ball, ϑ(1 + 3/8) ≤ 11/16. Finally ∥(8ϑ/r)Wu∥ ≤ 2 ∥u∥, so ∥z∗∥ ≤
√

5 ∥u∥ ≤ ρ.

A smooth hinge. Let n = q + 1 and λ0 = 1/64, and define

φn(t) =
(2n+ 1)!

(n!)2
tn(1− t)n1[0,1](t), Hn(t) =

∫ t

−∞
φn(v) dv, Ψ(s) = λ0

∫ (s+λ0)/λ0

−∞
Hn(t) dt.

This hinge replaces the C2 hinge of Rajaraman and Han (2026, Appendix C). It satisfies Ψ ∈ Cn+1 = Cq+2,
0 ≤ Ψ′ ≤ 1, Ψ′′ ≥ 0 and Ψ(s) = 0 for s ≤ −λ0. Symmetry of φn gives Ψ(s) = s+ λ0/2 for s ≥ 0, and convexity
gives Ψ(s) ≥ s+ λ0/2 for every s. Put

Vn = max
t
φn(t) =

(2n+ 1)!

(n!)24n
, ϑβ = min{1/2, 1/Vn}.

Since Ψ′′(s) = φn((s+ λ0)/λ0)/λ0, we have λ0ϑ ∥Ψ′′∥∞ ≤ 1 whenever ϑ ≤ ϑβ . Put U1 = 1 and, for 2 ≤ j ≤ q+ 1,

Uj = λ1−j
0

∥∥∥φ(j−2)
n

∥∥∥
∞,[0,1]

; these are maxima of fixed polynomials, and
∣∣Ψ(j)

∣∣ ≤ Uj for 1 ≤ j ≤ q + 1.

Global extension. Set Γ(z) = λ0 + (∥z∥ − 1)/2 and define

gW,u(z) =

{
Γ(z) + Ψ(λ0fW,u(z)− Γ(z)− 2λ0), ∥z∥ < 1,

Γ(z), ∥z∥ ≥ 1.
(M.2)

For arbitrary (W,u), the same formula defines the mean µW,u of the auxiliary experiment in Section M.2.

Lemma M.2 (Smooth extension and global decoding). For (W,u) ∈ Eb, g is convex, globally 1/2-Lipschitz, and
Cq+1 on R2d0 . It equals Γ whenever ∥z∥ ≥ 30/31, and z∗ is a global minimizer. Let Π(z) = z/(1 ∨ ∥z∥) be the
radial projection and Π1(z) ∈ Rd0 its x-component. Then

g(z)− g(z∗) ≥ λ0{f(Π(z))− f(z∗)}

≥ λ0ϑ

2(1 + e9/128)

∥∥Π1(z)− u
∥∥2 . (M.3)
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Proof. Apart from the smoothness, these statements are Rajaraman and Han (2026, Lemma 4.3) together with
its proof in Rajaraman and Han (2026, Appendix C.1), where the radius 30/31, the Lipschitz constant 1/2 and
the first inequality in (M.3) are obtained for their tube and hinge. That proof uses only the following properties,
which hold here by Lemma M.1 and the properties of Ψ listed above: f is convex and 1-Lipschitz on the unit
ball, f(0) = 0, and z∗ minimizes f with ∥z∗∥ ≤ ρ < 29/33; Ψ is convex, 0 ≤ Ψ′ ≤ 1, Ψ = 0 on (−∞,−λ0],

Ψ(s) = s + λ0/2 on [0,∞) and Ψ(s) ≥ s + λ0/2. In that proof g is written as Γ + Ψ(λ0f̃ − Γ − 2λ0) with the

convex 1-Lipschitz extension f̃(z) = inf
v∈B

2d0
2
{f(v) + ∥z − v∥}, which equals f on the unit ball. Since f̃(z) ≤ ∥z∥,

the hinge argument is at most (29 − 31 ∥z∥)/64, hence at most −λ0 for ∥z∥ ≥ 30/31, where the hinge term
therefore vanishes; so this function agrees with (M.2). The second inequality in (M.3) follows from Lemma M.1

and ∥u∥2 /2 ≤ 9/128.

It remains to prove smoothness. For ∥z∥ ≤ 1/4, f(z) ≥ −∥z∥, so the hinge argument is at least (29−33 ∥z∥)/64 > 0
and g = λ0f − 3λ0/2; the nonsmooth norm in Γ cancels. On 0 < ∥z∥ < 1 all ingredients are Cq+1, and g = Γ on
the collar 30/31 ≤ ∥z∥ ≤ 1 and outside it. Hence g ∈ Cq+1(R2d0).

Derivative constants. For k ≥ 1, let (1/2)j denote the falling factorial and set

Pk =
∑

a+2b=k

k! 2a

a!b!

∣∣(1/2)a+b

∣∣ , Mj = 2j−1(j − 1)!.

Let Pk be the set of partitions of {1, . . . , k}, and define

Ck = Pk +
∑
π∈Pk

M|π|
∏
A∈π

(P|A| + 2),

Gk = 1
2Pk4k−1, Sk = λ0Ck +Gk,

Ek = Gk + λ0Ck +
∑
π∈Pk

U|π|
∏
A∈π

S|A| (1 ≤ k ≤ q + 1),

Ktube
β = (2Eq)1−γEγ

q+1.

Lemma M.3 (Global smoothness and Hessian cap). For 0 < ϑ ≤ ϑβ, r ≥ 16ϑ, and (W,u) ∈ Eb,

sup
z

∥∥Dkg(z)
∥∥
op
≤ Ekϑ

1−k (1 ≤ k ≤ q + 1), [g]β,op ≤ Ktube
β ϑ1−β , 0 ⪯ ∇2g ⪯ E2ϑ

−1I.

The constants depend only on β.

Proof. We bound the derivatives of f on the unit ball, then those of g on the regions ∥z∥ ≤ 1/4, 1/4 ≤ ∥z∥ ≤ 1
and ∥z∥ ≥ 1, and interpolate.

Step 1: derivatives of f . Faà di Bruno’s formula for h(v) =

√
1 + ∥v∥2 has only blocks of size one or two. There

are k!/(a!b!2b) partitions with a singletons and b pairs, and the sum of their absolute contributions is at most

the corresponding summand of Pk times (1 + ∥v∥2)(1−k)/2. Thus
∥∥Dkh(v)

∥∥
op
≤ Pk, and, as ∥BW ∥op ≤ ϑ−1,∥∥DkaW

∥∥
op
≤ Pkϑ

−k. On the unit ball the nonzero derivatives of bu have norms at most 2. Write

f = ϑaW + ϑh0(bu − aW )− ϑ log 2, h0(t) = log(1 + et).

Here h′0 = p with p(t) = et/(1 + et) ∈ [0, 1], and each further derivative is obtained by applying p(1− p) d/dp to

the preceding polynomial in p. By induction, h
(j)
0 is a polynomial in p whose absolute coefficients sum to at most

Mj . Faà di Bruno’s formula for the composition and ϑ ≤ 1 give
∥∥Dkf

∥∥
op
≤ Ckϑ

1−k on the unit ball.

Step 2: derivatives of g. The same computation for ∥z∥ shows
∥∥DkΓ(z)

∥∥
op
≤ Gk for ∥z∥ ≥ 1/4. On the annulus

1/4 ≤ ∥z∥ ≤ 1 the derivatives of the hinge argument are at most Skϑ
1−k. In Faà di Bruno’s formula for Ψ

composed with the hinge argument, the term of a partition π with j = |π| blocks is at most Uj

∏
A∈π S|A| times

ϑj−k ≤ ϑ1−k. This proves the bound Ekϑ
1−k on the annulus. The same bound holds in the inner ball, where

g = λ0f − 3λ0/2, and outside the unit ball, where g = Γ.
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Step 3: Hölder and Hessian bounds. With t = ∥z − z′∥, the uniform bounds on Dqg and Dq+1g give

∥Dqg(z)−Dqg(z′)∥op ≤ min{2Eqϑ
1−q, Eq+1ϑ

−qt} ≤ Ktube
β ϑ1−βtγ .

Convexity and the case k = 2 give the Hessian inequalities.

M.2 Information lower bound for the smooth tube

The next theorem is the estimation lower bound of Rajaraman and Han (2026, Theorem 4.2) for the smooth
family, with explicit constants and with the amplitude and the noise level kept separate.

Theorem M.4 (Smooth-tube information lower bound). Let d0 ≥ 128, A, σ > 0, 0 < ϑ ≤ ϑβ, and

r ≥ max{16ϑ, d
−1/4
0 }. Let π be the prior under which vec(W ) ∼ N(0, Id2

0
/d0) and u ∼ N(0, Id0

/(16d0)) are

independent, and let πb = π(· | Eb). The unknown function is FW,u = AgW,u, and a query at zt ∈ R2d0 returns
FW,u(zt) + σZt, where Z1, Z2, . . . are independent standard Gaussian variables, independent of (W,u) and of the
seed of the algorithm. Queries and the output ẑ are unrestricted, and the algorithm may know A, σ, ϑ, r, β and π.
Put ν = Aλ0ϑ/σ. If

T <
1

65536ν2
min{d5/20 , d20/r

2}, (M.4)

then every adaptive randomized algorithm with at most T queries has Bayes error E[FW,u(ẑ)−minFW,u] under
πb greater than Aλ0ϑ/4096. In particular, its expected error is greater than Aλ0ϑ/4096 for some (W,u) ∈ Eb.

Proof. We follow the proof of the estimation bound of Rajaraman and Han (2026, Theorem 4.2) in Appendix C.3
there. It combines the reduction of their Lemma 2.7 with their Lemma C.1, which is the version of their
Lemmas 2.1–2.3 for the auxiliary mean. Dividing the observations by σ gives their model with the mean multiplied
by A/σ, so that ν plays the role of their λε. Apart from the decoding inequality (M.3), these proofs use the tube
and the hinge only through the parameter derivatives of the mean (Step 2) and an anti-concentration bound for
the weight of the second branch (Step 5). We verify both for the smooth family and keep track of the constants.

Write θ = (W,u). Let Ht be generated by the seed of the algorithm and the first t query–response pairs, so that
zt is Ht−1-measurable. For a density ρ let J(ρ) =

∫
(∇ log ρ)(∇ log ρ)⊤ρ. In the auxiliary experiment θ ∼ π, and

a query at zt returns Aµθ(zt) + σZt; put hθ = Aµθ/σ.

Step 1: reduction to the auxiliary experiment. For g ∼ N(0, Id0
) and a > 1 the Chernoff bound gives P(∥g∥2 ≥

ad0) ≤ exp{−d0(a−1− log a)/2}, which is at most e−d0/2 for a = 4 and at most e−d0/8 for a = 9/4. For a d0×d0
matrix G with independent standard Gaussian entries and a 1/4-net N of the unit sphere with |N | ≤ 9d0 , we have
∥G∥op ≤ (4/3) maxv∈N ∥Gv∥; the case a = 9 and a union bound give P(∥G∥op > 4

√
d0) ≤ e−d0(4−3 log 3) ≤ e−d0/2.

For W = d
−1/2
0 G and u = g/(4

√
d0) this yields

P(Ec
b) ≤ e−d0/2 + e−d0/8 ≤ 2e−d0/8, P(∥u∥ > 1/2) ≤ e−d0/2.

Let û = Π1(ẑ), so that ∥û∥ ≤ 1. Since E ∥u∥4 = (1 + 2/d0)/256 and d0 ≥ 128, the Cauchy–Schwarz inequality
gives

E
[
∥û− u∥2 1Ec

b

]
≤ 2P(Ec

b) + 2
(
E ∥u∥4 P(Ec

b)
)1/2 ≤ 5e−d0/16 ≤ 1/512. (M.5)

On Eb, µθ = gθ at every point of R2d0 , so, as in Rajaraman and Han (2026, Lemma 2.7), the law of the whole
trajectory of the auxiliary experiment conditional on Eb is that of the actual experiment with prior πb. With
(M.5) this gives Eπ,µ ∥û− u∥2 ≤ Eπb,g ∥û− u∥

2
+ 1/512, where the subscripts indicate the prior and the mean

function. On Eb, (M.3) and e9/128 < 3 give Fθ(z)−minFθ ≥ (Aλ0ϑ/8)
∥∥Π1(z)− u

∥∥2. Hence Bayes error at most

Aλ0ϑ/4096 under πb would imply Eπb,g ∥û− u∥
2 ≤ 1/512 and Eπ,µ ∥û− u∥2 ≤ 1/256. It remains to show that

under (M.4) no estimator has E ∥û− u∥2 ≤ 1/256 in the auxiliary experiment; all expectations below refer to this
experiment.

Step 2: parameter derivatives. At a query with ∥zt∥ ≥ 1, µθ(zt) = Γ(zt) does not depend on θ. For ∥zt∥ < 1 put

pt =
ebu(zt)

eaW (zt) + ebu(zt)
, st = λ0fθ(zt)− Γ(zt)− 2λ0.
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As in Rajaraman and Han (2026, Appendix C.2), with ε = ϑ and λ = λ0,

∇uµθ(zt) = −λ0ϑΨ′(st)ptxt,

∇2
uµθ(zt) =

[
λ0ϑΨ′(st)pt(1− pt) + λ20ϑ

2Ψ′′(st)p
2
t

]
xtx

⊤
t ,

∥∇Wµθ(zt)∥F ≤ λ0ϑ/r; (M.6)

the last bound holds because ∂fθ/∂aW ≤ ϑ and ∇WaW (zt) = BW (zt)x
⊤
t /(r(1 + ∥BW (zt)∥2)1/2) has Frobenius

norm at most ∥xt∥ /r ≤ 1/r. Put pt = 0 if ∥zt∥ ≥ 1, and

I0 = 0, IT = ν2
T∑

t=1

p2txtx
⊤
t , IT = E[IT | HT ].

Since 0 ≤ Ψ′ ≤ 1, λ0ϑ ∥Ψ′′∥∞ ≤ 1 and ∥xt∥ ≤ 1, the bracket in (M.6) lies in [0, λ0ϑpt], and Bt = ∇2
uhθ(zt)

satisfies
(∇uhθ)(∇uhθ)⊤ ⪯ It − It−1, B2

t ⪯ It − It−1. (M.7)

These bounds, the Gaussian prior and the at most linear growth of µθ in θ justify the differentiations under the
integral sign and the integrations by parts below, first with compact cutoffs.

Step 3: posterior spread. Let ρT,u be the marginal posterior density of u. Given (M.7), the proof of Rajaraman
and Han (2026, Lemma 3.1) with η = 1 and δ = 1/4 applies verbatim. It gives

J(ρT,u) ⪯ 16d0Id0
+ IT − CT , CT =

T∑
t=1

ZtBt, CT = E[CT | HT ], (M.8)

J(ρT,u) ⪯ 17d0Id0 + 3
2IT with probability at least 3/4. (M.9)

Here 16d0Id0
is the prior precision of u. For the second bound, that proof applies the matrix supermartingale

inequality (Tropp, 2011, Lemma 2.1) to Xt = −ZtBt, using E[e−ZtBt | θ,Ht−1, zt] = eB
2
t /2 and the second bound

in (M.7), and obtains −CT ⪯ IT /2 + log(4d0)Id0
with probability at least 3/4; then log(4d0) ≤ d0 gives (M.9).

Now suppose that E ∥û− u∥2 ≤ 1/256. The posterior mean minimizes the conditional risk, so Markov’s inequality
gives tr Cov(u | HT ) ≤ 1/64 with probability at least 3/4. Let ST be the intersection of this event with the event
in (M.9); then P(ST ) ≥ 1/2. The Cramér–Rao inequality Cov(u | HT ) ⪰ J(ρT,u)−1 (integration by parts gives
E[(u− Eu)(∇ log ρ)⊤] = −I, and a Schur complement concludes) shows that on ST the trace of the inverse of
17d0Id0

+ 3
2IT is at most 1/64. If fewer than d0/2 eigenvalues of IT were at least d0, this trace would exceed

(d0/2)/((37/2)d0) = 1/37 > 1/64. Thus on ST at least d0/2 eigenvalues of IT are at least d0.

Step 4: information about W . Let ρt,W be the marginal posterior density of W and Kt = d−2
0 Trout J(ρt,W ), where

Trout sums the d0 diagonal blocks indexed by the output rows of W (Rajaraman and Han, 2026, Section 2). The
proof of Rajaraman and Han (2026, Lemma 2.2(1)–(2)) in Section 3.2 there applies verbatim with ∥∇Whθ∥F ≤ ν/r
from (M.6): K0 = Id0 , Kt ⪯ E[Kt+1 | Ht], and

E trKT ≤ d0 +
ν2T

r2d20
. (M.10)

Step 5: anti-concentration. Rajaraman and Han (2026, Lemma 3.2) bounds small-ball probabilities by Fisher
information with an unspecified constant; we use an explicit version. Let Z ∈ Rd0 , d0 ≥ 3, have a differentiable
density with scalar Fisher information Jtr <∞. Integration by parts against Vδ(w) = (w−z)/(∥w − z∥2+δ), whose

divergence is at least (d0−2)/(∥w − z∥2+δ), and the Cauchy–Schwarz inequality give (d0−2)E(∥Z − z∥2+δ)−1 ≤
(JtrE(∥Z − z∥2 + δ)−1)1/2. Letting δ ↓ 0 gives Hardy’s inequality E ∥Z − z∥−2 ≤ Jtr/(d0 − 2)2, and Markov’s
inequality gives

P(∥Z − z∥ ≤ s) ≤ s2Jtr
(d0 − 2)2

≤ 9s2Jtr
d20

. (M.11)

Fix a history and an in-ball query with xt ̸= 0 (the case xt = 0 is trivial), and let Z = Wxt with W distributed
according to ρt−1,W . The argument in Rajaraman and Han (2026, Section 3.2) relates the scores of W and Z
and gives

tr J(Z)

d20
xtx

⊤
t ⪯ Kt−1,

tr J(Z)

d20
x⊤t K

−1
t−1xt ≤ 1. (M.12)
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The matrix Kt−1 is positive definite, since a positive differentiable density whose Fisher matrix has a null direction
is constant along lines in that direction and hence not integrable.

