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Abstract. Stochastic optimization is a vital field in the realm of math-
ematical optimization, finding applications in diverse areas ranging from
operations research to machine learning. In this paper, we introduce
a novel first-order optimization algorithm designed for scenarios where
Markovian noise is present, incorporating Nesterov acceleration for en-
hanced efficiency. The convergence analysis is performed using an as-
sumption on noise depending on the distance to the solution. We also
delve into the consensus problem over Markov-varying networks, explor-
ing how this algorithm can be applied to achieve agreement among multi-
ple agents with differing objectives during changes in the communication
system. To show the performance of our method on the problem above,
we conduct experiments to demonstrate the superiority over the classic
approach.
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1 Introduction

Stochastic optimization encompasses a suite of methodologies aimed at minimiz-
ing or maximizing an objective function in the presence of randomness. These
methods have evolved into indispensable tools across a spectrum of disciplines
including science, engineering, business, computer science, and statistics. Appli-
cations are diverse, ranging from refining the placement of acoustic sensors on
a beam through simulations, to determining optimal release times for reservoir
water to maximize hydroelectric power generation, to fine-tuning the parameters
of statistical models based on given datasets. The introduction of randomness
typically occurs through the cost function or the constraint set. While the term
”stochastic optimization” may encompass any optimization approach that incor-
porates randomness within certain communities, our focus here is on scenarios

* The research was supported by Russian Science Foundation (project No. 23-11-
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where the objective function is stochastic.

As with deterministic optimization, no universal solution method generally ex-
cels across all problems. Structural assumptions play a pivotal role in making
problems tractable. Given that solution methodologies are intricately linked to
problem structures, our analysis relies heavily on problem type, with a detailed
exposition of associated solution approaches.

Related work. A considerable body of research has documented substantial ad-
vancements achieved by accelerating gradient descent in a Nesterov manner [37].
Building upon this foundation, Nesterov-accelerated stochastic gradient descent
[2/5] emerged as a powerful tool for optimizing different objectives in stochastic
settings. In the earlier works [39/43], the proof of convergence was done using
an assumption on bounded variance, which significantly narrows the application
perspective. Later, [40] succeeded in relaxing this assumption to strong growth
condition, which partially solved the aforementioned problem. At the same time,
several papers delved into applying acceleration to specific stochastic cases, e.g.,
coordinate descent [38], heavy tailed noise [41], distributed learning [42]. How-
ever, all of these works investigate i.i.d. noise setup, while a more general case
could be considered.

As of late, there has been an emergence of scholarly works aimed at addressing
the existing gap in the analysis of Markovian noise configuration. Nonetheless,
it is noteworthy that this domain continues to be a dynamically evolving field
of study. Specifically, [I4] examined a variant of the Ergodic Mirror Descent
algorithm yielding optimal convergence rates for smooth and nonconvex prob-
lems. More recently, [18] proposed a random batch size algorithm tailored for
nonconvex optimization within a compact domain. In the Markovian noise do-
main, the finite-time analysis of non-accelerated SGD-type algorithms has been
investigated in [19] and [2I]. However, [19] relies heavily on the assumption of
a bounded domain and uniformly bounded stochastic gradient oracles and [21]
achieves only suboptimal dependence on initial conditions for strongly convex
problems when employing SGD. In the exploration of accelerated SGD in the
presence of Markovian noise, [22] achieved an optimal rate of initial condition
forgetting, but suboptimal variance terms. Recently, [I] proposed the accelerated
version of SGD achieving linear dependence on the mixing time.

The aforementioned studies predominantly address general Markovian noise op-
timization. Recently, a surge of papers has emerged, focusing on the specialized
scenario of distributed optimization [2425]. [26] investigates the generalization
and stability of Markov SGD with specific emphasis on excess variance guaran-
tees. Simultaneously, specific results such as those from [27] offer lower bounds
for particular finite-sum problems within the Markovian setting.