Let E = {∥u∥ ≤ 1/2} and Ht = x⊤t K
−1
t−1xt. On E, bu(zt) ≤ 1, so p2t1E ≤ exp[−2(aW (zt)− 1)+], which depends

on θ only through W . This is the step that changes for the smooth tube: for s ≥ 0,

{aW (zt) ≤ s} =
{
∥Wxt − ryt/(8ϑ)∥ ≤ r

√
s2 + 2s

}
,

whereas for the tube ∥BW ∥ the radius is rs. Using e−2(a−1)+ =
∫∞
1

2e−2(s−1)1{a≤s} ds, (M.11) and (M.12), we
obtain

HtE[p2t1E | Ht−1, zt] ≤ 9r2
∫ ∞

1

2e−2(s−1)(s2 + 2s) ds = 99
2 r

2 ≤ 50r2. (M.13)

Step 6: projections and the contradiction. Let Λ = 16(1 + ν2T/(r2d30)). The construction of Rajaraman and Han
(2026, Section 3.3) gives Ht-measurable orthogonal projections Id0

= Q0 ⪰ Q1 ⪰ · · · ⪰ QT with QtKtQt ⪯ ΛQt:
Qt is obtained from Qt−1 by removing the eigendirections of Qt−1KtQt−1 with eigenvalues larger than Λ. The
submartingale property and (M.10) give, as there,

E tr(Id0
−QT ) ≤ d0/16. (M.14)

Moreover K−1
t ⪰ Qt/Λ: the bound

∥∥∥K1/2
t Qt

∥∥∥2
op
≤ Λ gives K

1/2
t QtK

1/2
t ⪯ ΛI, and conjugation by K

−1/2
t gives

the claim. Hence x⊤t QTxt ≤ x⊤t Qt−1xt ≤ ΛHt, and (M.13) gives E[tr(ITQT )1E ] ≤ 50Λν2Tr2. Since tr IT ≤ ν2T ,

P(Ec) ≤ e−d0/2 ≤ d−1/2
0 ≤ r2 and E tr(ITQT ) = E tr(ITQT ), we get

E tr(ITQT ) ≤ 801

(
ν2Tr2 +

ν4T 2

d30

)
. (M.15)

On the other hand, by (M.14) and Markov’s inequality, rankQT ≥ 3d0/4 with probability at least 3/4. On the
intersection of this event with ST , which has probability at least 1/4, the span of the eigenvectors of IT with
eigenvalues at least d0 meets rangeQT in dimension at least d0/4, so tr(ITQT ) ≥ d20/4 and

E tr(ITQT ) ≥ d20/16. (M.16)

By (M.4), ν2Tr2 < 2−16d20 and ν4T 2/d30 < 2−32d20, so the right side of (M.15) is less than 801(2−16 + 2−32)d20 <

d20/16, which contradicts (M.16). Hence no estimator has E ∥û− u∥2 ≤ 1/256 in the auxiliary experiment, and
Step 1 completes the proof.

M.3 Scaling to the convex classes

Let Cβ,Lβ ,R denote the convex functions F : Rd → R of class Cq with [F ]β,op ≤ Lβ and a global minimizer in

Bd
2 (R). A query at Xt ∈ Rd returns F (Xt) + ξt, where the ξt are independent N(0, σ2) variables, independent of

the seed of the algorithm. Queries and the output are unrestricted. The algorithm may know β, Lβ , R, σ, T , the
hard family and its construction parameters, and, on the subclass with ∇2F ⪯ LI, also L.

Lemma M.5 (A quantitative hard family). Let β > 2, Lβ , R, σ > 0, and d = 2d0 with d0 ≥ 128, and let
Ktube

β , E2, ϑβ be the constants of Section M.1. For every accuracy scale

0 < ε0 ≤
LβR

βϑββ
Ktube

β

, ϑ =

(
Ktube

β ε0

LβRβ

)1/β

, r = max{16ϑ, d
−1/4
0 },

every adaptive randomized algorithm using an integer budget

T <
σ2

16ε20
min

{
d
5/2
0 ,

d20
256ϑ2

}
(M.17)

has expected error greater than ε0/262144 on some F ∈ Cβ,Lβ ,R. The hard functions also satisfy

0 ⪯ ∇2F ⪯ E2ε0
R2ϑ2

I =
E2

Ktube
β

LβR
β−2ϑβ−2I. (M.18)
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The same assertion therefore holds on the subclass with a known Hessian cap L whenever the right-hand side of
(M.18) is at most L. Odd dimensions are covered by d0 = ⌊d/2⌋ and one unused coordinate.

Proof. Set A = ε0/ϑ and Fθ(x) = Agθ(x/R) for θ ∈ Eb. By the condition on ε0, ϑ ≤ ϑβ .

The class. By Lemma M.2, Fθ is convex and has a global minimizer in Bd
2 (R). By Lemma M.3,

[Fθ]β,op ≤ AR−βKtube
β ϑ1−β = Ktube

β ε0R
−βϑ−β = Lβ ,

and ∇2Fθ ⪯ AR−2E2ϑ
−1I, which is (M.18).

The budget. A query of Fθ at X is a query of Agθ at X/R, and errors are preserved. Lemma M.4 excludes Bayes
error at most Aλ0ϑ/4096 = ε0/262144 whenever

T < 2−16

(
σ

Aλ0ϑ

)2

min{d5/20 , d20/r
2}.

Since Aϑ = ε0, λ0 = 1/64 and r2 = max{256ϑ2, d
−1/2
0 }, this is (M.17). Bayes error greater than ε0/262144

implies the same lower bound for the worst case.

Odd dimensions. Extending Fθ to R2d0+1 by a coordinate on which it does not depend preserves the class, the
errors and, after projection of the queries onto the first 2d0 coordinates, the Gaussian experiment.

Proof of Theorem 5(a). Let Ccap = 218(1−2/β)E2(Ktube
β )−2/β and c′0 = ϑββ/(2

18Ktube
β ). For L ∈ (0,∞] put

ℓ = min
{
Lβ , (L/Ccap)β/2ε−(β−2)/2

}
,

with ℓ = Lβ if L =∞. Apply Lemma M.5 with ℓ in place of Lβ , ε0 = 218ε and d0 = ⌊d/2⌋ ≥ 128; the condition
on ε0 is ε ≤ c′0ℓRβ . The hard functions have [F ]β,op ≤ ℓ ≤ Lβ , and by the definition of ϑ the cap in (M.18) equals

E2ε0
R2ϑ2

= E2(Ktube
β )−2/βℓ2/βε

1−2/β
0 = Ccapℓ

2/βε1−2/β ≤ L,

so they belong to Fcvx(β, Lβ ;L,R). An ε-accurate method therefore needs at least the right-hand side of (M.17)
calls; with d0 ≥ d/3 and ϑ2 = (218Ktube

β ε/(ℓRβ))2/β this is at least cβ(σ2/ε2) min{d5/2, d2(ℓRβ/ε)2/β}, and

(ℓRβ

ε

)2/β
= min

{(LβR
β

ε

)2/β
,
LR2

Ccapε

}
.

The condition ε ≤ c′0ℓR
β holds if ε ≤ c′0LβR

β and ε ≤ (c′0)2/βLR2/Ccap. The theorem follows with c′β =

min{c′0, (c′0)2/β/Ccap} and cβ divided by max{1, Ccap}. For L ≥ Lε := CcapL
2/β
β ε1−2/β one has ℓ = Lβ , and the

third term of the minimum is not the smallest.

M.4 The separable bounds for convex functions

Akhavan et al. (2020, 2024) state their bounds for strongly convex functions. This subsection derives from them
the lower and the upper bound on Fcvx(β, Lβ ;L,R) in their row of Table 2 and compares the lower bound with
Theorem 5(a). Let A = LβR

β/ε, S = σ2/ε2 and K = LR2/ε. The lower bound rescales the construction in the
proof of Akhavan et al. (2024, Theorem 22) (see also Akhavan et al., 2020, Theorem 6.1), whose minimizers lie in
the unit ball. Below the seminorm is the operator seminorm, the errors are independent N(0, σ2) with σ > 0,
queries may be adaptive and unrestricted, and all constants depend only on β and on the fixed function ϕ.

The cited family. Let ϕ : R→ R be the bounded smooth function of the cited proof, with ϕ′ = 1 on [−1/4, 1/4]
and ϕ′ = 0 outside [−1, 1]. For h, a, k > 0 and ω ∈ {−1, 1}d, set

fω(x) =
k

2
∥x∥2 + a

d∑
i=1

ωiϕ(xi/h).
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Its operator Hölder seminorm is at most Cβah
−β . If k ≥ Cβa/h

2, the Hessian lies between kI/2 and 2kI,

(x∗ω)i = −aωi/(kh), and ∥x∗ω∥ =
√
d a/(kh). The bounded differences between adjacent functions and the testing

argument of the cited proof give, whenever T ≤ cβσ2/a2,

sup
ω

Eω[fω(x̂)− fω(x∗ω)] ≥ cβda2/(kh2), (M.19)

where Eω denotes expectation under fω.

Lower bound. Let d ≥ 1, β > 2, Lβ , R > 0 and 0 < ε ≤ cβLβR
β . Put h1 = (ε/(dLβ))1/β and h2 =

(ε/(
√
dRLβ))1/(β−1), and choose

h = Cβ max{h1, h2}, a = cβLβh
β , k = CβLβ max{hβ−2,

√
d hβ−1/R}.

The functions have seminorm at most Lβ and minimizers in B(R), and the right side of (M.19) is at least a

constant times min{dLβh
β ,
√
dRLβh

β−1}, which exceeds ε for a sufficiently large constant in h. Thus every
ε-accurate method requires

T ≥ cβ
σ2

ε2
min

{
d2, dβ/(β−1)

(
LβR

β

ε

)2/(β−1)
}
. (M.20)

Since h1, h2 ≤ (ε/Lβ)1/β ,
√
dLβh

β−1
1 /R = L

1/β
β ε1−1/βd1/β−1/2/R,

√
dLβh

β−1
2 /R = ε/R2 and ε ≤ LβR

β ,

both terms of k are at most CβL
2/β
β ε1−2/β . Hence these functions belong to Fcvx(β, Lβ ;L,R) whenever L ≥

CβL
2/β
β ε1−2/β . The two terms of the minimum in (M.20) are equal at ε = LβR

βd1−β/2, and the term d2 is the
smaller one for smaller ε.

Upper bound by regularization. For f ∈ Fcvx(β, Lβ ;L,R) put fµ = f + µ ∥·∥2 /2 with µ = ε/R2. The
minimizer of fµ lies in B(R), its seminorm is at most Lβ , and µI ⪯ ∇2fµ ⪯ (L+ µ)I; let A ≥ 1. Akhavan et al.
(2024, Theorem 18 and Table 1), applied to fµ at accuracy ε/2, gives error at most ε for f with

T ≤ Cβ{d2SA2/(β−1) + d(1 +K)2}

calls. The third term of that theorem requires a budget of order Q, where

Qβ+1 = dβ+2(1 +K)2βSA−2 ≤ [d(1 +K)2]β [d2SA2/(β−1)],

so it is absorbed by the two displayed terms. The leading statistical term alone suffices when it dominates
d(1 +K)2. The bound of Akhavan et al. (2024, Corollary 19) is not used here, because its constant depends on
L2/σ2.

Size of the improvement. Let A = LβR
β/ε with 1 ≤ A ≤ dβ/4. On this range the lower bound of

Theorem 5(a) is Sd2A2/β up to a constant factor, and its ratio to (M.20) is at least a constant times d(β−2)/β .
Indeed, for A ≥ d(β−2)/2 the prior minimum is d2 and the ratio is A2/β ; for A ≤ d(β−2)/2 the prior minimum is
dβ/(β−1)A2/(β−1) and the ratio is d(β−2)/(β−1)A−2/(β(β−1)), which decreases in A and is d(β−2)/β at A = d(β−2)/2

and d(2β−5)/(2β−2) ≥ d(β−2)/β at A = dβ/4 when β > 4. For A > dβ/4 the new lower bound is cβSd
5/2 and (M.20)

is at most cβSd
2, so the ratio is at least of order d1/2. Both bounds hold on the same class Fcvx(β, Lβ ;L,R) with

L ≥ CβL
2/β
β ε1−2/β .

N NON-EUCLIDEAN GEOMETRY, CONSTRAINTS, AND AN ℓ1 UPPER
BOUND

This appendix proves the results of Section 7. Sections N.1 and N.2 transfer the Euclidean lower bounds of
Sections E and M through image balls to Hölder regularity measured in an arbitrary norm, to minimizers localized
in an arbitrary set and to constrained problems. Section N.3 evaluates these bounds on ℓp balls. Section N.4
proves an upper bound on the ℓ1 ball that is linear in the dimension up to logarithmic factors for conditionally
sub-Gaussian centered noise without an oblivious component; in a range of accuracies the lower bound is linear in
the dimension as well.
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Notation. Throughout, β > 2, q = ⌈β⌉ − 1 ≥ 2 and γ = β − q ∈ (0, 1]. In this appendix ∥·∥ is a norm on Rd

with closed unit ball B (written ∥·∥B in Section 7), ∥u∥∗ = sup∥v∥≤1 ⟨u, v⟩ is its dual norm, and the Euclidean
norm is written ∥·∥2. We write ∥·∥p for the ℓp norm, Bn

p (R) = {y ∈ Rn : ∥y∥p ≤ R} and Bn
p = Bn

p (1). For a

j-linear form A on Rd and for f ∈ Cq(Rd) let

∥A∥∥·∥ = sup
{
|A[u1, . . . , uj ]| : ∥u1∥ ≤ 1, . . . , ∥uj∥ ≤ 1

}
, [f ]β,∥·∥ = sup

x̸=y

∥Dqf(x)−Dqf(y)∥∥·∥
∥x− y∥γ

,

so that [f ]β,∥·∥ = [f ]β,B in the notation of Section 7 and [f ]β,∥·∥2
= [f ]β,op; we write [f ]β,p = [f ]β,∥·∥p

. For

a nonempty set K ⊆ Rd let C(β, Lβ ; ∥·∥ ,K) be the class of convex f ∈ Cq(Rd) with [f ]β,∥·∥ ≤ Lβ and

arg min f ∩K ̸= ∅. For a linear map P : Rd → Rn and a symmetric d× d matrix H let

∥P∥B→2 = max
x∈B
∥Px∥2 , ∥H∥∥·∥→∥·∥∗

= sup{u⊤Hv : ∥u∥ ≤ 1, ∥v∥ ≤ 1},

and let ∥P∥2→2 be the spectral norm of P . If ∥u∥2 ≤ κ0 ∥u∥ for all u, then ∥A∥∥·∥ ≤ κ
q
0 ∥A∥op for every q-linear

form A and ∥x− y∥γ2 ≤ κ
γ
0 ∥x− y∥

γ
, hence

[f ]β,∥·∥ ≤ κβ0 [f ]β,op; (N.1)

for ∥·∥p with 1 ≤ p ≤ 2 one may take κ0 = 1.

Definition N.1 (Image radius). Let C ⊆ Rd be nonempty and 1 ≤ n ≤ d. Image balls (P, z, r) of C with
P : Rd → Rn are defined in Definition 2 with K = C; their first condition is ∥P∥B→2 ≤ 1. The image radius of C
is

Rn(B, C) = sup
{
r > 0 : (P, z, r) is an image ball of C for some P, z

}
, sup ∅ = 0.

This is the quantity of Dorn et al. (2026), who write the supremum as a maximum. For compact C with
Rn(B, C) > 0 the supremum is attained, because P and z stay bounded along a maximizing sequence and a limit
of image balls of a compact set, with radii bounded away from 0, is again an image ball. Thus positive image
radius is precisely the geometric condition used by the transfer theorem. For centrally symmetric convex C the
center may be taken to be 0 (Dorn et al., 2026, Lemma J.1).

Oracle. We use the round model and the noise of Definition 1; unless stated otherwise, η is Lipschitz in the
Euclidean norm. The lower bounds use independent N(0, σ2) noise and allow adaptation after every call, so they
hold for every number of rounds.

N.1 Pull-back of hard functions

Lemma N.2 (Pull-back). Let K ⊆ Rd be nonempty, let 1 ≤ n ≤ d, and let (P, z, r) be an image ball of K. Let
g : Rn → R be convex and q times continuously differentiable, with [g]β,op ≤ Lβ and a minimizer y⋆ ∈ z + rBn

2 ,
and put f = g ◦ P .

(a) f is convex and q times continuously differentiable, Djf(x)[u1, . . . , uj ] = Djg(Px)[Pu1, . . . , Puj ] for 1 ≤
j ≤ q, and [f ]β,∥·∥ ≤ ∥P∥

β
B→2 Lβ ≤ Lβ.

(b) ∇f(x) = P⊤∇g(Px) and ∇2f(x) = P⊤∇2g(Px)P . Hence, for all x ∈ Rd,

∥∇f(x)∥∗ ≤ ∥∇g(Px)∥2 ,
∥∥∇2f(x)

∥∥
∥·∥→∥·∥∗

≤
∥∥∇2g(Px)

∥∥
op
.

If 0 ⪯ ∇2g ⪯ LI on Rn, then 0 ≤ u⊤∇2f(x)u ≤ L ∥u∥2 and 0 ⪯ ∇2f(x) ⪯ L ∥P∥22→2 I for all x, u ∈ Rd.

(c) There is x⋆ ∈ K with Px⋆ = y⋆; it minimizes f , min f = min g, and f(x)−min f = g(Px)−min g for all x.
In particular f ∈ C(β, Lβ ; ∥·∥ ,K).

(d) Let A be an algorithm on Rd with T calls in N rounds, and let AP be the algorithm on Rn that uses the same
random elements, runs a copy of A, answers each query x of the copy by querying Px, and outputs Px̂; it has
T calls in N rounds. For every noise admissible at levels (M ′, σ, δ) in the run of AP on g there is a noise
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admissible at levels (M ′ ∥P∥2→2 , σ, δ) in the run of A on f under which the random elements, the queries of A,
the observed values and the error components coincide pathwise with those of the copy; independent N(0, σ2)
noise corresponds to independent N(0, σ2) noise, and E[g(Px̂)−min g] = E[f(x̂)−min f ]. Consequently, if
A is ε-accurate at levels (M,σ, δ) on a class that contains g ◦ P for all g in a class E of functions as above,
then AP is ε-accurate on E at levels (M/ ∥P∥2→2 , σ, δ), with the same numbers of calls and rounds.

Proof. For exact function values this is the image-ball reduction of Dorn et al. (2026); we check the regularity of
order β and the noise model. The chain rule gives Djf(x) = Djg(Px) ◦ P⊗j , so

∥Dqf(x)−Dqf(y)∥∥·∥ ≤ ∥P∥
q
B→2 ∥D

qg(Px)−Dqg(Py)∥op ≤ Lβ ∥P∥q+γ
B→2 ∥x− y∥

γ
.

The norm bounds in (b) follow from ∥Pu∥2 ≤ ∥u∥ and ∥Pu∥2 ≤ ∥P∥2→2 ∥u∥2, and (c) from y⋆ ∈ z+rBn
2 ⊆ P (K).

For (d), let the run of A on f use the same random elements and the same variables ξct , ξot , δt as the run of AP on
g, and put η = η′ ◦P , where η′ is the Lipschitz component of the latter. Since f + η = (g+ η′) ◦P , induction over
the rounds shows that the two runs observe the same values. The queries of a round are functions of the random
elements and of the values of the earlier rounds, so both runs generate the same σ-algebras Fk−1 and Et. Hence
(C), (O) and (A) carry over, η is fixed before the run, and |η(x)− η(y)| ≤M ′ ∥P (x− y)∥2 ≤M ′ ∥P∥2→2 ∥x− y∥2.
Finally f(x̂)−min f = g(Px̂)−min g by (c). If the Lipschitz component on Rd is measured in ∥·∥ instead, the
same computation gives the level M ′.

N.2 Transfer of one-point lower bounds

Euclidean lower bounds. Write KH, EH and sH for the constants Kβ , E2 and ϑβ ≤ 1/2 of Lemma M.5 (not

those of Lemma E.1), and put CH = EHs
β−2
H /KH. For n ≥ 1, z ∈ Rn and r > 0 let En(z, r) be the class of convex

g ∈ Cq(Rn) with [g]β,op ≤ Lβ and a global minimizer in z + rBn
2 , and let Ecapn (z, r) be its subclass defined by

0 ⪯ ∇2g ⪯ CHLβr
β−2I. The translation g 7→ g(·+z) maps these classes onto En(0, r) and Ecapn (0, r) and preserves

optimization errors. We use two bounds for independent N(0, σ2) noise and adaptive randomized algorithms
with unrestricted queries and outputs. This noise is independent of the random elements of the algorithm, so
both bounds hold in the model of Definition 1.

(H1) For n ≥ 256 and 0 < ε ≤ c′HLβr
β , every algorithm with supg∈Ecap

n (0,r) E[g(ŷ)−min g] ≤ ε uses

T ≥ cH
σ2

ε2
min{n5/2, n2(Lβr

β/ε)2/β}

calls, even when the Hessian cap and all parameters are known. This is Lemma M.5 with R replaced by r, with
ε0 = 218ε and with the half-dimension m′ = ⌊n/2⌋ ≥ 128 (denoted m there), so that m′ ≥ 255

512n; it gives

c′H =
sβH

218KH
, cH = 2−40

(255

512

)5/2
min

{
1, 2−8(218KH)−2/β

}
.

The scale parameter ϑ of these hard functions is at most sH, so (M.18) bounds their Hessians by CHLβr
β−2.

(V) For n ≥ 1 and 0 < ε ≤ c′VLβr
β , every algorithm with supg∈En(0,r) E[g(ŷ)−min g] ≤ ε uses T ≥ cVn

2σ2/ε2

calls. This is the operator case of Lemma E.6, whose proof applies to every n ≥ 1 and gives cV = (3/(256K̄2))2

and c′V = 3(2K̄2)β/(128K̄2Kβ), where K̄2 = max{1,K2} and K2,Kβ are the constants of Lemma E.1.

Theorem N.3 (Geometry transfer of one-point lower bounds). Let K ⊆ Rd be nonempty, let 1 ≤ n ≤ d, and
let (P, z, r) be an image ball of K. Consider independent N(0, σ2) noise and an algorithm with T calls, in any
number of rounds, such that E[f(x̂)−min f ] ≤ ε for every f in a class F of functions on Rd.

(a) If F ⊇ {g ◦ P : g ∈ Ecapn (z, r)}, for instance if F = C(β, Lβ ; ∥·∥ ,K), and if n ≥ 256 and 0 < ε ≤ c′HLβr
β,

then

T ≥ cH
σ2

ε2
min

{
n5/2, n2

(Lβr
β

ε

)2/β}
.

(b) If F ⊇ {g ◦ P : g ∈ En(z, r)}, for instance if F = C(β, Lβ ; ∥·∥ ,K), and if 0 < ε ≤ c′VLβr
β, then

T ≥ cVn2σ2/ε2.
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Every f = g ◦ P with g ∈ Ecapn (z, r) satisfies, for all x, u ∈ Rd,

0 ≤ u⊤∇2f(x)u ≤ CHLβr
β−2 ∥u∥2 , ∥∇f(x)∥∗ ≤ CHLβr

β−2
(
∥Px− z∥2 + r

)
, (N.2)

so (a) holds also on the subclass of C(β, Lβ ; ∥·∥ ,K) defined by (N.2), even when these bounds, P , z, r and all
class parameters are known. If in addition ∥P∥2→2 ≤ 1, these functions satisfy the Euclidean cap 0 ⪯ ∇2f ⪯
CHLβr

β−2I, and (a) holds on the corresponding subclass. If K is compact, (a) and (b) hold with r = Rn(B,K);
for general K they hold for every r < Rn(B,K).

Proof. Let g0 range over Ecapn (0, r) for (a) and over En(0, r) for (b), and put g = g0(· − z). By Lemma N.2(c),
g ◦ P ∈ C(β, Lβ ; ∥·∥ ,K). The algorithm AP of Lemma N.2(d), with its queries shifted to Px− z and its output
to Px̂− z, has on g0 the error of the given algorithm on g ◦ P , with the same calls, rounds and Gaussian noise.
Bounds (H1) and (V) therefore give (a) and (b). If g ∈ Ecapn (z, r) has the minimizer y⋆, then, with L = CHLβr

β−2,
∥∇g(y)∥2 ≤ L ∥y − y⋆∥2 ≤ L(∥y − z∥2 + r); together with Lemma N.2(b) this gives (N.2) and the Euclidean cap.
The last assertion follows from the attainment of the image radius for compact K and from the definition of a
supremum otherwise.

Corollary 1 follows from parts (a) and (b), with cβ = min{cH, cV} and c′β = min{c′H, c′V}, and from the following
corollary.

Corollary N.4 (Restricted queries and functional constraints). Let K and n be as in Lemma N.3, let ϕ1, . . . , ϕJ :
Rd → R (J ≥ 0) be fixed functions, let Xϕ = {x ∈ K : ϕi(x) ≤ 0, 1 ≤ i ≤ J}, and let (P, z, r) be an image ball
of Xϕ. Let Xq, Xo ⊆ Rd be arbitrary sets, for instance Xq = K + ρBd

2 with ρ ≥ 0 and Xo = Xϕ. Consider an
algorithm that evaluates the objective only at points of Xq, outputs x̂ ∈ Xo, and may in addition evaluate the
functions ϕi at arbitrary points without these evaluations being counted. Suppose that the objective values carry
independent N(0, σ2) noise, that the constraint values are returned exactly or with independent noise of a fixed
law, and that

E
[
f(x̂)−min

Xϕ

f
]
≤ ε for every f ∈ C(β, Lβ ; ∥·∥ , Xϕ),

possibly together with further requirements on x̂, such as bounds on the constraint violation. Then the number T
of objective evaluations satisfies (a) and (b) of Lemma N.3.

Proof. Every f ∈ C(β, Lβ ; ∥·∥ , Xϕ) has a global minimizer in Xϕ, so minXϕ
f = min f . Let A′ run the given

algorithm, forward its objective queries, answer its constraint queries by computing the ϕi (adding, if the constraint
oracle is noisy, noise generated from additional independent random elements appended to Θk), and output x̂.
Then A′ is an algorithm of the model with T calls and unrestricted queries and outputs, and E[f(x̂)−min f ] ≤ ε
for every f ∈ C(β, Lβ ; ∥·∥ , Xϕ). Apply Lemma N.3 with K replaced by Xϕ.

The corollary applies to every class of constrained problems, for instance with the functional constraints of
Abronin et al. (2026), that contains all objectives in C(β, Lβ ; ∥·∥ , Xϕ) for one fixed admissible tuple (ϕ1, . . . , ϕJ );
the algorithm need not know the ϕi. For exact values, Dorn et al. (2026, Theorems 3.2 and 3.3) treat a known
regularizer, whose values are free, in a similar way.

N.3 Lower bounds on ℓp balls

Lemma N.5 (Radius bounds). Let 1 ≤ p ≤ 2, R > 0 and 1 ≤ n ≤ d, and let Pn : Rd → Rn, Pnx = (x1, . . . , xn),
be the coordinate projection.

(a) (Pn, 0, Rn
1/2−1/p) is an image ball of Bd

p(R), both for the norm ∥·∥p and for the Euclidean norm, and

∥Pn∥2→2 = 1. Hence Rn(Bd
p , B

d
p(R)) ≥ Rn1/2−1/p and Rn(Bd

2 , B
d
p(R)) ≥ Rn1/2−1/p.

(b) Let p = 1, and let k ≤ n be a positive integer with b = ⌈n/k⌉ satisfying b 5k ≤ d. Then there is a linear
P : Rd → Rn such that (P, 0, 7R/(8

√
b)) is an image ball of Bd

1 (R) for the norm ∥·∥1. Hence Rn(Bd
1 , B

d
1 (R)) ≥

7R/(8
√
b) ≥ 7

8R
√
k/(2n). The map P constructed in the proof has ∥P∥2→2 ≥ (1 + 49/64)1/2 > 1.



Timofei Loginov, Darina Dvinskikh, Nazarii Tupitsa, Osman Osmanov, Yuriy Dorn, Alexander Gasnikov

Proof. (a) This is the coordinate-projection case of Dorn et al. (2026, Proposition I.1): Pn is a contraction for
both norms, and Pn(Bd

p(R)) = Bn
p (R) ⊇ Rn1/2−1/pBn

2 by Hölder’s inequality.

(b) Partition {1, . . . , n} into b blocks I1, . . . , Ib of sizes at most k. A subset of the unit sphere of RIℓ with pairwise
Euclidean distances larger than 1/2 has at most 5k points, because the balls of radius 1/4 around its points are
disjoint and lie in the ball of radius 5/4. Let Nℓ be a maximal such subset. By maximality, every unit vector

u ∈ RIℓ has some v ∈ Nℓ with ∥u− v∥2 ≤ 1/2, and then ⟨u, v⟩ = 1 − ∥u− v∥22 /2 ≥ 7/8. Hence the support

function of the absolutely convex hull Aℓ of Nℓ is at least 7/8 on the unit sphere, and Aℓ ⊇ 7
8B

Iℓ
2 by the separation

theorem.

Regard the at most b5k ≤ d vectors of all Nℓ as vectors of Rn supported on Iℓ, and let P map e1, e2, . . . to these
vectors and the remaining coordinate vectors to 0. Since Bd

1 is the absolutely convex hull of the ±ei, ∥P∥Bd
1→2 is

the largest column norm, which is 1, and P (Bd
1 (R)) = RA, where A is the absolutely convex hull of

⋃
ℓNℓ. Let

∥y∥2 ≤ 7/(8
√
b), and let yℓ be the restriction of y to Iℓ. Then yℓ ∈ 8

7 ∥yℓ∥2Aℓ ⊆ 8
7 ∥yℓ∥2A, and since A is convex

and contains 0, y =
∑

ℓ yℓ ∈
8
7

(∑
ℓ ∥yℓ∥2

)
A ⊆ A, because

∑
ℓ ∥yℓ∥2 ≤

√
b ∥y∥2 ≤ 7/8. Hence 7R

8
√
b
Bn

2 ⊆ P (Bd
1 (R)),

and b ≤ n/k + 1 ≤ 2n/k gives the last bound on the image radius.

Finally, let v ∈ N1 and choose v′ ∈ N1 with ⟨−v, v′⟩ ≥ 7/8. The vector P⊤v has the entries ⟨v, v⟩ = 1 and
⟨v, v′⟩ ≤ −7/8, so ∥P∥2→2 =

∥∥P⊤
∥∥
2→2
≥ (1 + 49/64)1/2.

Part (b) with b = 1, that is, k = n ≤ log5 d, gives the radius 7R/8, independent of n. Dorn et al. (2026,
Proposition I.3) also give images of radius of order R of every ℓp ball with 1 ≤ p ≤ 2, of dimension of order log d
for p = 1.

For 1 ≤ p ≤ 2 put

p∗ =
p

p− 1
∈ [2,∞] (p∗ =∞ for p = 1), θp =

1

p
− 1

2
∈
[
0,

1

2

]
,

and Cp(R) = C(β, Lβ ; ∥·∥p , Bd
p(R)). Then 1 + 2/p∗ = 3− 2/p = 2− 2θp.

Corollary N.6 (Lower bounds for the ℓp geometry). Let 1 ≤ p ≤ 2. Under independent N(0, σ2) noise, every
algorithm with supf∈Cp(R) E[f(x̂)−min f ] ≤ ε uses T calls, where:

(a) for every integer n with 256 ≤ n ≤ d and ε ≤ c′HLβR
βn−βθp ,

T ≥ cH
σ2

ε2
min

{
n5/2, n1+2/p∗

(LβR
β

ε

)2/β}
;

(b) for every integer n with 1 ≤ n ≤ d and ε ≤ c′VLβR
βn−βθp , T ≥ cVn2σ2/ε2.

(c) Let ε ≤ c′HLβR
β and put

nε =

{
(c′HLβR

β/ε)1/(βθp), p < 2,

+∞, p = 2,
n× = (LβR

β/ε)4/(β(4θp+1)), n∗ = min{d, ⌊nε⌋}.

If n∗ ≥ 256, then

T ≥ cH
σ2

ε2
min{n5/2

∗ , n
1+2/p∗

∗ (LβR
β/ε)2/β},

and the first term is the smaller one exactly when n∗ ≤ n×. In particular, provided n∗ ≥ 256:

(R1) if d ≤ min{nε, n×}, then T ≥ cHd5/2σ2/ε2;

(R2) if n× ≤ d ≤ nε, then T ≥ cHd1+2/p∗
(LβR

β/ε)2/βσ2/ε2;

(R3) if p < 2, d > nε and ⌊nε⌋ ≥ n×, then, independently of d,

T ≥ cH
4

(c′HLβR
β

ε

) 2(3p−2)
β(2−p)

(LβR
β

ε

)2/β σ2

ε2
.
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Procedure 7 Entropic descent with coordinate stencils on the ℓ1 ball

Require: β, Lβ , R,G∞, σ, d, ε; h > 0, N ≥ 1, ς > 0; tj , aj from (C.1)
1: w1 ← (2d)−11 ∈ ∆2d

2: for k = 1, . . . , N do
3: xk ← R(w+

k − w
−
k ); draw independent uniform signs sk,i

4: In one round obtain Y ±
k,i,j at xk ± htjsk,iei

5: gk,i ←
sk,i
2h

∑m
j=1 aj(Y

+
k,i,j − Y

−
k,i,j) for i = 1, . . . , d

6: Gk ← R(gk,−gk)

7: wk+1,ℓ ← wk,ℓe
−ςGk,ℓ/

∑2d
r=1 wk,re

−ςGk,r for ℓ = 1, . . . , 2d

8: return x̄N = N−1
∑N

k=1 xk

(d) For p = 1: nε = (c′HLβR
β/ε)2/β and n× = (LβR

β/ε)4/(3β). If min{d, ⌊nε⌋} ≥ max{256, n×}, then

T ≥ cH
2

min
{
d,
(c′HLβR

β

ε

)2/β}(LβR
β

ε

)2/β σ2

ε2
.