Our contributions. We present the analysis of an accelerated version of SGD
in the Markovian noise setting under the assumption of a gradient estimator
bounded by the distance to the optimum. We obtain sharp convergence rate and
optimal dependence in terms of the mixing time of the underlying Markov chain.



Accelerated SGD for Consensus in Markov-Varying Networks 3

Moreover, for k = 1 Markovian scheme reduces to a classical i.i.d. noise setup.
To the best of our knowledge, analysis in this case (even for i.i.d. stochasticity)
under suggested assumptions has not been presented in the literature before. To
show the practicality of our method, we perform numerical experiments on the
consensus search problem on time-varying networks and show a better conver-
gence rate compared to classical approaches for solving this problem.

1.1 Technical Preliminaries

Let (Z,dz) be a complete separable metric space endowed with its Borel o-field
Z. Let (ZV, Z®N) be the corresponding canonical process. Consider the Markov
kernel Q defined on Zx Z, and denote by P¢ and E¢ the corresponding probability
distribution and the expected value with initial distribution £. Without loss of
generality, we assume that (Zj)ren is the corresponding canonical process. By
construction, for any A € Z, it holds that P¢(Z, € A|Zy_1) = Q(Zk-1,A4),
Pe-as. If £ =6,, 2 € Z, we write P, and E, instead of Ps, and Ejs_, respectively.
For z',...,z" being the iterates of any stochastic first-order method, we denote
Fr =o(27,j < k) and write E;, as an alias for E[-|F].

Lemma 1 (Cauchy Schwartz inequality). For any a,b, 1, ...,x, € R? and ¢ >
0 the following inequalities hold:
al® 2
2{a,b) < == +c|lbl, (1)
1
ot o7 < (141 ) Jal? + 1+ P @

2 Problem and Assumptions

In this paper, we study the minimization problem

min f(@) = Ezr[F(z, 2)]| ()

where access to the function f and its gradient are available only through the
noisy oracle F(z,Z) and VF(x,Z) respectively. We start by presenting two
classical regularity constraints on the target function f:

Assumption 1 The function f is L-smooth on R? with L > 0, i.e. it is con-
tinuously differentiable and there exists a constant L > 0 such that the following
inequality holds for all x,y € R%:

IVf(z) = VIl < Lz -yl

Assumption 2 The function f is p-strongly convexr on R, i.e. it is continu-
ously differentiable, and there exists a constant p > 0 such that the following
inequality holds for all x,y € R%:

Sl =yl? < f(@) = fy) = (V). =)
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Next we specialize our assumption on the sequence of noise variables {Z;}5°,.
Assumption [3] is also considered to be classical in the case of stochastic opti-
mization with the Markovian noise [I8[19122]. It allows us to deal with finite
state-space Markov chains with irreducible and aperiodic transition matrix.

Assumption 3 {Z;}32, is a stationary Markov chain on (Z, Z) with Markov
kernel Q and unique invariant distribution w. Moreover, Q is uniformly geomet-
rically ergodic with mixing time T € N, i.e., for every k € N,

AQY) = Supz(l/Q)IIQk(Z,-) — Q"' )llrv < (1/)T

z,z' €

Now we specify our assumption on the stochastic gradient estimator. The major-
ity of existing literature on stochastic first order methods for solving utilizes
strong growth condition [40] or uniformly bounded variance [39] as they allow
to prove the convergence quite straightforwardly. However, these assumptions
narrow down the set of target functions that can be considered rather strongly
and there are several kinds of relaxation of it [9], where gradient differences are
bounded by the norm of the true gradient and a certain bias. Instead of this, we
propose to use the following assumption:

Assumption 4 For all x € R? it holds that E,[VF(z,Z)] = Vf(x). Moreover,
for all z € Z and x € R? it holds that

IVF(z,2) = Vi(@)|* < 0 + 8%[la — 27| (4)

It is one way or another much weaker, then strong grows condition and uniformly
bounded variance and, to the best of our knowledge, seem to be new for analyzing
accelerated methods for solving stochastic optimization problems. One can notice
that unlike the i.i.d. case, we are forced to require the almost sure bound in
rather than in expectation. This issue inevitably arises when dealing with
Markovian stochasticity due to the impossibility of using the expectation trick
[20], and has not yet been solved by any authors dealing with such type of
stochasticity [I8JI9)21]. Either way, there are advantages to this approach as
well. If we additionally require our noisy oracle F(x, Z) to be i—Lipschiz7 then
Assumption [4|is automatically satisfied. Formally, if for any z,y € R,

IVF(z,2) = VE(y,2)|| < L(z) ]|z =y,
for L : Z — Rt with sup |L| < oo, then

IVF(z,2) = Vf(@)|* < 3|VF(x,2) = VF(a", 2)|* + 3| VF (2", 2) = Vf («")||?
+3[V (@) = V)]
< B(ILJP + L) |z — ™| + 3| VF (2", 2) = V (z")]1%,

taking o = \/3|VF(z% 2) — Vf(z*)[| and § = \/6 max(L,||L||) gives Assump-
tion [
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3 Main results

We start by introducing our version of Nesterov accelerated SGD. It utilizes
the idea from [I] of using exactly the number of samples that comes from the
truncated geometric distribution with truncation parameter to be specified later
(see Theorem (1)) in order to obtain optimal computational complexity of the
algorithm.

Algorithm 1 Markov Accelerated GD

1: Parameters: stepsize v > 0, momentums 6,7, number of iterations IV, batchsize
limit M

2: Initialization: choose z° = w?c

3: for k=0,1,2,...,N —1do

4: zy = 0z + (1 — 0)z”

5: Sample J, ~ Geom (1/2)

6: g"=gb+ {ZJk(gI}k ~ )i =M

0, otherwise

T :c];+1 = x’; — yg®

8: it = 771";“ + (1 —n)zh

9:  TH =Tk 4 2%

10: end for

0

. J
with gf = & 327 VF(2}, Zr ;)

The key idea behind randomized batch size is to reduce the bias of the stochas-
tic gradient estimator. Motivation for this is irrefutably natural as under the
Markovian stochastic gradients oracles this bias appears by itself. Indeed, one
can easily show the fact that:

Ex[VF (¥, Zpryy)] # VI(F).

In a subsequent part, we show how the bias of the gradient estimator intro-
duced in line [6] of Algorithm [I] scales with the truncation parameter M. To
obtain proper dependence, we first need to introduce auxiliary Lemma 2] which
is to constrain the gradient estimator with a simpler structure. In particular, we
bound MSE for sample average approximation computed over batch size n under
arbitrary initial distribution. We emphasise that it is extremely essential to have
the bound for MSE under arbitrary initial distribution £, because in the proof of
our Theorem [I] we will unavoidably manage the conditional expectations w.r.t.
the previous iterate.

Lemma 2. Consider Assumptions @ and |Z| Then, for any n > 1 and x € RY,
it holds that

E 1LY VF@.2) - Vi@ < @+ e -at) . )

n
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Moreover, for any initial distribution & on (Z,Z), that

Cl’T

B[l VF@,2) - Vi) < (024 Ple -2 ), (6

where Cy = 16(1 + 24)

Proof. By [31], Lemma 19.3.6 and Theorem 19.3.9], for any two probabilities &, §’
on (Z, Z) there is a mazimal ezact coupling (2, F,Pe ¢, Z, Z', T) of PQ and PY
that is,

g

16Q" — £'Q" ||l vy = 2Pe e/ (T > n). (7)

We write ng,g' for the expectation with respect to Iﬁ’gf. Using the coupling
construction (7)),

5 (1o 20 - V1] < B2 (1T VA 2) - @] +

Bz |l Z{VF v, i) = VF(w, Z) 1)