In particular, if d ≥ 256 and LβR
βd−3β/4 ≤ ε ≤ c′HLβR

βd−β/2, then T ≥ cH d (LβR
β/ε)2/βσ2/ε2, which is

linear in d.

(e) For p = 1 and integers b, k ≥ 1 with b5k ≤ d, bk ≥ 256 and ε ≤ c′H(7/8)βLβR
βb−β/2,

T ≥ cH
σ2

ε2
min

{
(bk)5/2,

49

64
b k2

(LβR
β

ε

)2/β}
.

The bounds (a), (c) and (d) hold already on the subclass of Cp(R) defined by the Euclidean Hessian cap and the
gradient bound

0 ⪯ ∇2f ⪯ CHLβr
β−2I, ∥∇f(x)∥p∗ ≤ CHLβr

β−2(∥Pnx∥2 + r),

where r = Rn−θp and n is the dimension used. The bound (e) holds on the subclass defined by (N.2) for the map
of Lemma N.5(b).

Proof. Parts (a), (b) and (e) follow from Lemma N.3 with the image balls of Lemma N.5. For the coordinate
projection, r = Rn−θp and n2(Lβr

β/ε)2/β = n1+2/p∗
(LβR

β/ε)2/β ; for (e), n = bk and r = 7R/(8
√
b) give

n2r2 = 49
64bk

2R2. In (c), the condition on ε in (a) means n ≤ nε, and both terms of the minimum increase with n,
so the best choice is n = n∗; the first term is the smaller one exactly when n ≤ n×. This gives (R1)–(R3), where
(R3) uses ⌊nε⌋ ≥ nε/2 and 1 + 2/p∗ ≤ 2. Part (d) is (c) with θ1 = 1/2 and 1 + 2/p∗ = 1, since n∗ ≥ min{d, nε}/2,
and n∗ = d under its last condition. The subclass assertions follow from (N.2) and ∥Pn∥2→2 = 1.

Part (b) also covers dimensions below 256. If d ≥ 256 and ε ≤ min{c′H, c′V}LβR
βd−βθp , then part (a) with n = d

is at least cH/cV times part (b) with n = d, because d5/2 ≥ d2 and d1+2/p∗
(LβR

β/ε)2/β = d2(d−βθpLβR
β/ε)2/β ≥

(c′H)−2/βd2 ≥ d2. Part (e) improves the regime (R3) at p = 1: with b = ⌊ 4964nε⌋ and k = ⌊log5(d/b)⌋, its second

term exceeds the bound of (R3) by a factor of order k2 ≍ log2(d/nε).

N.4 An upper bound on the ℓ1 ball

We use the stencil of Section C: m = ⌈q/2⌉, nodes tj = j/m, weights aj solving (C.1), and the operator Dh,u

of (C.4), here with u = ei. Its constants are S1, S2 and c0 of (C.3), A1 of (C.2) and Cσ = (S1 + (S2/2)1/2)2 of
Lemma D.3 (see Table 4); they depend only on β. For 2 < β ≤ 3 they are given in the row m = 1 of Table 4, and
c0 = 1/2.

Let C1(R,G∞) be the class of convex f ∈ Cq(Rd) with [f ]β,1 ≤ Lβ , arg min f ∩Bd
1 (R) ̸= ∅, and ∥∇f(x)∥∞ ≤ G∞

for all x ∈ Bd
1 (R). Let ∆2d = {w ∈ [0, 1]2d :

∑
ℓ wℓ = 1}, and for w ∈ R2d let w+, w− ∈ Rd be its first and last d

coordinates. Procedure 7 runs entropic mirror descent (Nemirovski and Yudin, 1983; Beck and Teboulle, 2003) on
∆2d, mapped onto Bd

1 (R) by w 7→ R(w+ − w−), with coordinate stencils whose signs are drawn afresh in every
round. Its parameters h,N, ς are fixed before the run; Lemma N.9(b) chooses them for a target accuracy ε.
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Since xk is a function of g1, . . . , gk−1, it is Fk−1-measurable. The queries of round k are functions of xk and of
the signs sk,i, which belong to Θk, and their order does not depend on Θk. Thus the algorithm belongs to the
model, with N rounds and T = 2mdN calls, and gk is the estimate (N.3) of the next lemma at the center x = xk,

with B = 1 and s
(1)
i = sk,i. We write bk and Ξk for the vectors b and Ξ of the lemma for this estimate.

Lemma N.7 (Coordinate stencils with random signs). Let f ∈ Cq(Rd) be such that for every z ∈ Rd and every i
the function u 7→ f(z + uei) has a γ-Hölder q-th derivative with constant Lβ; this holds if [f ]β,p ≤ Lβ for some
p ∈ [1,∞], because ∥ei∥p = 1. Let h > 0 and an integer B ≥ 1 be fixed, let k be a round, and let x be an Fk−1-

measurable random point of Rd. In round k, draw independent signs s
(ℓ)
i with P(s

(ℓ)
i = 1) = P(s

(ℓ)
i = −1) = 1/2,

1 ≤ i ≤ d, 1 ≤ ℓ ≤ B, as part of Θk. Query, in an order that does not depend on Θk, the 2mdB points

X±
i,j,ℓ = x± htjs(ℓ)i ei (1 ≤ i ≤ d, 1 ≤ j ≤ m, 1 ≤ ℓ ≤ B), observe the values Y ±

i,j,ℓ, and set

gi =
1

B

B∑
ℓ=1

s
(ℓ)
i

2h

m∑
j=1

aj
(
Y +
i,j,ℓ − Y

−
i,j,ℓ

)
, 1 ≤ i ≤ d. (N.3)

Let the noise satisfy (C), (O) and (A), and let its Lipschitz component η satisfy

|η(y + uei)− η(y − uei)| ≤ 2M |u| (y ∈ Rd, u ∈ R, 1 ≤ i ≤ d); (N.4)

this holds if η is M -Lipschitz for ∥·∥p for some p ∈ [1,∞], in particular under (L). Let ξ±i,j,ℓ be the random error

ξct + ξot at the query X±
i,j,ℓ. Then g is Fk-measurable and g = ∇f(x) + b+ Ξ, where

Ξi =
1

B

B∑
ℓ=1

s
(ℓ)
i

2h

m∑
j=1

aj
(
ξ+i,j,ℓ − ξ

−
i,j,ℓ

)
,

and:

(a) ∥b∥∞ ≤ b̄h := c0Lβh
β−1 +A1M + S1δ/h almost surely;

(b) for every i, E[Ξi | Fk−1] = 0 and E[Ξ2
i | Fk−1] ≤ Cσσ

2/(Bh2); hence E[Ξ | Fk−1] = 0 and

E[∥Ξ∥2∞ | Fk−1] ≤ E[∥Ξ∥22 | Fk−1] ≤ Cσdσ
2/(Bh2);

(c) if the noise satisfies (SG) and ξo ≡ 0, then

E[∥Ξ∥2∞ | Fk−1 ∨ σ(Θk)] ≤ S2(1 + log(2d))σ2/(Bh2) ≤ (1 + 1/ log 2)S2 log(2d)σ2/(Bh2),

and the same bound holds for E[∥Ξ∥2∞ | Fk−1].

Proof. Decomposition. The queries are functions of x and Θk, and g is a function of Θk and of the values observed
in round k, so g is Fk-measurable. For s ∈ {−1, 1} and every φ : Rd → R,

s

2h

∑
j

aj
(
φ(x+ htjsei)− φ(x− htjsei)

)
= Dh,eiφ(x),

since for s = −1 both the factor s and the difference change sign. Inserting the values, with adversarial errors
δ±i,j,ℓ, gives gi = ∂if(x) + bi + Ξi with

bi = Dh,eif(x)− ∂if(x) +Dh,eiη(x) +
1

B

B∑
ℓ=1

s
(ℓ)
i

2h

∑
j

aj
(
δ+i,j,ℓ − δ

−
i,j,ℓ

)
.

Part (a). Lemma C.1 in dimension one, applied to u 7→ f(x+ uei), gives |Dh,eif(x)− ∂if(x)| ≤ c0Lβh
β−1. By

(N.4), |Dh,eiη(x)| ≤ 1
2h

∑
j |aj | 2Mhtj = A1M , and by (A) the last term of bi is at most S1δ/h in absolute value.

These bounds hold for every realization of the signs.
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Part (b). This is the noise part of the proof of Lemma D.3, with random signs in place of random frames. Split
Ξi = Ξc

i + Ξo
i into its centered and oblivious parts. The query t at X±

i,j,ℓ enters Ξi with the Θk-measurable

coefficient wt = ±s(ℓ)i aj/(2hB), and the 2mB queries of coordinate i have
∑

t w
2
t = S2/(2Bh

2). By (C), as there,
the terms wtξ

c
t are centered and pairwise orthogonal, so E[Ξc

i | Fk−1] = 0 and N(Ξc
i )

2 ≤ S2σ
2/(2Bh2), with N

as in Section D.1. For the oblivious part, Ξo
i = B−1

∑
ℓ s

(ℓ)
i o

(ℓ)
i with o

(ℓ)
i = 1

2h

∑
j aj(ξ

o,+
i,j,ℓ − ξ

o,−
i,j,ℓ). By (O) and

the argument of Lemma D.1(a), the signs are independent of Fk−1 and of the oblivious errors of the round, and

they have mean zero and are independent of each other; since N(o
(ℓ)
i ) ≤ S1σ/h, this gives E[Ξo

i | Fk−1] = 0 and
N(Ξo

i )2 ≤ S2
1σ

2/(Bh2). Minkowski’s inequality gives (b) for Ξi, and summing over i and ∥·∥∞ ≤ ∥·∥2 give the
rest of (b).

Part (c). Let G = Fk−1 ∨ σ(Θk). Now Ξi =
∑

t wtξ
c
t , summed over the 2mB queries t of coordinate i in their

order, which does not depend on Θk. Each wt takes two values, wt and
∑

t′<t wt′ξ
c
t′ are Et-measurable, and

Et ⊇ G. Applying (SG) to these queries from the last to the first gives E[eθΞi | G] ≤ eθ
2v/2 for θ ∈ R, where

v = σ2
∑

t w
2
t = S2σ

2/(2Bh2). The Chernoff bound and a union bound over i give P(∥Ξ∥∞ > u | G) ≤ 2de−u2/(2v),
so, with w0 = 2v log(2d),

E[∥Ξ∥2∞ | G] ≤ w0 +

∫ ∞

w0

2de−w/(2v) dw = 2v(1 + log(2d)).

This is the first bound of (c). The second follows from log 2 ≤ log(2d), and conditioning on Fk−1 gives the last
claim.

The random signs are needed for the oblivious part of (b): without them (s
(ℓ)
i ≡ 1), the oblivious errors ±σ sgn(aj)

at the points x± htjei give Ξi = S1σ/h for every i. Without (SG), the factor d in (b) cannot be removed. Let
B = 1, fix j with aj ̸= 0, let the centered errors at the queries X+

i,j,1, 1 ≤ i ≤ d, be independent of each other and

of everything else, equal to ±
√
d σ with probability 1/(2d) each and to 0 otherwise, and let all other errors vanish.

Then (C) holds, and ∥Ξ∥∞ = |aj |
√
d σ/(2h) unless all these errors vanish, so E ∥Ξ∥2∞ ≥ (1− e−1)a2jdσ

2/(4h2).

Lemma N.8 (Entropic mirror descent on the ℓ1 ball). Let R, ς > 0, let g1, g2, · · · ∈ Rd be arbitrary, and define
wk, xk and Gk by Procedure 7. Then xk ∈ Bd

1 (R) for all k, and for every x⋆ ∈ Bd
1 (R) and N ≥ 1,

N∑
k=1

⟨gk, xk − x⋆⟩ ≤
log(2d)

ς
+
ςR2

2

N∑
k=1

∥gk∥2∞ .

Proof. The update of wk is the prox-mapping, applied to ςGk, of the entropy on ∆2d, which is 1-strongly convex
with respect to ∥·∥1 (Nemirovski et al., 2009, Section 2.3); the associated prox-function is V (w, u) = KL(u∥w),
the Kullback–Leibler divergence. By Nemirovski et al. (2009, Lemma 2.1) and ∥Gk∥∞ = R ∥gk∥∞, every u ∈ ∆2d

satisfies

KL(u∥wk+1) ≤ KL(u∥wk)− ς ⟨Gk, wk − u⟩+
ς2R2

2
∥gk∥2∞ .

Summing over k ≤ N and using KL(u∥w1) ≤ log(2d) bounds
∑

k ⟨Gk, wk − u⟩ by the right-hand side of the claim.
Moreover ∥xk∥1 ≤ R

∑
ℓ wk,ℓ = R. Given x⋆ ∈ Bd

1 (R), the vector u with u±i = (±x⋆i )+/R+ (1− ∥x⋆∥1 /R)/(2d)
lies in ∆2d and satisfies R(u+ − u−) = x⋆, so that

⟨Gk, wk − u⟩ = ⟨gk, xk − x⋆⟩ , (N.5)

and the claim follows.

Theorem N.9 (Upper bound for the ℓ1 geometry). Let β > 2, Lβ , R,G∞ > 0, let b̄h be as in Lemma N.7, and
let x̄N be the output of Procedure 7. Consider noises admissible at levels (M,σ, δ), and put Vh = Cσdσ

2/h2 in
general and Vh = S2(1 + log(2d))σ2/h2 for those that satisfy (SG) and ξo ≡ 0.

(a) For all h, ς > 0, N ≥ 1, f ∈ C1(R,G∞) and such noises,

E[f(x̄N )− f⋆] ≤ log(2d)

ςN
+ ςR2

(
(G∞ + b̄h)2 + Vh

)
+ 2Rb̄h.

If Ḡ2 ≥ 2(G∞+ b̄h)2+2Vh and ς = (2 log(2d)/(R2Ḡ2N))1/2, then E[f(x̄N )−f⋆] ≤ R
√

2 log(2d)Ḡ2/N+2Rb̄h.
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(b) Let 0 < ε < G∞R and put

h1,ε =
( ε

8c0LβR

) 1
β−1

, Ḡ2
ε = 2

(
G∞ +

ε

4R

)2
+ 2Vh1,ε

,

N =
⌈8R2 log(2d)Ḡ2

ε

ε2

⌉
, ς =

(2 log(2d)

R2Ḡ2
εN

)1/2
.

If M ≤ ε/(16A1R) and δ ≤ εh1,ε/(16S1R), then E[f(x̄N )− f⋆] ≤ ε for every f ∈ C1(R,G∞) and every such
noise. The algorithm uses N rounds of 2md calls, all queries lie in Bd

1 (R+ h1,ε), and T = 2mdN satisfies,
under (SG) and ξo ≡ 0,

T ≤ 72md log(2d)
G2

∞R
2

ε2
+ 79mS2(8c0)

2
β−1 d log2(2d)

σ2

ε2

(LβR
β

ε

) 2
β−1

,

and in general

T ≤ 72md log(2d)
G2

∞R
2

ε2
+ 32mCσ(8c0)

2
β−1 d2 log(2d)

σ2

ε2

(LβR
β

ε

) 2
β−1

.

The parameters depend only on β, Lβ , R,G∞, σ, d, ε. If ε ≥ G∞R, the output x̂ = 0 satisfies f(0)− f⋆ ≤ ε
without any call.

(c) Dimension dependence. Let d ≥ 256, σ > 0, G∞ ≥ Gd := 2CHLβR
β−1d−(β−2)/2, and

LβR
βd−3β/4 ≤ ε ≤ c′HLβR

βd−β/2.

For independent N(0, σ2) noise, let T ∗(ε) be the minimax number of calls on C1(R,G∞). Then

T ∗(ε) ≥ cHd(LβR
β/ε)2/βσ2/ε2,

and the sub-Gaussian upper bound in (b) also bounds T ∗(ε). Here ε < GdR ≤ G∞R; the window is nonempty
exactly when d ≥ (c′H)−4/β.

Proof. Part (a). Let x⋆ ∈ arg min f∩Bd
1 (R). Convexity, Lemma N.8 and the decomposition gk = ∇f(xk)+bk+Ξk

of Lemma N.7 give

N
(
f(x̄N )− f⋆

)
≤

N∑
k=1

⟨∇f(xk), xk − x⋆⟩ ≤
log(2d)

ς
+
ςR2

2

N∑
k=1

∥gk∥2∞ + 2RNb̄h −
N∑

k=1

⟨Ξk, xk − x⋆⟩ ,

since ∥xk − x⋆∥1 ≤ 2R. The last sum has expectation zero by Lemma N.7(b), because xk − x⋆ is bounded and

Fk−1-measurable, and E ∥gk∥2∞ ≤ 2(G∞ + b̄h)2 + 2Vh, because ∥∇f(xk)∥∞ ≤ G∞. This proves the first bound of
(a); the second follows by inserting ς.

Part (b). The choices of h1,ε, M and δ give b̄h1,ε
≤ ε/(8R) + ε/(16R) + ε/(16R) = ε/(4R), and the choice of

N makes both terms of the tuned bound in (a) at most ε/2. Each query differs from a point of Bd
1(R) in one

coordinate by at most h1,ε. Since 2(G∞ + ε/(4R))2 ≤ 4G2
∞ + ε2/(4R2),

N ≤ 1 + 2 log(2d) + 32 log(2d)
G2

∞R
2

ε2
+ 16 log(2d)

R2Vh1,ε

ε2
.