The first term is bounded with . Moreover, with and Assumption (4], we
get

n—1 n—1 2
| S UV E(, ) — VEG, ZOYP <8 (0 + 82— a° ) (Z ﬂ{ziyéz;})
i=0 1=0
n—1 2
=8 (02 + 52”.%' — $*||2) (Z 1{T>i}>
=0
<16 (0 + 0%z — 2*[°) D i Lyrsiy -

Thus, using the Assumption 3} we bound

]Ef,‘ﬂ'[zi]]-{T>i}:|:ZZP§£/ T>’L ZZ 1/4 LZ/TJ<4Z 1/4 2/7'.
i=1 i=1 i=1
Now we set p = (1/4)'/7 and use an upper bound
00 +oo
k=1 s
-2

—pl(np )y = — "
oo (np) (1/4)/7 10’ 4
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Combining the bounds above yields
1 & 1T ceaT? "
Be|l- Y VF(r, 2) = V@] < (50 + 25) (02 + %o —a[1?)
i=1

128(1/4)~ /7 .
where ¢y = 16, ¢y = 8(1# Now we consider the two cases. If n < ¢17, we

get from Minkowski’s inequality that
1 n
E[f VF(z,7;) -V 2]<22 262||z — 2|2,
¢ IINZ (z,Zi) = Vf(@)|]7| <207 4 26%(|x — 27|

and @ holds. If n > ¢;7, it holds that

027'2

2 * (|2
T(O’ + 6% — x||),

CQT2

T( + 8|V f(x)]?) <

and we gain (6]) too. O

We are now ready to bound the MSE for the gradient estimator introduced in
line [6] of Algorithm [I] From Lemma[3] we obtain a desired linear dependence of
the error reduction on the parameter M.

Lemma 3. Consider Assumptions @ and@ Then for the gradient estimates g*
from lme@ Algomthm it holds that Ei[g¥] = Ek[guog2 MJ] Moreover,

EL[[IV f(xg) — ¢"(1%] < 13C17logy M(o? + 82|y — a*||?) (8)
IV f(zg) —Exlg"]lI* < 2C17M ™ (0? + 6% ||y — ™) ,
where Cy is defined in (@

Proof. To show that Ei[gF] = Eg [g’flog2 M J] we simply compute conditional ex-
pectation w.r.t. Jg:

[log, M|
Exlg*] = Ex [Es [0"]] = Bilgs) + D P{Jx =i} - 2Bilgf — 1]
i=1
(9)
[log, M
_E Z E _k ]—]E [ k ]
kgo kg — 9ia] = kl91og, M]] -

We start with the proof of the first statement of by taking the conditional
expectation for J:

Ei[|Vf(xg) — ¢"I°) < 2B [V £ () — g511%) + 2Ex[llg* — g511%]
L10g2 MJ . 7
= 2B4(IIVF(xg) —g6IP1+2) " P{I =i} 4Balllgr — g1 %]

[log, M] i
= 2B [V (k) — g2+ 23 2B gk — gk 1]
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< 2B [V f(ah) = g611%] +
+a 3 @195 () — gk |2+ Eallgf — VAR

To bound E[||V f(zy) — g511%], EellIVf(xg) — 9117 Exlllgf — Vf(zp)]?], we
apply Lemma [2 and get

EdlIVF () — g*?]
1 .
<20 4207t — 2P+ 1230 0 D02 4 2t 0 ?)
< 13047 log, M(o? +52||xg —z*|?).

To show the second part of the statement, we use (]ED and get
IV f(z5) = Exlg"llI> = [V £ (") = Exlgfiog, ar 117
Using Lemma [2 and 2182 M) > M /2 finishes the proof. t

We also note that our proofs of Lemma [2] and Lemma [3| rely on the proofs of
Lemmas 1 and 2 of [I], but for the sake of clarity of the narrative we give them
in full.

Now, before we move on to the proof of our major result, we first need to
introduce two descent lemmas:

Lemma 4. Consider Assumptions[1] and[g be satisfied. Then for the iterates of
Algorithm [T with 6 = (1 —n)/(8 —n), § >0, n > 1, it holds that

Ei[[l2"*! — 2*[IP] <(1 4 ayn)(1 = B)[|z* — %> + (1 + ayn) Bz} — «*|?
+ (14 aym) (82 = B)la" — 5|1 + n**Er[|lg"[1?]
— 2y (V f(2f), nah + (1 —n)af — z*)
+;||Ek[g = ViEpl?, (10)

where o > 0 is any positive constant.

Proof. We start with lines [§ and [7] of Algorithm

" =2 = flna ™ + (1= m)af — 2| = |Inzg — nyg" + (1 —n)af — ™

=lnzy + (1= n)xf — > + 20|l g" 1> — 2ynlg", naf + (1 — p)aly — 27).
Using straightforward algebra, we get
[ — 2% |12 =[nay + (1= n)af — a* || = 29n(V f (zg), nxy + (1 — )z — *)
— 2(Bx[g*] = V f(x}), neg + (1 =)zl — z*) + 70| g"||?
— 2yn(g* — Ex[g*],nay + (1 — n)aff — 2¥)
<L+ am)lnag + (1 = m)af — 2|2 + T [Exlg*) - VA )l
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= 2y(V f(zg),nzy + (L —n)af —a*) + 70| ¢"||?
— 2yn(g" — Exlg*], nal + (1 — n)zf — z*)
In the last step we also applied Cauchy-Schwartz inequality in the form with
¢ > 0. Taking the conditional expectation, we get
Ep [zt = 2*|”] <1+ any)|lneg + (1 = n)af —2*?
= 29V f(ay), ey + (1 - n)ay — z*)
+PElg" 2]+ LBl - VAEIP. (D)

Now let us handle expression [z + (1 — n)x’]? — z*||? for a while. Taking into
account line [4 and the choice of 6 such that § = (1 —n)/(8 —n) (in particular,
B=n+(1-n)/0and (1-n)(0—1)/0=1-p), we get

k ko =m) 4 (A=n-0)

e+ (1= = naf o S - St = g+ (1= )t

Substituting into [[nak + (1 — n)x’} —z*||?, we get

Inzg + (1 = n)af —2*|* = | Bag + (1 = B)a” — 2*||?
= |l2* — " + Blay — «")|?
= |lz* — &*|* + 28(2* — 2*, zg — 2*) + B7||2" — 25
= llz* = 2*|* + B (g — 2™ = lla* = 2*|* = f|ag — 2"||*) + 3%[la* — 2g]|?

g
= (1 B)lla* — a*|* + Blleg — *|* + (8% = B)[la* — a5 |1*. (12)
Combining with , we finish the proof. O

Lemma 5. Let Assumptions and@ be satisfied. Let problem be solved by
Algorithm . Then for any u € R?, we get

p y
Ex[f (5] <f(u) = (Vf(xg),u—zp) - Sllu— ay|” — §|\Vf($]§)||2
gl Ly?
+ B - TSGR + LBl )
Proof. Using Assumption [I] and line [7] of Algorithm [I} we get
g

L
Faf™h) < flag) + (VF(g), a3 = g) + S a5 — g

2
= () = HVH (), %) + L g P
= Ja) ~ V), V() — (V12 Blg¥) — V)

< F(@h) = IVF @I + SIVF DI + S IElg"] - V(b
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Ly?
(VS ah). o~ Elg]) + g
Here we also used Cauchy-Schwartz inequality (1)) with a = V f(z%), b = V f(«%)—
Ex[¢g*] and ¢ = 1. Taking the conditional expectation, we get
g v Ly?
Ey[f ()] <f(x}) - §|\Vf($'§)||2 + §||Ek[9k] — Vi) + TEk[HngQ]-

Using Assumption [2| with x = w and y = :c’;

u € R? it holds

Exlf(@f™)] < f(u) = (VF(f),u—ab) = Sllu—2b]? = IV F(h)]?