As ε < G∞R and 1 ≤ log(2d)/ log 2, multiplying by 2md bounds the first three terms by 72md log(2d)G2
∞R

2/ε2.
The two call bounds follow by inserting Vh, using R2h−2

1,ε = (8c0)2/(β−1)(LβR
β/ε)2/(β−1) and, in the sub-Gaussian

case, 1 + log(2d) ≤ (1 + 1/ log 2) log(2d) and 32(1 + 1/ log 2) < 79. Finally, if ε ≥ G∞R, convexity gives
f(0)− f⋆ ≤ ∥∇f(0)∥∞ ∥x⋆∥1 ≤ G∞R.

Part (c). The window is the condition of the last assertion of Lemma N.6(d). By the subclass assertion of
Lemma N.6 with p = 1 and n = d, that lower bound holds on the subclass of Cp(R), p = 1, defined by

∥∇f(x)∥∞ ≤ CHLβr
β−2(∥x∥2 + r) (and a Euclidean Hessian cap), where r = R/

√
d. For x ∈ Bd

1(R) the
right-hand side is at most 2CHLβr

β−2R = Gd, so this subclass is contained in C1(R,Gd) ⊆ C1(R,G∞). Since the
lower bound is positive, no algorithm without calls is ε-accurate on C1(R,Gd), whereas the output 0 has error at
most GdR there (last assertion of (b) with Gd in place of G∞); hence ε < GdR. The upper bound is part (b) for
Gaussian noise, which satisfies (SG) with ξo ≡ 0. The window is nonempty exactly when dβ/4 ≥ 1/c′H.
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Remark N.10 (Local smoothness suffices). The proof of Lemma N.9(a), (b) uses the Hölder condition only in
Lemma N.7(a), through the functions u 7→ f(xk + uei) on [−h, h] with xk ∈ Bd

1 (R); all queries lie in Bd
1 (R+ h).

Hence (a) and (b) hold for every f that is defined, convex and continuously differentiable on an open set containing
Bd

1 (R+h), has a minimizer in Bd
1 (R) and ∥∇f∥∞ ≤ G∞ on Bd

1 (R), and for which every function u 7→ f(x+ uei),
x ∈ Bd

1 (R), has a γ-Hölder q-th derivative with constant Lβ on [−h, h]. Experiment 6 of Section P uses this form:
for f(x) =

∑
j φ(xj − cj) with φ(t) = et − 1− t the global seminorm is infinite, while the local constant is the

largest value of φ′′′ at the coordinates that occur.

Remark N.11 (Comparison of the bounds). For fixed β, Lβ , R, σ, ε and G∞ ≥ Gd, both bounds of Lemma N.9(c)
are linear in d up to the factor log2(2d) on the whole range (LβR

β/ε)4/(3β) ≤ d ≤ (c′HLβR
β/ε)2/β of the window.

Their ratio is at most

Cβ log2(2d)(LβR
β/ε)2/(β−1)−2/β + Cβ log(2d)G2

∞R
2(ε/(LβR

β))2/β/σ2,

so the remaining gap concerns the power of 1/ε, which is 2 + 2/β in the lower bound and 2 + 2/(β − 1) in the
upper bound. For larger d the lower bound of Lemma N.6(d) no longer grows with d, up to the logarithmic gain
of Lemma N.6(e), while the upper bound still grows linearly. For noise that is only admissible at levels (M,σ, δ),
the upper bound grows like d2 log(2d), and by the example after Lemma N.7 the second moment of ∥Ξ∥∞ can

indeed be of order dσ2/h2. Since sH ≤ 1/2, the threshold of Lemma N.9(c) satisfies (c′H)−4/β ≥ 24+72/βK
4/β
H (for

instance 228K
4/3
H at β = 3); with the constants of Lemma M.5, part (c) is therefore a statement about large

dimensions.

Upper bounds for p > 2 are open. For p = 2 and fixed Lβ , R, σ, the known convex upper bound is O(d2ε−2β/(β−1))
(Bach and Perchet, 2016; Gasnikov et al., 2024a), and Lemmas L.6 and L.9 give a sharper comparison when a
Hessian bound is available.

O FUNCTIONAL CONSTRAINTS

This appendix treats convex problems with functional constraints whose values are observed with noise. Section O.1
introduces the problem, the multipliers and the oracle. Section O.2 shows that no method controls both the
objective error and the violation if the values of the constraints carry an unknown constant error. Section O.3
analyzes stochastic Mirror–Prox with biased operator estimates, and Section O.4 builds these estimates from
Procedure 1 and calibrated values of the constraints. Lower bounds for problems whose optimal value is not
changed by the constraints are given by Lemma N.4.

O.1 Problem, multipliers and oracle

Problem. Let Q ⊂ Rd be nonempty, closed and convex with diameter D ∈ (0,∞), and let g0 = f, g1, . . . , gnc

(nc ≥ 1) be real functions that are differentiable on an open set containing Q and convex on Q. We consider

minimize f(x) over x ∈ Q subject to gi(x) ≤ 0, i = 1, . . . , nc, (O.1)

and write g = (g1, . . . , gnc
). We assume that the feasible set X = {x ∈ Q : g(x) ≤ 0} is nonempty. It is

compact, so f⋆ = minX f is attained at some x⋆ ∈ X . The violation of x ∈ Q is v(x) = max{0, g1(x), . . . , gnc
(x)}.

A method outputs x̂ ∈ Q; we bound E[f(x̂) − f⋆]+ and Ev(x̂), where [a]+ = max{a, 0}. The objective error
f(x̂)− f⋆ may be negative at infeasible points.

Multipliers. We assume a known number ȳ ≥ 0 and a vector y⋆ ∈ Rnc with

y⋆ ≥ 0, ∥y⋆∥1 ≤ ȳ, inf
x∈Q

(
f(x) + ⟨y⋆, g(x)⟩

)
= f⋆. (O.2)

Such a vector is a Lagrange multiplier of (O.1); Lemma O.3 discusses its existence and its size. Fix ρ > ȳ; the
method below uses ρ = ȳ + 1. Put

Yρ = {y ∈ Rnc : y ≥ 0, ∥y∥1 ≤ ρ}, K = Q× Yρ ⊂ Rd+nc , DK = (D2 + 2ρ2)1/2.

We use the Euclidean norm on Rd+nc and write w = (x, y) for its points; the Euclidean projection onto K is

ProjK(x, y) = (ProjQ x,ProjYρ
y). For y, y′ ∈ Yρ we have ⟨y, y′⟩ ≥ 0, hence ∥y − y′∥2 ≤ ∥y∥21 + ∥y′∥21 ≤ 2ρ2, and

DK bounds the diameter of K.
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Lagrangian, operator and gap. For (x, y) ∈ K let

Ψ(x, y) = f(x) + ⟨y, g(x)⟩ , H(x, y) =
(
∇f(x) +

nc∑
i=1

yi∇gi(x), −g(x)
)
.

For each y ∈ Yρ the function Ψ(·, y) is convex on Q, and Ψ(x, ·) is affine with gradient g(x). We assume that H
is MH -Lipschitz on K for some MH > 0, that is, ∥H(w)−H(w′)∥ ≤ MH ∥w − w′∥ for w,w′ ∈ K; Lemma O.2
gives a sufficient condition. The gap of w = (x, y) ∈ K is

gap(x, y) = max
y′∈Yρ

Ψ(x, y′)− min
x′∈Q

Ψ(x′, y) = max
(x′,y′)∈K

(
Ψ(x, y′)−Ψ(x′, y)

)
≥ 0.

Lemma O.1 (The gap controls the objective error and the violation). Assume (O.2). For every (x, y) ∈ K,

f(x)− f⋆ + ρ v(x) ≤ gap(x, y) and f(x)− f⋆ ≥ −ȳ v(x).

Consequently [f(x)− f⋆]+ ≤ gap(x, y) and v(x) ≤ gap(x, y)/(ρ− ȳ).

Proof. The support function of Yρ gives maxy′∈Yρ
⟨y′, g(x)⟩ = ρv(x), and feasibility of x⋆ gives minx′∈Q Ψ(x′, y) ≤

Ψ(x⋆, y) ≤ f⋆. This proves the first inequality. The multiplier condition gives f(x)− f⋆ ≥ −⟨y⋆, g(x)⟩ ≥ −ȳv(x).
The two conclusions follow from these inequalities and gap ≥ 0.

Lemma O.2 (A Lipschitz constant of the operator). Let f, g1, . . . , gnc be twice continuously differentiable on an
open set containing Q, with 0 ⪯ ∇2gi(x) ⪯ LI for x ∈ Q and i = 0, . . . , nc, and ∥∇gi(x)∥ ≤ Gg for x ∈ Q and
i = 1, . . . , nc. Then H is MH-Lipschitz on K with MH = (1 + ρ)L+ 2

√
ncGg.

Proof. For w = (x, y) and w′ = (x′, y′) in K, the Hessian bounds, integration along segments and ∥y − y′∥1 ≤√
nc ∥y − y′∥ show that the two blocks of H(w)−H(w′) have norms at most (1 + ρ)L ∥x− x′∥+

√
ncGg ∥y − y′∥

and
√
ncGg ∥x− x′∥. Add these bounds and use ∥x− x′∥ , ∥y − y′∥ ≤ ∥w − w′∥.

Remark O.3 (The size of the multipliers). Slater points. Let x◦ ∈ Q and θ > 0 with gi(x◦) ≤ −θ for all i. Every
y⋆ as in (O.2) satisfies ∥y⋆∥1 ≤ (f(x◦)−f⋆)/θ, because f⋆ ≤ f(x◦) + ⟨y⋆, g(x◦)⟩ ≤ f(x◦)−θ ∥y⋆∥1. If ∥∇f∥ ≤ G0

on Q, then f(x◦)− f⋆ ≤ G0D, so ȳ = G0D/θ is admissible. If x◦ lies in the relative interior of Q, a vector y⋆ as
in (O.2) exists (Rockafellar, 1970, Theorem 28.2).

Smoothness does not bound the multipliers. On Q = [0, 1] ⊂ R, for c > 0, the problem of minimizing f(x) = −cx
subject to x − 1

2 ≤ 0 has f⋆ = −c/2. For y ≥ 0 the infimum over [0, 1] of f(x) + y(x − 1
2 ) = (y − c)x − y/2 is

−y/2 if y ≥ c and y/2− c if y < c, so the unique multiplier is y⋆ = c. All derivatives of order at least two of f
and of the constraint vanish, so the Hessian bound and the Hölder constants are zero for every c. Thus ȳ is a
parameter of the problem that is not controlled by the smoothness parameters.

Oracle. The method works in rounds as in Section 2. Here Fk−1 is generated by all queries and all returned
values of rounds 1, . . . , k − 1 and by Θ1, . . . ,Θk−1. The queries of a round are ordered in a way that does not
depend on Θk. For a query t of round k, the σ-algebra Et is generated by Fk−1, Θk, the queries of round k and
all error components of the queries of round k that precede t.

Definition O.4 (Value calls and level calls). A query is of one of two kinds.

(i) A value call at Xt returns the nc + 1 values

Yi,t = gi(Xt) + ηi(Xt) + ξci,t + ξoi,t + δi,t, i = 0, . . . , nc,

where, for each i, ηi is fixed before the run and the four components satisfy (L)–(A) at levels (M,σ, δ) with
the σ-algebras above; in (O), the vector of the errors ξoi,t of the value calls of round k is independent of Θk

given Fk−1.

(ii) A level call at Xt returns, for a level σg ≥ 0, the nc values

Zi,t = gi(Xt) + ξci,t + δi,t, i = 1, . . . , nc,

with E[ξci,t | Et] = 0, E[(ξci,t)
2 | Et] ≤ σ2

g and |δi,t| ≤ δ.
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The components of one call may depend on each other. We count the calls of each kind and the returned scalar
values.

Thus the values that enter differences may carry all four kinds of error of Definition 1, while the levels gi(x) are
observed with centered noise and a bounded adversarial error only. A level call is a value call whose constraint
components have neither a Lipschitz nor an oblivious part, with the objective component discarded; an oracle
whose constraint components satisfy these restrictions provides both kinds of calls, with σg = σ. Lemma O.5
shows that some restriction of this kind on the levels is necessary.

O.2 The levels of the constraints must be calibrated

Proposition O.5 (A constant error in the constraint values). Let d = nc = 1, Q = [−1, 1], f(x) = −x and
0 < a < 1. For θ ∈ {−a, a} let gθ(x) = x − θ, and let f⋆θ and vθ(x) = [x − θ]+ be the optimal value and the
violation of the problem (O.1) with the constraint gθ.

(a) Both problems satisfy the assumptions of Section O.1 with ȳ = 1: the minimizer is x⋆θ = θ, f⋆θ = −θ, the
vector y⋆ = 1 satisfies (O.2), and x◦ = −1 satisfies gθ(x◦) ≤ −(1− a). All derivatives of order at least two
of f and gθ vanish.

(b) Let the values of the objective be exact, and let the values of the constraint carry the fixed error ηθ ≡ θ,
which is a constant and hence M-Lipschitz for every M ≥ 0; all other error components vanish. Then
every returned value of the constraint at a query X equals X, whatever θ. Consequently, for every method,
whatever its number of calls and rounds and wherever it queries, the output x̂ ∈ Q has the same law under
both problems, and

max
θ∈{−a,a}

max
{
Eθ

[
f(x̂)− f⋆θ

]
+
, Eθvθ(x̂)

}
≥ a.

The output x̂ = 0 attains equality.

(c) The same conclusion holds if the constant θ is, instead of ηθ, an oblivious error ξot = θ of every constraint
value, which is admissible at levels (0, σ, 0) for σ ≥ a, or an adversarial error δt = θ, which is admissible at
levels (0, 0, δ) for δ ≥ a.

Proof. (a) The feasible set is [−1, θ] and f is decreasing, so x⋆θ = θ and f⋆θ = −θ. For every x, f(x) + gθ(x) =
−θ = f⋆θ , so y⋆ = 1 satisfies (O.2) with ȳ = 1. Finally gθ(−1) = −1− θ ≤ −1 + a, and f , gθ are affine.

(b) The returned value of the constraint at X is gθ(X) + θ = X, and that of the objective is −X. So under both
problems every returned value is the same function of the query. By induction over the rounds, the queries, the
returned values and the output are the same measurable functions of the random elements Θ1,Θ2, . . . of the
method under both problems, and their laws coincide. For every x ∈ Q,[

f(x)− f⋆a
]
+

+ v−a(x) = [a− x]+ + [x+ a]+ ≥ (a− x) + (x+ a) = 2a.

Taking expectations under the common law of x̂ gives Ea[f(x̂)− f⋆a ]+ + E−av−a(x̂) ≥ 2a, so one of the two terms
is at least a. For x̂ = 0 we have [f(0)− f⋆θ ]+ = [θ]+ and vθ(0) = [−θ]+, so the maximum over θ and over the two
errors equals a.

(c) In both cases the returned value of the constraint at X is again X, and the argument of (b) applies. A
constant error is independent of the randomness of the method and has second moment a2.

Remark O.6 (Relation to Abronin et al. (2026)). Abronin et al. (2026) study (O.1) with f(x) = EF (x, ξ) and
g(x) = EG(x, ξ) for an oracle that returns (F (x, ξ), G(x, ξ)) at two points with a common sample ξ. Their
gradient estimates use differences at a common sample, which cancel every error that does not depend on the
point, and their Lipschitz assumption on the samples (their Assumption 2.2) concerns only such differences. The

levels enter the dual updates; for them they assume E ∥G(x, ξ)− g(x)∥2∞ ≤ σ2
g (their Assumption 2.3), which

they call a genuine additional assumption (their Remark 2.7(ii)). Lemma O.5 shows that an assumption of this
kind cannot be dropped. Our level calls play the role of their Assumption 2.3, with an additional adversarial
error; our bound on each component implies theirs with ncσ

2
g in place of σ2

g .
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Their Theorem 9.3 shows that the term of order σ2
g/ε

2 in the number of level calls of Lemma O.9 cannot be
avoided: its instances Gi(x, ξ) = x− ξi are realized by our level calls, while under the constant Lipschitz errors
ηi ≡ Eξi the value calls carry no information on the levels.

O.3 Mirror–Prox with biased operator estimates

The method is the stochastic Mirror–Prox method of Juditsky et al. (2011) in the Euclidean setup, that is, a
stochastic extragradient method with projections onto K. Each iteration takes two rounds, because the second
estimate is requested at a point that depends on the first one.

Theorem O.7 (Stochastic Mirror–Prox with bounded bias). Assume the setting of Section O.1, including (O.2).
Let (Fk)k≥0 be a filtration. In round k the method submits an Fk−1-measurable point w ∈ K and receives an
Fk-measurable estimate

Ĥ = H(w) + µk + ζk,

where ζk is Fk-measurable, E[ζk | Fk−1] = 0, E[∥ζk∥2 | Fk−1] ≤ VK , and ∥µk∥ ≤ bK almost surely. Let w1 ∈ K
be deterministic and 0 < ν ≤ 1/(2MH). For t = 1, . . . , N :

• in round 2t− 1, obtain the estimate Ĥt at wt and put wt+1/2 = ProjK(wt − νĤt);

• in round 2t, obtain the estimate Ĥt+1/2 at wt+1/2 and put wt+1 = ProjK(wt − νĤt+1/2).