, one can conclude that for any

ol L~?
+ §||Ek[g’“] —Vf@Eh|® + TEk[Ilg’“IIQL O

Taking into account all of the considerations above, we can prove the following
result:

Theorem 1. Consider Assumptions |1 — . Let the problem be solved by
Algorithm[1. Then for 8,0,n,~v, M satisfying

4 9 9
M=(1+p), B= B n:%:\/m,

3
. peo 1 1—n
< L [ —

it holds that

E[W — P+ %f(x? )~ (@)

* 18 *
Sowp (<3050 [Ia? = o2 220760 - 0| + crrion, o
Proof. Using Lemma |5| with v = 2* and u = :c’}, we get
* o s g
Ey[f (2] <f(a*) = (Vf(g), 2™ — xp) — 5 lle —ay|* ~ §||VJ‘(93§)H2

+ S IEclg"] = V@52 + Z-Exllg"12);

Exlf (5] <f(ah) = (Vf(ap), 2 —ap) — IIxf zgl® ~ %HVf(x’g“)ll2

gl Lv
+ §||Ek[g’“] = Vip)l* + TEk[Hg’“Iﬂ
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Summing the first inequality with coefficient 27, the second with coefficient
2yn(n — 1) and (10, we obtain

Ex[la* ! — o | + 2y f ()
< +aym) (1 - Blla* — " | + (1 +aym)Bzf — a1
+ (L4 amm)(82 = B)lla* — 25 |® — 207(V f(arg), ey + (1 —m)af —2*)
+ PV ExlllgtP] + LB - VI ()]
+ 2y (fla®) = (VF(ah) " = af) = Dl — af|2 = 2V F b))
L 2
+ 21IElg] - VS @)I? + Z-Exllg" 4
+ 290 = 1) (£ () = (VF (@h), @ — ab) = Sl —2bI? = IV F (@)
L 2
+ 21IElg") - VS @h)I? + Z-Exllg"4)
=1+ a1 = Blle® — 2|2+ 2yn (n = 1) ((}) - 2ynf (")
+ (L4 ayn)B —yp) ||lak — z*||?
+ (L aym)(8 = B) 2" — b = %0 |V £ ()1
+ (2 + 920 [Elg"] = V@I + (22 + L) Exllg*])
<L+ am) (L= B)llz* — 2*||* + 2yn (n — 1) (f () — 2ynf(z*))
+ (1 + aym)B = ynp) [l — 2™
+ (L ayn)(8 = B) 2" — b = 20|V £ ()1

oy (i +w) IE[g"] — V@) + 8242 (1 +7L) Bxlllg* — V()]
+ %W (1+ L) B[]V £(=5)]2].

In the last step, we also used with ¢ = 4. Since v < %, the choice of
a= %, B = +/16uv/9 gives

B=/16u7/9 < \/pu/L <1,

(rama-=(1+5)a-p<(1-5),

and, therefore,
Ex [l — 2*|1* + 2yn* f ()]

<(1=B/2)|la" = a*|” + 2yn (n = 1) (f (=) — 2/ (z"))
+1°7% (1+2/8) | Exlg*] — V£ (zg)l|?
+ 8792 (L + L) E[llg" — V f(z5)|%]
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+ (14 aym)B —np) |z — 27|12
Subtracting 2yn?f(z*) from both sides, we get
By ([l — a*|1? + 29n*(f () — f(2"))]
<(1=B/2) [la* —a*|* + (1= 1/n) - 2> (f () — f(z"))
+1°72 (1+2/8) [[Ex[g*] — V f (z})|®
+ 87777 (1 + L) B [lg" — V f(})]%]
+ (14 ayn)B — ynu) = — =*|?
Applying Lemma [3|and yL < 1, one can obtain
B [[la* — 2*|* + 2yn* (f () — f(2"))]
<(1=B/2) [la* —a*|* + (L= 1/n) - 2> (f () — f(z"))
+1°9? (1+2/8) - 2C17M~H(0® + 8% ||zg — 2*?)
+ 161242 - 13C 7 logy M (02 + (52Hx§ —z*|%)
+ (14 aym)B = ynp) [l — 2"