Let ŵN = (x̂N , ŷN ) = 1
N

∑N
t=1 wt+1/2. Then

E gap(ŵN ) ≤ D2
K

2νN
+ 2νVK +DK

√
VK
N

+ 3DKbK . (O.3)

With ν = min{1/(2MH), DK/(2
√
NVK)}, and ν = 1/(2MH) if VK = 0,

E gap(ŵN ) ≤ ErrN :=
MHD

2
K

N
+ 3DK

√
VK
N

+ 3DKbK . (O.4)

Consequently x̂N ∈ Q, E[f(x̂N )− f⋆]+ ≤ ErrN and Ev(x̂N ) ≤ ErrN/(ρ− ȳ). The method uses 2N rounds.

Proof. A bound of this form is Juditsky et al. (2011, Theorem 1), whose oracle assumption (Assumption I
there) also allows a bias; we give the short argument because here the errors are martingale differences with a
history-dependent bias and because its constants are used below. Fix u ∈ K and put r =

∥∥wt − wt+1/2

∥∥ and

r′ =
∥∥wt+1/2 − wt+1

∥∥. Adding the projection inequalities for wt+1/2, tested at wt+1, and for wt+1, tested at u,

bounds ν
〈
Ĥt+1/2, wt+1/2 − u

〉
by (∥wt − u∥2 − ∥wt+1 − u∥2 − r2 − r′2)/2 plus ν

〈
Ĥt+1/2 − Ĥt, wt+1/2 − wt+1

〉
.

In this term the operator difference contributes at most νMHrr
′ ≤ (r2 + r′2)/4, the two biases at most 2νbKDK ,

and the noise at most ν2
∥∥ζt+1/2 − ζt

∥∥2 + r′2/4. Replacing Ĥt+1/2 by H(wt+1/2) on the left costs at most νbKDK

and a martingale term, so

〈
H(wt+1/2), wt+1/2 − u

〉
≤ ∥wt − u∥2 − ∥wt+1 − u∥2

2ν
+ ν

∥∥ζt+1/2 − ζt
∥∥2 + 3bKDK −

〈
ζt+1/2, wt+1/2 − u

〉
. (O.5)

For u = (x′, y′), convexity in x and affinity in y give ⟨H(x, y), (x, y)− u⟩ ≥ Ψ(x, y′)−Ψ(x′, y). Sum (O.5), use
Jensen’s inequality, write wt+1/2 − u = (wt+1/2 − u0)− (u− u0) for a fixed u0 ∈ K, and take the supremum over
u:

N gap(ŵN ) ≤ D2
K/(2ν) + ν

∑
t

∥∥ζt+1/2 − ζt
∥∥2 + 3NbKDK −

∑
t

〈
ζt+1/2, wt+1/2 − u0

〉
+DK

∥∥∥∥∥∑
t

ζt+1/2

∥∥∥∥∥ .
The inner products have mean zero. Martingale differences are orthogonal, so E

∥∥ζt+1/2 − ζt
∥∥2 ≤ 2VK and

E
∥∥∑

t ζt+1/2

∥∥ ≤ √NVK , which proves (O.3). For the tuned step, 1/ν ≤ 2MH + 2
√
NVK/DK and 2νVK ≤

DK

√
VK/N , which proves (O.4). Lemma O.1 gives the last two bounds.



Minimax Oracle Call Complexity, Rounds and Admissible Noise in Zeroth-Order Optimization

O.4 Operator estimates from the stencil

Fix a round k, a radius h > 0, integers B,BL ≥ 1 and an Fk−1-measurable point w = (x, y) ∈ K. The operator
estimate Ĥ(w) = (Ĥx, Ĥy) at w consists of two parts.

(i) Value calls. Run Procedure 1 at the center x with radius h and B frames, and apply its formula to each of
the nc + 1 components of the returned values; this gives vectors ḡ0, . . . , ḡnc

∈ Rd. Put Ĥx = ḡ0 +
∑nc

i=1 yiḡi.

Since the formula is linear in the values, Ĥx is Procedure 1 applied to the values of the Lagrangian Ψ(·, y) at
the frozen multiplier y. This part uses 2mdB value calls and (nc + 1)2mdB scalar values.

(ii) Level calls. Request BL level calls at x, with returned vectors Z·,ℓ ∈ Rnc , ℓ = 1, . . . , BL, and put Ĥy =

− 1
BL

∑BL

ℓ=1 Z·,ℓ. This part uses BL level calls and ncBL scalar values.

All queries of the estimate are determined at the start of the round, so the estimate takes one round; the value
calls precede the level calls.

Lemma O.8 (Bias and variance of the operator estimate). Let ϑ be as in Lemma L.2, and let g0 = f, g1, . . . , gnc be
q times continuously differentiable on an open set containing Qϑh, with ∥Dqgi(x)−Dqgi(x

′)∥ ≤ Lβ ∥x− x′∥γ for
x, x′ ∈ Qϑh and i = 0, . . . , nc, in the chosen norm of Section 2 (with the corresponding exponent τ). Let the calls
satisfy Lemma O.4. Then the value calls lie in Qh, the level calls are made at x ∈ Q, and Ĥ(w) = H(w) + µ+ ζ,
where µ is Fk−1-measurable, ζ is Fk-measurable, E[ζ | Fk−1] = 0,

∥µ∥ ≤ bK := (1 + ρ)
(
CbLβd

−τ/2hβ−1 +A1M +

√
dS1δ

h

)
+
√
nc δ, (O.6)

and, with Ωh = CfL
2
βd

−τh2β−2 + CηM
2 + Cσdσ

2/h2, where Cb, Cf , Cη = 4A2
1 and Cσ are the constants of

Lemma D.3,

E
[
∥ζ∥2

∣∣ Fk−1

]
≤ VK := 2(1 + ρ)2

(Ωh

B
+
dS2

1δ
2

h2

)
+ 2nc

( σ2
g

BL
+ δ2

)
. (O.7)

Proof. Write N(X) = (E[∥X∥2 | Fk−1])1/2.

Primal block. Fix i ∈ {0, . . . , nc}. The i-th components of the value calls form an oracle for gi as in Definition 1 at
levels (M,σ, δ), with the σ-algebras of Lemma O.4. The proofs of Lemma D.3 and Lemma L.2 use the σ-algebras
only through the Fk−1-measurability of the center and the radius, the independence of Θk and Fk−1, the condition
(C) with σ-algebras Et that contain Θk and the errors of the earlier queries of the round, the condition (O), and
the fact that the order of the queries does not depend on Θk. These properties hold here; the larger σ-algebras
and the level calls, which follow the value calls, do not affect them. Hence Lemma L.2, with its convex set (called
K there) equal to Q, and part (iv) of Lemma D.3 give ḡi = ∇gi(x) + µi + ζ̃i, where µi = bi(x) + E[∆i | Fk−1]
is Fk−1-measurable with ∥µi∥ ≤ CbLβd

−τ/2hβ−1 + A1M +
√
dS1δ/h, and ζ̃i = ζi + ∆i − E[∆i | Fk−1] is Fk-

measurable with E[ζ̃i | Fk−1] = 0 and N(ζ̃i) ≤ (Ωh/B)1/2 +
√
dS1δ/h; here bi(x), ζi and ∆i are the terms b(z), ζ

and ∆ of Lemma D.3 for gi. With y0 = 1,

Ĥx = ∇f(x) +
∑
i≥1

yi∇gi(x) + µx + ζx, µx =

nc∑
i=0

yiµi, ζx =

nc∑
i=0

yiζ̃i.

Since y is Fk−1-measurable, y ≥ 0 and
∑nc

i=0 yi ≤ 1 + ρ, we have ∥µx∥ ≤ (1 + ρ) maxi ∥µi∥ and E[ζx | Fk−1] = 0,
and the conditional Minkowski inequality gives N(ζx)2 ≤ 2(1 + ρ)2(Ωh/B + dS2

1δ
2/h2).

Dual block. Let ξ̄ and ∆L be the averages over the BL level calls of the vectors (ξci,ℓ)i and (δi,ℓ)i of their errors.

Then Ĥy = −g(x)+µy +ζy with µy = −E[∆L | Fk−1] and ζy = −(ξ̄+∆L−E[∆L | Fk−1]), so that ∥µy∥ ≤ √nc δ,
ζy is Fk-measurable and E[ζy | Fk−1] = 0. For ℓ < ℓ′ the error ξci,ℓ is measurable with respect to the σ-algebra Et
of the ℓ′-th level call, so the cross terms vanish and N(ξ̄)2 ≤ ncσ2

g/BL. Moreover N(∆L − E[∆L | Fk−1])2 ≤ ncδ2,
and the conditional Minkowski inequality gives N(ζy)2 ≤ 2nc(σ

2
g/BL + δ2).

Both blocks. Put µ = (µx, µy) and ζ = (ζx, ζy). Then ∥µ∥ ≤ ∥µx∥ + ∥µy∥ ≤ bK and E[∥ζ∥2 | Fk−1] =
N(ζx)2 + N(ζy)2 ≤ VK ; no independence between the blocks is needed. The value calls are the queries of
Procedure 1 at x ∈ Q and lie in Qh.
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Procedure 8 Calibrated zeroth-order Mirror–Prox
Require: x0 ∈ Q, ProjK ; value and level calls as in Lemma O.4; h,B,BL, N, ν as in Lemma O.9
1: w1 ← (x0, 0)
2: for t = 1, . . . , N do
3: at ← Ĥ(wt), the operator estimate of Section O.4 (one round)
4: wt+1/2 ← ProjK(wt − νat)
5: bt ← Ĥ(wt+1/2) (one round)
6: wt+1 ← ProjK(wt − νbt)
7: return the x-component of N−1

∑N
t=1 wt+1/2

Corollary O.9 (Mirror–Prox with the stencil). Assume the setting of Section O.1 with ρ = ȳ + 1, so that
DK = (D2 + 2ρ2)1/2, and let H be MH-Lipschitz on K for some MH > 0, for instance with MH of Lemma O.2
when it is positive. The method uses the quantities below, which depend on σ, σg, ȳ, D, Lβ ,MH , nc, d and ε, but
not on M and δ; upper bounds on σ, σg, ȳ, D, Lβ ,MH and nc suffice. Let ε > 0 and put

h =
( ε dτ/2

24(1 + ρ)CbLβDK

) 1
β−1

, M̄ =
ε

24(1 + ρ)A1DK
, δ̄ = min

{ εh

42(1 + ρ)S1DK

√
d
,

ε

42
√
ncDK

}
,

Ω̄ = CfL
2
βd

−τh2β−2 + CηM̄
2 + Cσ

dσ2

h2
, N =

⌈4MHD
2
K

ε

⌉
,

B = max
{

1,
⌈864(1 + ρ)2D2

KΩ̄

Nε2

⌉}
, BL = max

{
1,
⌈864ncσ

2
gD

2
K

Nε2

⌉}
,

V̄ =
2(1 + ρ)2Ω̄

B
+

2ncσ
2
g

BL
+

ε2

432D2
K

, ν = min
{ 1

2MH
,
DK

2
√
NV̄

}
.

Let g0 = f, g1, . . . , gnc
satisfy the assumptions of Lemma O.8 on Qϑh, and let the calls satisfy Lemma O.4 with

M ≤ M̄ and δ ≤ δ̄. Run Procedure 8, that is, the method of Lemma O.7 from w1 = (x0, 0), for some x0 ∈ Q,
with the step ν and the operator estimates of Lemma O.8 with radius h, B frames and BL level calls. Then the
output x̂ = x̂N ∈ Q satisfies

E
[
f(x̂)− f⋆

]
+
≤ ε and Ev(x̂) ≤ ε

after 2N rounds, all value calls lie in Qh, and the numbers TV of value calls and TL of level calls satisfy

TV ≤ 3456mCσ(24Cb)
2

β−1
σ2

ε2
d 2− τ

β−1

(SK

ε

) 2
β−1

+ 6md
(Cf

C2
b

+
Cη

A2
1

)
+ 4mdN, SK = (1 + ρ)βLβD

β
K ,

TL ≤
1728ncσ

2
gD

2
K

ε2
+ 2N, N ≤ 4MHD

2
K

ε
+ 1.

Each value call returns nc + 1 scalar values and each level call returns nc.

Proof. By Lemma O.8, every operator estimate of the run has the form required in Lemma O.7, with bK of
(O.6) and VK of (O.7). Since M ≤ M̄ , we have Ωh ≤ Ω̄. Since δ ≤ δ̄, the terms of VK with δ are at most
4ε2/(1764D2

K) ≤ ε2/(432D2
K). Hence VK ≤ V̄ , and Lemma O.7 applies with V̄ in place of VK and the step ν:

E gap(ŵN ) ≤MHD
2
K/N + 3DK

√
V̄ /N + 3DKbK .

The choice of N gives MHD
2
K/N ≤ ε/4. The choices of B and BL give 2(1 + ρ)2Ω̄/B ≤ Nε2/(432D2

K) and

2ncσ
2
g/BL ≤ Nε2/(432D2

K), so V̄ ≤ Nε2/(144D2
K) and 3DK

√
V̄ /N ≤ ε/4. The choices of h, M̄ and δ̄ bound

the three parts of bK by ε/(24DK), ε/(24DK) and ε/(21DK), so 3DKbK ≤ ε/8 + ε/8 + ε/7 < ε/2. Thus
E gap(ŵN ) ≤ ε, and Lemma O.1 with ρ− ȳ = 1 gives the two claims.

Each of the 2N rounds uses 2mdB value calls and BL level calls. Since NB ≤ N + 864(1 + ρ)2D2
KΩ̄/ε2 and

NBL ≤ N + 864ncσ
2
gD

2
K/ε

2, we get TL ≤ 2N + 1728ncσ
2
gD

2
K/ε

2 and TV ≤ 4mdN + 3456md(1 + ρ)2D2
KΩ̄/ε2.

By the choice of h and M̄ , the first two terms of Ω̄ equal Cfε
2/(576(1 + ρ)2C2

bD
2
K) and Cηε

2/(576(1 + ρ)2A2
1D

2
K);

they contribute 6md(Cf/C
2
b + Cη/A

2
1) to TV . The term Cσdσ

2/h2 contributes the first term of the bound on TV ,
since h−2 = (24Cb(1 + ρ)LβDK/ε)

2/(β−1)d−τ/(β−1).
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P DETAILS OF THE EXPERIMENTS

Code, randomness and reporting. The supplementary script experiments/run all.py, which uses NumPy
(Harris et al., 2020), produces Experiments 1–7 and the robustness checks reported with Experiments 3 and 5. All
random streams are derived from SeedSequence(20260927). Instances, tuning runs, reported runs, and methods
use separate streams, and tuning does not reuse evaluation data. The reported run used Python 3.13.16 and
NumPy 2.5.3 on two cores of a 2.80 GHz Intel Xeon processor. It took about 46 minutes, including 32 minutes for
Experiment 5; experiments/run log.txt records the time of each run.

Vertical uncertainty bars are centered on the plotted markers and represent one standard error over independent
runs. When a standard error is smaller than its marker, the bar is covered by the marker. Paired ratios in
Experiment 3 and its robustness check use the delta method. Calls required for a target accuracy are interpolated
between adjacent points of a doubling grid in log–log coordinates. Their standard errors use 400 fixed bootstrap
resamples; the grid is extended until every resample crosses the target. Slopes are least-squares fits in log–
log coordinates. Experiments 5 and 6 obtain their slope errors from bootstrap resamples across independent
dimensions, while the budget check in Experiment 5 uses the delta method for the mean errors. Haar frames are
generated by QR factorization of a standard Gaussian matrix, with the correction Q← Qdiag(sgn diagR). Each
oracle call evaluates the objective at its stated query and adds the noise assigned to that call. Figures 2 and 3
display all seven experiments together with the robustness checks for Experiments 3 and 5. Panels (a)–(d) of
Figure 1 are Experiments 3, 4, 5, and 7.
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Figure 2: Experiments 1–4 and the robustness check for Experiment 3.
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Figure 3: Experiments 5–7 and the robustness check for Experiment 5.

Experiment 1: one estimate under systematic and bounded errors. The objective is f(x) = 1
2 ∥x∥

2
,

the center is z = e1/2, the stencil has m = 2 and h = 0.1, oracle values are exact, and d ∈ {4, 8, . . . , 256};
the same 400 frames per d serve all error models. The Lipschitz error is η(x) = M

∑50
k=1 wk |⟨vk, x⟩ − ck| with

M = 1, independent uniform unit vectors vk, weights (wk) from the flat Dirichlet distribution and offsets
ck = ⟨vk, z⟩+ (h/

√
d)ζk, ζk ∼ U [−1, 1], so that every kink passes close to z; η is drawn once per d, before the

frames. This one function does not probe the supremum over all Lipschitz errors; as a check of the order M , the
linear error η(x) = M ⟨v, x⟩ shifts every frame by exactly Mv, and the measured error has norm 1.000000 for
every d. The bounded error fixed in advance is δ sgn sin(1000 ⟨u, x⟩) with δ = Mh and a fresh uniform unit vector
u for each frame, also drawn before the frames; its values depend on the frame only through the query points, so it
is a bounded error as in (A), not oblivious noise. Independent random signs of size δ are not simulated; they serve
as the reference value M

√
S2d/2. The adversarial error sees the frame and adds ±δ sgn(aj) sgn ⟨Ui, w⟩ to the

value at z ± htjUi for a fixed unit vector w; the error of the estimate then has norm exactly S1M
√
d = 3

√
d for

every frame. The root-mean-square error under the Lipschitz error stays between 0.14 and 0.21 for all d, almost
all of it a deterministic shift (the norm of the mean error is at least 96% of the root-mean-square error), and below
the bound A1M

√
d/(d− 1) of Lemma D.2(d), which decreases from 1.92 to 1.67. The error under the bounded

error fixed in advance agrees within 2.3% (at most 1.6 standard errors) with the reference M
√
S2d/2 ≈ 1.90

√
d.

A Lipschitz error chosen after the frame as in Lemma D.5 gives an error of norm exactly M
√
d/2.
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Shared objective and method for Experiments 2, 3, and 5. Here d = 20, except in Experiment 5 and the
robustness checks described with Experiments 3 and 5, and f(x) = 1

2 ∥x∥
2

+ c g(x) with g(x) = ⟨w, x⟩ ∥x∥2 e−∥x∥2

,

c = 1/4 and w = d−1/2(1, . . . , 1), so that x⋆ = 0, f⋆ = 0 and ∇2f(0) = I. The eigenvalues of ∇2g have absolute
value at most 1.69123 on Rd, attained at x = ±1.1495w; this value is computed numerically, on a grid of step
0.005 after reduction to the plane spanned by w and x and with five local refinements, and it is not a certified
bound. The methods use the bound 1.7, that is, α = 1− 1.7c = 0.575, L = 1 + 1.7c = 1.425 and κ = 2.48; so
α = 1 in the normalizations of Experiment 3 and its robustness check is the curvature at x⋆, not the constant
of a class. Since g is odd and UU⊤ = I, every frame with m = 1 at the minimizer equals b = ch2e−h2

w, the
gradient of the ball average of f at 0, and so does every coordinate stencil; this bias does not depend on d. The
noise is N(0, σ2) with σ = 0.03. All methods use m = 1, the radius h =

√
2T−1/6 (except in Experiment 5 and

its budget-scaling check), and variant (a) of Procedure 2 with N = 200 rounds (k0 = 16κ = 39.7) and R = 2,
from a random start x0 with ∥x0∥ = 1 drawn once per experiment. A round consists of B frames, that is, 2dB
calls. Without noise and with h = 10−4, this schedule ends at f(x̂)− f⋆ ≤ 3.4 · 10−18, so the optimization error
is negligible. The odd term of f decays, so a very large radius would see only the quadratic, whose minimizer is
x⋆; in the reported runs h ≤ 0.31 for f , so the radii stay near the analysis.

Experiment 2: oblivious noise. The budgets are T = 1.6 · 104 · 2k, k = 0, . . . , 7, with 20 runs each. In
addition to the N(0, σ2) noise, every query z + htju of a round receives +b and every query z − htju receives
−b, with b = σ; this oblivious error depends only on the position of the query in the round. It is a crafted
failure mode of stencils along fixed directions, not a model of all oblivious noise. The methods are (i) random
frames, (ii) the stencil along e1, . . . , ed with the same query order, and (iii) coordinate stencils with signs drawn
in every round (Lemma N.7). For (ii) the oblivious error shifts every coordinate of the estimate by b/h, and the
predicted plateau is f(xb)− f⋆, where xb minimizes f(x) + (b/h)

∑
i xi (computed by Newton’s method). In (iii)

the random sign of coordinate i multiplies both the difference and the direction, so the oblivious shift ±b/h enters
with a random sign and has mean zero; in (i) the random frame plays this role. Method (ii) stays at 0.97 to 1.00
times its plateau, which grows from 0.15 to 0.52 because b/h grows as h decreases. For (i) and (iii) the oblivious
error adds a term of mean zero and covariance (b/h)2I to every estimate. The ratio of their errors lies between
0.85 and 1.27 (standard errors 5 to 10% of each error), and their fitted log-log slopes are −0.66 and −0.68 over
all budgets and −0.59 and −0.67 over T ≥ 2.56 · 105, against the rate −2/3.

Experiment 3: admissible levels. Here T = 1.024 · 106 (B = 128), h =
√

2T−1/6 = 0.141 and 20 runs. A
unit vector v is drawn before the runs. The systematic error is η(x) = M ⟨v, x⟩. The adversarial error sees the
frames and adds ±δ sgn(aj) sgn ⟨Ui, v⟩ to the value at z ± htjUi, which adds (δS1/h)

∑
i sgn ⟨Ui, v⟩ Ui to the

frame, a vector with mean aδv, aδ = (δS1/h) dE |u1| for u uniform on the sphere (dE |u1| = 3.61 for d = 20).
The 15 log-spaced values of M and of δ were set from a pilot estimate of εT on a separate stream. All 31 settings
share the frames and the Gaussian noise of every call, and the errors are reported as ratios to εT = 3.03 · 10−5,
the error at M = δ = 0. They are plotted against x = M/

√
αεT and x = δ

√
d/(h
√
αεT ), from 0.031 to 31, with

α = 1 = ∇2f(0).

The predictions follow the mean of the estimate. Near x⋆ = 0 the estimate has mean b+ av up to higher-order
terms, with a = M for the systematic error, since ∇η = Mv, and a = aδ for the adversarial one. The method
then tends to −(b+ av), where f exceeds its value at −b by a ⟨b, v⟩+ a2/2 up to higher-order terms. We therefore
predict the ratio 1 + (F (a) + a ⟨b, v⟩)/εT , where F (a) = f(xa)− f⋆ and xa minimizes f(x) + a ⟨v, x⟩ (computed
by Newton’s method); for the systematic error, F (M) is the error that remains with exact values of f + η. Here

⟨b, v⟩ = 0.346
√
αεT , and the squared bias ∥b∥2 /2 is 0.39 εT . The ratio of the measured to the predicted error lies

between 1.00 and 1.02 for both errors at all 15 levels, at most 0.53 standard errors away. The errors cross 2εT at
x ≈ 1.07 (systematic) and x ≈ 1.30 (adversarial) by linear interpolation in log-log coordinates between the two
grid points around the crossing (1.08 and 1.34 by a power law 1 + cxp through them), while the predictions cross
2 at 1.11 and 1.37 (computed on a fine grid); without the cross term a ⟨b, v⟩ the first would cross 2 at 1.41. For
x ≥ 6 the errors grow with fitted slopes 1.96 and 1.94, and at the largest level the ratios are 542.7 and 351.8,
against the predictions 540.9 and 350.0. The systematic and adversarial errors are tested separately; their joint
effect is not.

Experiment 4: rounds against calls. Here d = 20, m = 2, the noise is independent N(0, σ2) with σ = 0.1,
the budget is T = 2md · 214 = 1,310,720 calls and the radius is h = 0.3 (d2σ2/T )1/8 = 0.0613. The objective
is f(x) = 1

2x
⊤Ax − b⊤x + 0.1 log cosh ⟨w, x⟩ with A diagonal, eigenvalues log-spaced in [1, κ], κ ∈ {10, 100}, a
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unit vector w and a minimizer x⋆ of norm 2, drawn once per κ; then I ⪯ ∇2f ⪯ (κ+ 0.1)I. Its third derivative
is small, so this experiment concerns rounds, not the order of the stencil. The methods use R = 4, α = 1 and
L = κ + 0.1. Each of the 20 runs draws a pool of n = 214 frames and of the noise of their calls, which both
methods use in order, for both values of κ and all numbers of rounds (common random numbers). Without noise,
the estimate at 20 random centers in B(R) differs from ∇f by at most 1.0 · 10−9. For N ∈ {8, 16, . . . , 214} rounds
the batch has B = 214/N frames. The two-phase method is variant (a) of Procedure 2. The accelerated method
is variant (b) with N0 = ⌈5

√
L/α ⌉ (16 and 51) rounds per stage and with its iterates projected onto B(R). If

N < N0, it runs one stage of N rounds with B frames; otherwise it runs J = min{⌊N/N0⌋, ⌊log2(214/N0 + 1)⌋}
stages, stage j with ⌊213+j/(N0(2J − 1))⌋ frames per round, so that the batches double up to rounding. Rounds
beyond the last stage are not used: the method uses at most 160 rounds for κ = 10 and 408 for κ = 100, and
Figure 1(b) shows it against the rounds it uses, once per schedule. The rounding leaves at most 1.1% of the
budget unused. The statistical level is σ̄2 tr(∇2f(x⋆)−1)/(2n) with σ̄2 = σ2S2/(2h

2), the asymptotic error of
Polyak–Ruppert averaging (Polyak and Juditsky, 1992) of n frames with exact gradients and the same noise; it is
2.34 · 10−3 for κ = 10 and 1.35 · 10−3 for κ = 100. The experiment compares methods at one budget; it is not a
measurement of the least number of rounds.

The two-phase method uses N rounds. Its error is 24 times the statistical level at N = 64, 2.8 times it at N = 128
and 1.7 to 2.3 times it for N ≥ 256 when κ = 10, and 13 times it at N = 512, 2.4 times it at N = 1024 and 1.7 to
2.0 times it for N ≥ 2048 when κ = 100. The accelerated method attains its smallest error with a single stage:
3.5 times the statistical level with 16 rounds for κ = 10 and with 32 rounds for κ = 100, where 16 rounds still
give 35 times this level. With more rounds it runs more stages, its last stage has fewer frames per round, and its
error rises to 5.0 to 6.7 times the statistical level with 32 to 160 rounds for κ = 10, and to 5.5 to 7.3 times it with
102 to 408 rounds for κ = 100. The number of rounds the two-phase method needs grows by a factor 8 from
κ = 10 to κ = 100, that of the accelerated method by a factor 2.

Experiment 5: calls against the dimension. Besides the objective f above we use the separable objective
fs(x) =

∑
j ψ(xj), ψ(t) = 1

2 t
2 + ct3e−t2 , with the profile of f on the line through w along each axis. Its minimizer

is 0, ∇2fs(0) = I, the eigenvalues of ∇2fs lie in [1 − 1.6912c, 1 + 1.6912c], so the methods use the same α
and L, and

∥∥D3fs(0)
∥∥
op

=
∥∥D3f(0)

∥∥
op

= 6c. Since ∇2fs is diagonal, its Lipschitz constant is sup |ψ′′′| in the

operator and in the Hilbert–Schmidt norm, while D3f(0) has Hilbert–Schmidt norm of order c
√
d. A frame at

the minimizer has bias ch2e−h2

w for f , and 3ch2

d+2 (1, . . . , 1), of norm 3ch2
√
d

d+2 , for fs to leading order in h. Both

objectives are run with both radius rules h = C(d2+τσ2/T )1/6 of (3), τ = 0 (op) and τ = 1 (HS), with variant (a)
of Procedure 2, N = 200 rounds of B frames, T = 2dNB, the target ε = 2 · 10−4 and a uniform unit start drawn
once per d. For the matched pairs (non-separable, op) and (separable, HS) the constant C ∈ {2k/4 : −4 ≤ k ≤ 4}
was tuned once, on a separate stream at d = 16 with 10 runs, budgets B = 1, . . . , 32 and common randomness
across C, by minimizing the interpolated number of calls to reach ε; the chosen values are C = 1.68 and C = 1.19,
both inside the grid. The other rule of each objective uses the constant that gives the same radius at d = 16,
so that the two rules differ only in how the radius scales with d. For each d the number of frames per round is
halved or doubled until the mean error brackets ε, with 40 runs for d ≤ 16 and 20 for d ≥ 32; the non-separable
objective is not run at d = 128. For fs the radii reach 0.49 (d = 128), but a frame moves each coordinate by h
times a coordinate of a uniform unit vector, and the next term of the bias is smaller than the leading one by a
factor of order h2/d.

With the matched rules the calls grow with the fitted slopes 2.03±0.03 (non-separable) and 1.62±0.03 (separable)
over 8 ≤ d ≤ 64, and 1.61± 0.02 for the separable objective up to d = 128; with the other rules the slopes are
2.21± 0.05 and 1.64± 0.03 over 8 ≤ d ≤ 64, and 1.68± 0.02 for the separable objective up to d = 128. The ratio
of the calls of the two objectives with the matched rules grows from 1.14 at d = 8 to 2.66 at d = 64. The rule
of the other seminorm needs 1.03, 1.00, 1.14 and 1.53 times the calls of the matched rule for the non-separable
objective (d = 8, . . . , 64), and 1.02, 1.23, 1.06, 1.12 and 1.37 times them for the separable one (d = 8, . . . , 128).
At d = 16 the two rules give the same radius, so the ratio 1.23 there, 2.4 standard errors from 1, is a fluctuation
of the runs; it indicates their variability.

To compare the slopes with a finite-d prediction we model the error after the method as Akb(d)2h4+V d2σ2/(Th2),
with kb = c for f and kb = 3c

√
d/(d+ 2) for fs, the leading terms of the squared bias and of the noise. With the

radius rule and C optimal at d = 16, where the bias term is then half the noise term, the calls to reach ε are
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proportional to (
1
2v(16)

u(d)

u(16)
+ v(d)

)3/2
, u(d) = kb(d)2d2(2+τ)/3, v(d) = d(4−τ)/3, (P.1)

and we fit one constant per curve by least squares on the log scale. The model neglects higher-order terms of the
bias, the variance of the frames without noise and the optimization error. For 8 ≤ d ≤ 64 it has the slopes 2.00
and 2.13 for the non-separable objective with the op and the HS rule, and 1.59 and 1.67 for the separable one
with the HS and the op rule (1.57 and 1.72 up to d = 128); its slopes as d→∞ are 2, 3, 3/2 and 2. The measured
slopes differ from those of the model by +0.03, +0.08, +0.03 and −0.03 (+0.03 and −0.04 up to d = 128). At
all 18 points the residuals log(measured/model) are at most 0.104 in absolute value, that is, within 11%, and at
most 2.7 standard errors of the logarithm of the calls; run log.txt lists them.

Experiment 6: the ℓ1 ball. The objective is f(x) =
∑

j φ(xj − cj) with φ(t) = et − 1− t and c = 1
2e1: it is

convex, its minimizer is 1-sparse and lies in B1(1), and f(0)− f⋆ = 0.107. Since φ′′′ is unbounded on R, f does
not belong to the global class C1(R,G∞) of Lemma N.9, and we use its local form, Lemma N.10. The target is
ε = 0.01 and the noise is N(0, σ2) with σ = 0.03. Both methods use m = 1 and the radius of Lemma N.9(b),
h = (ε/(4Lβ))1/2 = 0.0299, with Lβ = e1+h. Every query of method (i) differs from a point of B1(1) in one
coordinate by at most h, and every query of method (ii) lies in B1(1) + hB2(1); in both cases all coordinates are
at most 1 + h in absolute value. On this set ∇2f = diag(exj−cj ), so e1+h bounds the Hölder constant of ∇2f in
the ℓ1 operator norm, and the local constant of Lemma N.10. The noise of one coordinate of either estimate has
standard deviation σ/(

√
2h) = 0.71. Method (i) is entropic mirror descent with coordinate stencils, Procedure 7,

with the step ς = µ(2 log(2d)/(Ḡ2N))1/2; here Ḡ2 = 2(G∞ + ε/4)2 + 2(1 + log(2d))σ2/h2 is Ḡ2
ε of Lemma N.9(b)

for Gaussian noise, and G∞ = e− 1 = 1.72 bounds ∥∇f∥∞ on B1(1). Method (ii) is projected stochastic gradient

descent onto B1(1) with the exact Euclidean projection, one frame per round and the step µ/(Ḡ2

√
N), where

Ḡ2
2 = 2(G2 + ε/4)2 + dσ2/h2 and G2 = 1.76 bounds ∥∇f∥ on B1(1). Both output the average of their centers

and use 2d calls per round. The multiplier µ ∈ {2k : k = −2, . . . , 4} was tuned in the same way for both methods,
on a separate stream at d = 32 with 10 runs, budgets N = 128, . . . , 8192 and common randomness across µ, by
minimizing the interpolated number of calls to reach ε; the chosen values are µ = 8 for (i) and µ = 2 for (ii), both
inside the grid. For each d the number of rounds is halved or doubled until the mean error brackets ε (20 runs; 10
and 6 for (ii) at d = 64 and 128). Method (i) needs 7.2 · 103, 2.1 · 104, 3.6 · 104, 8.4 · 104 and 2.0 · 105 calls for
d = 16, 32, . . . , 256, that is, 225 to 381 rounds; the fitted slope in d is 1.14± 0.06 for 16 ≤ d ≤ 128 and 1.15± 0.04
up to 256. Method (ii) needs 1.3 · 104, 6.0 · 104, 2.9 · 105 and 1.34 · 106 calls for d ≤ 128, that is, 393 to 5,230
rounds, and a fitted slope of 2.25± 0.04. It was not run at d = 256: extrapolating its number of rounds gives
about 1.2 · 104, and one literal 256× 256 frame takes about 6 ms. The instance is sparse and favorable to the ℓ1
geometry; it illustrates the upper bound and is not a minimax comparison.