3
With M > (1+2/8), \/7 < fsmeisron i @ = 5 8 = 3v/E7 and = /-2,
we have:

(L4 ayn)B —ynp+n*y*6*((1+2/8) - 2C, M~ + 208C, 7 log, M)
< (1+ayn)B—3/uy+ 01;527 (18 + 18721og, M)
< VT — 3y + 27 < 0,
and then,
By [lz"F! — 2| + 290 (f (=) = f(2"))]
<(1=8/2) [l —2*|> + (1 = 1/n) - 290 (f(zf) — f(z"))
+ (129 (1+2/8) - 2017 M " 4 16542 - 13C 7 logy M ) 0®
<max{(1-5/2),(1 =1/} [[l&* —«*[]* +29n°(f(z}) — f(a"))]
+ (129 (1+2/8) - 2017 M " + 16342  13C 7 logy M ) 0*,
Using that ny = 98/(2u), 3/2 = 1/n and v < L™, we have
Ep[|"* — 2% |12 + 29 (f () = f(2*))]
< (1= 8/2) [lz* — 2** + 299> (f () — f(2%))]
+ %5%*2 ( (1+2/8)-2C, 7M™ +208C; 7 log, M) o2
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Finally, we perform the recursion and substitute 5 = /4uvy/9:
E[[la™ —a*|* + 29n?(f(z}) = f(a"))]

< (1 - \/?)N [lla? = 2*[|* + 29m*(f («}) — f(a))]

81
+ 587" ( (1+2/8) - 2017 M~ + 2080, 7 log, M) o2

<exp (—\/‘”9”) o =& | + 297 (f(a) = f(a"))

81
+ 3—/@017(1 +1041og, M )o?
1

Substituting of n =,/ % concludes the proof. O

Corollary 1 (Step tuning for Theorem. Under the conditions of Theorem
choosing v as

i { P11 (uQN[IIxO:v*QH%Bul(f(w?)f(w*))]>}7

3472 T N2 T02

in order to achieve e-approzimate solution (in terms of E[||z™ — z*|?] <€) it

takes
- L 76 1 2
(@) — 4+ o log | — )+ 7 oracle calls.
pop? € p2e

4 Numerical experiments

In this section, we present numerical experiments that compare the proposed
method and the existing approaches for the problem of finding consensus in
distributed network.

4.1 Problem formulation

Let us consider the next problem. Assume that we have {z;}& ,, where z; € R.
Also we get a communication network, where i*" agent stores x;. Moreover, the
communication graph can be described as Gy = (V, Ey), where the set of edges
depends on the k — the current moment. The task is formulated as a consensus
search, i.e., to find T = é 2?21 x; — the average value of the agents.

To formalize our problem, we introduce the Laplacian matrix of the graph Gy:
Wy = Dy — Ay (here Dy, is the diagonal matrix with degrees of nodes, Ay —
adjacency matrix) and its properties:

1. [Wili; # 0 if and only if (i,7) € Ey or i = j,
2. ker Wy, D {(z1,...,2q) € R 11y = ... = 24},
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3. range W}, C {(Jcl,...,xd) e R?: 2?21 x = 0},

If we consider x = (z1,...,24)", then, because of second property, one can
obtain

1 =...=2, < Wix =0.
Moreover, it is known that
Wk$=0<:> \/kazo.