Experiment 7: higher order. The objective is f7(x) = 1
2 ∥x∥

2
+ c ⟨w, x⟩ (1 − e−∥x∥2

) with c = 1/4, w =

d−1/2(1, . . . , 1) and d = 16. It is C∞ with bounded derivatives of every order, so it belongs to the classes of every
β; x⋆ = 0, f⋆ = 0, ∇2f7(0) = I, and the eigenvalues of the Hessian of the odd term g7 have absolute value at
most 1.9518 (computed numerically as for g), so the methods use α = 1− 1.96c = 0.51 and L = 1.49. Unlike the
odd term of f , that of f7 does not decay: at a very large radius every estimate sees x + cw, whose root −cw
has error 2.7 · 10−2, so wide tuning grids cannot favor huge radii. At the minimizer the bias is ch2w for central
differences, to leading order, and O(h4) for m = 2 and for the kernel estimate; noiseless means over many frames
or directions at h = 0.1, 0.2, 0.4 confirm the orders (2.49 · 10−3, 9.80 · 10−3, 3.70 · 10−2 for m = 1 and 3.1 · 10−6,
4.9 · 10−5, 7.5 · 10−4 for m = 2). Three estimates with 4dB values per round drive variant (a) of Procedure 2
with N = 200 rounds: (i) B frames with m = 2 and the radius rule of β = 5, h = C(d2σ2/T )1/10; (ii) 2B frames
with m = 1 and the rule of β = 3, h = C(d2σ2/T )1/6; (iii) 2dB directions of the ℓ2-randomized kernel estimate
of Akhavan et al. (2020, 2024), d

2h (Y (x + hrζ) − Y (x − hrζ))K(r)ζ with ζ uniform on the sphere, r uniform
on [−1, 1] and the kernel K(r) = 15r

4 (5− 7r2) of order 4, with the rule of β = 5. The cited works use one such
estimate per iteration of stochastic gradient descent; here all three estimates drive the same batched method, so
that only the estimate differs. Each constant C ∈ {2k/2 : −4 ≤ k ≤ 8} was tuned at T = 2.05 · 105 on a separate
stream with 10 runs and common randomness across C, by minimizing the mean error; the chosen values are
2.83, 1.41 and 2.83, all inside the grid. The budgets are T = 1.28 · 104 · 2k, k = 0, . . . , 7, with 20 runs each. The
fitted slopes in T are −0.76, −0.67 and −0.85 over all budgets and −0.80, −0.67 and −0.82 for T ≥ 2.05 · 105,
against the rates −4/5, −2/3 and −4/5 of the analyses. The error of central differences is 0.93 to 1.65 times that
of the frames with m = 2, growing with T , and the error of the kernel estimate is 1.02 to 1.62 times it.



Minimax Oracle Call Complexity, Rounds and Admissible Noise in Zeroth-Order Optimization

Additional checks for Experiments 3 and 5. Thresholds across dimensions and budgets. We repeat
Experiment 3 at (d, T ) = (10, 1.024 · 106), (40, 1.024 · 106), and (20, 2.56 · 105), using nine log-spaced levels from
x = 0.25 to 4.5 and independent streams for the instance, pilot, and reported runs. The measured systematic
doubling points are 1.69, 1.36, and 1.35, compared with predictions 1.79, 1.32, and 1.35. The adversarial values
are 2.08, 1.67, and 1.67, compared with 2.19, 1.64, and 1.67. Their variation comes from the instance-dependent
cross term a ⟨b, v⟩: ⟨b, v⟩ /√αεT = −0.34, 0.10, and 0.07.

Budget scaling at fixed dimension. We also rerun the four configurations of Experiment 5 at d = 32, using its
tuned constants, N = 200 rounds, B = 2, 4, . . . , 64 frames, and 20 independent runs per budget. Thus T ranges
from 2.56 · 104 to 8.19 · 105 oracle calls and the radii range from 0.17 to 0.39. Because h is proportional to T−1/6,
the predicted error is T−2/3. The four fitted slopes are −0.648 ± 0.017, −0.677 ± 0.017, −0.668 ± 0.020, and
−0.703 ± 0.018; for T ≥ 1.02 · 105 they are −0.60 ± 0.03, −0.67 ± 0.04, −0.71 ± 0.04, and −0.67 ± 0.03. The
interpolated calls required for ε = 2 · 10−4 are 1.39 · 105, 1.77 · 105, 8.8 · 104, and 7.8 · 104, compared with 1.57 · 105,
1.78 · 105, 7.4 · 104, and 7.8 · 104 in the independent dimension-scaling runs of Experiment 5.

Q DISCUSSION AND OPEN QUESTIONS

Random noise costs calls but not rounds: the accelerated method keeps the O(
√
κ log(1/ε)) rounds of Nesterov’s

method with exact gradients, and only the number of calls per round grows with d and σ. Persistent errors are
governed by their regularity rather than their size. A Lipschitz error fixed before the run is not averaged out:
for η(x) = M ⟨v, x⟩ every estimate is shifted by Mv. But the shift is O(M), without a factor

√
d, so the error

costs O(M2/α) in value and is admissible up to a Lipschitz constant of order
√
αε in every dimension, however

large its values are. An error known only to be bounded, such as a rounding error, is admissible only up to
min{

√
d,
√

log(4T )} δε, even if it is a fixed function of the query, and only for ε ≤ ε0; the achievable level cβδε
does not grow with the budget, since the radius cannot exceed the order of hε.

Limitations. The methods need β, Lβ , σ, α and L; adaptation to unknown parameters is not studied. The
counts concern oracle calls and adaptive depth: a round assumes unlimited parallelism, a Haar frame costs O(d3)
arithmetic operations, and the methods of Theorem 3 minimize polynomials at a cost we do not bound. Some
constants are far from practical: the factor in cN of Theorem 2(b) is below 10−45 for β = 3 and N = 3; the

method of Theorem 3(b) starts with O(dβ
2−1 log(d+T )) calls for integer β, that is d8 for β = 3 and d15 for β = 4;

and with our constants the range of accuracies in Lemma L.10(a), and that of the ℓ1 lower bound of Section 7, are
nonempty only for d above large thresholds, which exceed 228 for the latter at β = 3. Under unrestricted Hessian
magnitude, our analysis of the initial polynomial fit uses centered noise. The upper bounds on constrained sets
query the h-neighborhood of the set. The experiments check the predictions on particular instances, which are
not worst cases: Hilbert–Schmidt smoothness appears only through the separable instance of Figure 1(c) and
Experiment 5, the order β only through the comparison of the stencils with m = 1 and m = 2 in (d), and the
methods of Lemma I.1 and Theorem 3 are not tested; minimax lower bounds cannot be confirmed by finitely
many instances.

Open questions. Rounds. The lower bound Nβ(d) of Theorem 2(c) concerns the rate in the number of calls
per round for fixed d, while for a fixed accuracy Theorem 1(c) needs O(

√
κ (1 + log(LR2/ε))) rounds in every

dimension. How the minimal number of rounds depends on κ and ε is open, since our nested hard functions have
κ ≤ 3. Under the condition of Lemma I.1, we do not know whether O(

√
κeff log(1/ε)) rounds suffice. Convex

functions. The minimax number of calls is known only in the ranges of Lemma L.10(a) and, for L ≥ Lε and
LβR

βd−β/4 ≤ ε ≤ c′βLβR
β , up to the factor CβV/Lε between the leading statistical terms (Lemma L.10(b)); the

full upper bound adds 32d(1 + LR2/ε) calls, and for smaller ε the gap grows. The admissible adversarial level is
known only up to a factor polynomial in 1/ε (Table 3). Unbounded Hessians. Can the rate of Theorem 3 be
reached with a smaller startup, under oblivious noise or with systematic and adversarial errors, or in polynomial
time?

R FURTHER RELATED WORK

Oracle calls. Finite differences of noisy values go back to Kiefer and Wolfowitz (1952); higher smoothness is
exploited by differences of higher order (Fabian, 1967; Dippon, 2003), optimal in dimension one (Chen, 1988),
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and by randomized differences weighted by a kernel (Polyak and Tsybakov, 1990). Omitting factors free of d and
ε, the number of calls has since fallen from d2ε−(β+1)/(β−1) (Bach and Perchet, 2016) to d2ε−β/(β−1) (Akhavan
et al., 2024, Theorem 18 and Corollary 19), with intermediate steps by Akhavan et al. (2020) and Novitskii and
Gasnikov (2022). For integer β the class of Akhavan et al. (2024) is defined through derivatives of order β, but
their bias bound (Akhavan et al., 2024, Lemma 6) uses only the Taylor remainder of order β, which is bounded on
our classes. Their noise, like that of Lobanov (2024), may be oblivious: independent of the random directions and
not necessarily centered. The lower bound dβ/(β−1)ε−β/(β−1) of Akhavan et al. (2020, Theorem 6.1) and Akhavan
et al. (2024, Theorem 22) comes from separable functions, for which it is attained (Akhavan and Tsybakov,
2025). For a Hilbert–Schmidt bound on the Lipschitz constant of the Hessian, β = 3, Yu et al. (2024) established
matching bounds of order d3/2ε−3/2 for centered noise and unrestricted Hessian magnitude; their Theorems 3.1
and 3.2 are asymptotic in the number of calls with the other parameters fixed. With a bounded Hessian alone,
d2/ε2 calls are necessary (Shamir, 2013, improving Jamieson et al., 2012), but the third derivatives of the hard
functions are not bounded uniformly in ε. Wang et al. (2018) study local minimax rates for noisy optimization of
smooth functions, a neighboring problem with a different notion of optimality. Akhavan et al. (2026) minimize a
partial derivative ∂kj g of an unknown function from noisy values of g, with the optimal rate N−(β−1)/(β+k) in the

number N of queries; for k = 0 their bound is d(2β−1)/βN−(β−1)/β . Hessians that grow at most linearly with the
gradient (Zhang et al., 2020) were treated for two-point feedback by Lobanov and Gasnikov (2025). Zeroth-order
methods are also used for nonconvex problems such as black-box attacks on neural networks (Chen et al., 2017)
and fine-tuning of language models (Malladi et al., 2023), which lie outside our assumptions.

Directions. Our estimate uses all axes of a uniformly random orthonormal basis. Finite differences along
random orthogonal directions, which include spherical smoothing and coordinate descent as special cases, were
analyzed by Kozak et al. (2023), and stochastic descent along ℓ ≤ d structured orthogonal directions by Rando
et al. (2024). Their oracles and classes differ from ours; we use stencils of high order and the noise of Definition 1,
in which the frames make an oblivious error average out and a fixed Lipschitz error cost O(M) (Proposition 1).

Rounds. Parallel first-order methods need many rounds in high dimension (Nemirovski, 1994; Diakonikolas and
Guzmán, 2020), and zeroth-order methods for functions with a bounded Hessian need about d log log n rounds of
n calls to keep the sequential rate (Duchi et al., 2018). For highly smooth functions, batched kernel methods with
bounds on the rounds exist for convex (Lobanov et al., 2024), Polyak– Lojasiewicz (Gasnikov et al., 2024b) and
strongly convex (Lobanov, 2024, Theorem 2) objectives; the last one makes d2 calls, up to logarithmic factors,
in O(

√
κ log(1/ε)) rounds for κ = L/α. Compared with it, Theorem 1(a) has no logarithmic factor in the error

bound, holds under Hilbert–Schmidt smoothness with the power ds, and admits systematic and adversarial errors
at the levels of Theorem 1(c), which are sharp up to the factors stated there.

Admissible errors. Systematic and adversarial errors have mostly been studied for less smooth functions
and for two-point feedback, where two values share one random sample (Duchi et al., 2015; Shamir, 2017).
There Gasnikov et al. (2022) bounded the calls, the rounds and the largest admissible adversarial error, which
Pasechnyuk-Vilensky et al. (2026) determined up to logarithms, building on approximately convex optimization
(Belloni et al., 2015; Singer and Vondrák, 2015; Li and Risteski, 2016). In Pasechnyuk-Vilensky et al. (2026) the
errors are fixed functions on a Euclidean ball, queries and output lie in the ball, and the guarantee holds with
high probability; their lower bound ε3/2/(R

√
dL) on the admissible level (Table 3) is proved on the subclass with

a Lipschitz constant of order
√
Lε on the ball, and their upper bound for a range of accuracies and for d at least

of the order of the logarithm of the number of queries. Lipschitz errors were treated by Gasnikov et al. (2016a)
and by Dvinskikh et al. (2023), whose constant is of order ε/(R

√
d) for exact values and two-point feedback, and

accelerated methods with bounded errors by Gorbunov et al. (2022). For highly smooth Polyak– Lojasiewicz
functions, kernel methods tolerate bounded deterministic errors of order εβ/(2(β−1))d−β/(β−1) (Gasnikov et al.,
2024b, Theorems 1 and 3).

Convex functions and other geometries. For convex functions the optimal dependence on d and ε is
open. Finite differences use d2ε−2β/(β−1) calls (Bach and Perchet, 2016), as does the method of Akhavan et al.
(2024) applied to a regularized objective (Section M.4). Smoothing with a bounded Hessian (Flaxman et al.,
2005; Saha and Tewari, 2011) uses d2Lε−3 calls (Gasnikov et al., 2024a, Section 4.4), a bound stated with the
second moment of the values in place of σ2; our bounds depend on σ but not on the size of the values, since the
stencil uses differences of values. Bandit methods use ε−2 calls up to logarithmic factors, removed for d = 1 only
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recently (Carpentier et al., 2026), but with a larger power of d (Lattimore and György, 2023; Fokkema et al.,
2024; Lattimore, 2024): the methods of Lattimore and György (2023); Fokkema et al. (2024) use dpε−2 calls with
3 ≤ p ≤ 7/2 for centered sub-Gaussian noise and functions that are Lipschitz on the domain, as ours are with
constant 2LR on B(R). The lower bound derived from the separable functions of Akhavan et al. (2020, 2024)
(Section M.4) is smaller in d or in 1/ε. For convex Lipschitz functions, smoothing uses d2ε−4 calls (Flaxman
et al., 2005), which Rajaraman and Han (2026) proved necessary for ε at least of order d−1/4 by hiding curvature
near a tube defined by an unknown linear map. For other norms, a linear map onto a Euclidean ball transfers
lower bounds, as Dorn et al. (2026) showed for exact values. One-point methods with nearly linear dependence
on d were known on the simplex for β ≤ 2 and Euclidean constants (Gasnikov et al., 2017), and two-point ones
adapted to ℓ1 by Gasnikov et al. (2016b); Akhavan et al. (2022). For first-order methods, a mismatch between
the norm of smoothness and the feasible set also changes the complexity: for a Euclidean-Lipschitz gradient on
the ℓ1 ball, LR2/N3 after N gradients is the minimax rate up to logarithms in high dimension, d ≥ N + 1 for
deterministic and d ≥ 32N + 1 for randomized methods (Loginov et al., 2026).

S COMPARISON WITH CONCURRENT WORK

Zhang et al. (2026) study noisy zeroth-order minimization of strongly convex functions whose derivative of order
q is Hölder continuous in the multilinear operator norm, from values with independent Gaussian noise and with
adaptive queries anywhere in Rd. In our notation their class is Fsc(β, 1; 1, 3, 1) with the operator seminorm and
σ = 1, and their main theorem states that for every fixed β > 2 and all integers d, T ≥ 1 the minimax error is of
order min{1, (d2/T )(β−1)/β}, so that d2ε−β/(β−1) calls are necessary and sufficient for small ε. Their Appendix E
extends this to other fixed values of the parameters, with constants that depend on them. The two works were
carried out independently. This appendix lists where they overlap and where they differ.

Overlap. For the operator seminorm, Lemma E.5 with s = 2 is their main theorem, and Theorem 1(b) contains
their lower bound. Both lower bounds perturb a quadratic by a linear function with direction ω/

√
d, ω ∈ {−1, 1}d,

under one radial cutoff, and both bound the sum over the coordinates of the squared changes of a value under a
sign flip uniformly in the query point (Lemma E.3, Step 3). The upper bound of this order was known (Akhavan
et al., 2024); they also prove it with a spherical estimator at the radii 2−jh combined with Lagrange weights and
with projected stochastic gradient descent, one estimate per iteration.

Differences.

• Dependence on the parameters. In Theorem 1 the constants depend only on β: for δ = 0, 0 ≤M ≤ αR and
budgets above the two thresholds stated after Theorem 1, the minimax error is of order ΦT +M2/α jointly in
all parameters, and Theorem 1(b) holds for every budget with the explicit saturation level Φ0. Zhang et al.
(2026, Section 5) do not claim a formula that is sharp jointly in these parameters.

• Hilbert–Schmidt smoothness. They do not consider the Hilbert–Schmidt seminorm, for which the dimension
factor is d3/2 for even q and d2−(q−1)/(2(β−1)) for odd q (Theorem 1 and Lemma E.5); for even q this needs the
ridge functions of Lemma E.4. They discuss the result of Yu et al. (2024) for a Frobenius-norm bound on the
Lipschitz constant of the Hessian, β = 3, as a neighboring class.

• Rounds. Their method computes one estimate per iteration, so it uses as many sequential rounds as iterations.
Theorem 1(a) attains the same number of calls in O(

√
κ log(1/ε)) rounds, and Theorem 2 bounds the number

of rounds from below.

• Noise. They consider independent Gaussian noise. Here the random noise may be biased if it is independent of
the directions of the method, and Theorem 1(c) determines the admissible levels of Lipschitz systematic errors
and, up to Cβ min{

√
d,
√

log(4T )}, of adversarial errors.

• Other classes. Functions whose Hessian is not bounded from above (Lemma I.1 and Theorem 3), convex
functions (Section 6) and other norms and constraints (Section 7) are not considered there.

Estimators. Both upper bounds cancel the lower-order terms of the Taylor expansion by combining several
radii, as in Fabian (1967) and Polyak and Tsybakov (1990). Their estimator differentiates along one random
direction at the radii 2−jh; ours uses the nodes j/m along all axes of a random orthonormal basis and averages
such frames within a round (Section 4).