Hence, the problem of finding the consensus on the moment k can be reformu-
lated as

LT
i = —x Wyxl|. 13
min | f(z) == 5z Wy (13)
It is important that the problem formulations for each k£ have the same
optimal point z*, which is equal to consensus.
The classic approaches to find a consensus is a gossip protocol [36]. In terms of
problem the method can be formulated as a gradient descent:

oF T = gk — AWk = (1 — AW 2k,

This iteration sequence gives the consensus since the third property is fulfilled —
it allows to keep the sum of coordinates of z* the same, preventing the departure
from the desired optimal point.

As mentioned above, the problem changes over time as the set of edges specifying
the communication system changes. This situation occurs quite often in practice
— when additional resources are available to improve the network, edges may
be added to speed up processes, and in some system failures, communications
between agents may be disconnected due to crashes and overloads. Therefore, it
is natural to assume that the changes in the graphs Gy occur according to the
Markovian law, since the changes are confined only to the current state of the
communication system.

Since for the problem the gradient is equal to Wiz, we have

Wiz — E(Wi)z||® = [[Wia — Wia* — E(Wy)z + E(Wy)2* |2
< Mg (Wi = E(Wy)) [l — ||,

max

where E(W},) is an expectation of Laplacian matrix of a graph G}, taking into
account the stochasticity responsible for the changes in the graph (more detailed
description see later). Consequently, the considered problem satisfies Assumption
what means that the theoretical analysis of our paper is applicable to ((13)).

4.2 Setup

In numerical experiments, we consider the problem described above on different
topologies with certain Markovian stochastisity.
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Brief description. We design the experiments in the following way. Suppose
we have some starting, or base topology. Then we modify it according to some
Markovian law, during which we cannot affect the base graph (i.e., discard edges
from it). Based on these changes, we compare two methods: proposed and classic
one.

Topologies. As a base topologies we consider two types of graphs — cycle-graph
and star-graph. For each starting network we conducted numerical experiments
for problems with different dimensions: 10, 100, 1000.

Markovian stochasticity. The network changes in time in the certain way.
On each moment k with probability % the random edge can be added to the
topology, but if it already exists in the graph, then nothing happens. At the
same time, with the same probability the random edge can be removed from
the network. Nevertheless, if this edge is in the base topology or communication
topology does not contain this edge, we keep the graph in the same condition.

4.3 Results

We performed numerical experiments with different base topologies (see Figures
and [2)) with d = 10 (see Figures 2al), 100 (see Figures and 1000
(see Figures . As a result, the proposed method outperform the classic ap-
proach [30] showing a faster rate of convergence, especially for the high-dimension
problem.

Cycle topology with d =10 Cycle topology with d =100
10 (\ — MAGD 10* \\ —— MAGD
104 Gb 104 GD
107° 10-°
f»‘fm,u :?10*14
|
2o 2o
1072 10-24
-29 -29
10 10 .
0 25 50 75 100 125 150 175 200 [ 100 200 300 400 500
Number of iterations Number of iterations
(a) d =10 (b) d = 100
10t Cycle topology with d =1000
M~ —— MAGD
1074 GD

107°

S0
bk

X[k10-10
10724

10-29

0 200 400 600 800 1000 1200
Number of iterations

(c) d = 1000

Fig.1: Comparison of MAGD and GD for the consensus problem on the
cycle topology with different dimensions.
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Star topology with d =10 10 Star topology with d =100
o f‘\ — MAGD ! — MAGD
10 GD 107 6D
107°
10710
éé10720
10725
10730 10-28
0 25 50 75 100 125 150 175 200 0 100 200 300 400 500 600 700
Number of iterations Number of iterations
(a) d =10 (b) d = 100
Star topology with d =1000
1072 —— MAGD
GD
107
10710
X
T 107
10722
10726

0 1000 2000 3000 4000 5000 6000 7000
Number of iterations

(c) d = 1000

Fig.2: Comparison of MAGD and GD for the consensus problem on the
star topology with different dimensions.
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