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Abstract

We consider smooth convex-concave saddle point problems in the decentralized
distributed setting, where a finite-sum objective is distributed among the nodes of a
computational network. At each node, the local objective depends on the groups of
local and global variables. For such problems, we propose a decentralized distributed
algorithm with O(¢™!) communication and oracle calls complexities to achieve
accuracy € in terms of the duality gap and in terms of consensus between nodes.
Further, we prove lower bounds for the communication and oracle calls complexities
and show that our algorithm matches these bounds, i.e., it is optimal. In contrast
to existing decentralized algorithms, our algorithm admits non-euclidean proximal
setup, including, e.g., entropic. We illustrate the work of the proposed algorithm
on the prominent problem of computing Wasserstein barycenters (WB), where a
non-euclidean proximal setup arises naturally in a bilinear saddle point reformulation
of the WB problem.
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1. Introduction

In the last few years, we observe an increased interest in the research on algorithms
for saddle-point problems (SPP), in particular, motivated by modern applications in
GANSs training [22], reinforcement learning [29] [48], 58], optimal transport [28] and
distributed control [43]. In addition to the above modern applications, and besides their
classical examples in economics, equilibrium theory, game theory [20], saddle-point
problems remain popular in supervised learning (with non-separable loss [30]; with
non-separable regularizer [3]), unsupervised learning (discriminative clustering [59];
matrix factorization [4]), image denoising [12] 19], robust optimization [5], optimization
with separable or semi-definite constraints [41], and non-smooth optimization via
smooth reformulations [45], 47]. Decentralized algorithms for SPPs are also an active
area of research [40), [42].
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For convex optimization, the theory of decentralized first-order methods is currently
well-developed: the lower bounds on the number of communication rounds and oracle
calls are well-known, and algorithms converging according to these lower bounds
are developed, see [1. 15, 24, 27, B2, 35, 44, 51, 52, b4, 57). For convex-concave
decentralized SPPs a complete theory exists only in the strongly convex-concave case
for unconstrained problems in the euclidean proximal setup [31]. Moreover, the lower
bounds from [8] [0, BI] were obtained only for the case when strong convexity and
strong concavity parameters are the same.

For non-strongly convex-concave case, distributed SPP with local and global vari-
ables were studied in [41], where the authors proposed a subgradient-based algorithm
for non-smooth problems with O(1/v/N) convergence guarantee (N is the number
of communication rounds). Paper [61] introduced an Extra-gradient algorithm for
distributed multi-block SPP with affine constraints. Their method covers the Euclidean
case and the algorithm has O(1/N) convergence rate. Our paper proposes an algorithm
based on adding Lagrangian multipliers to consensus constraints, which is analogical to
[61], but our method works in a general proximal smooth setup and achieves O(1/N)
convergence rate. Moreover, it has an enhanced dependence on the condition number
of the network.

An optimal method for convex-concave SPPs is Mirror-prox algorithm [45] 49] with
general proximal setup. The Mirror-prox algorithm can be performed in a decentralized
manner, however, it is not known whether its optimality is preserved. In this paper,
we prove that Mirror-prox remains optimal even in a decentralized case w.r.t. the
dependence on the desired accuracy € and condition number y of communication
network if we split communication and oracle complexities by Chebyshev acceleration
trick (see, e.g. [37]).

Finally, we show how the proposed method can be applied to prominent problem of
computing Wasserstein barycenters to tackle the problem of instability of regularization-
based approaches under a small value of regularizing parameter. The idea is based
on the saddle point reformulation of the Wasserstein barycenter problem (see [17]).
Wasserstein barycenters, which define the mean of objects that can be modeled as
probability measures on a metric space (images, texts, videos), are used in many fields
including Bayesian computations [55], texture mixing [50], clustering (k-means for
probability measures) [13], shape interpolation and color transferring [53], statistical
estimation of template models [10] and neuroimaging [25].

In the numerical experiments conducted on different network architectures, we
demonstrate a better approximation of the true barycenter by the proposed distributed
Mirror-prox algorithm in comparison with regularization based approaches.
Contribution. Our contribution can be summarized as follows.

e We provide a decentralized Mirror-prox based algorithm for convex-concave SPPs
and prove its optimality in the euclidean proximal setup;

e We provide the lower bounds on the number of communication steps and oracle calls
per node for convex-concave SPPs in the euclidean proximal setup.

Paper organization. This paper is organized as follows. Section [2] presents a saddle
point problem of interest along with its decentralized reformulation. In Section [3] we
provide the main algorithm of the paper to solve such kind of problems. In Section
we present the lower complexity bounds for saddle point problems without individual
variables. Finally in Section [5, we show how the proposed algorithm can be applied to
the problem computing Wasserstein barycenters .

Notation. For a prox-function d(x), we define the corresponding Bregman divergence:



B(z,y) = d(z)—d(y) — (Vd(y),x —y). For some norm || - ||, we define its dual norm ||- ||«
in a usual way: ||s|. = max,cx{(x,s) : ||z]| < 1}. For two vectors z,y of the same size,
denotations x/y and  ®y stand for the element-wise product and element-wise division
respectively. When functions, such as log or exp, are used on vectors, they are always
applied element-wise. We use bold symbol for column vector x = [xlT, czp T e R
where x1, ..., ,, € R™ Then we refer to the i-th component of vector x as x; € R™ and
to the j-th component of vector x; as [z;];. We denote by 1 the vector of ones. For
matrices A and B we denote their Kronecker product as A ® B.

2. Problem statement

In this paper, we consider a saddle point problem of the sum-type with global and
local groups of variables

. 1 &
minmax f(l",PayaQ) £ — Zfl('xapl?y)ql)v (1)
zeX yey m —1
PEP qeQ !

where p 2 (p] €P1...pL €Pn) €PEPix...xPpandq= (¢ €Q1...q,), €
Q)" € Q2 Q) x...x Q. Variables z,p;,, ¢; have dimensions dy,dp, dy, dg respec-
tively for all ¢ = 1,...,m. For problem , we make the following assumption.

Assumption 2.1.

1) Sets P;, Q; (i =1,...,m) and X, )_are convex and compact.
2) Function f;

Y, qi) is convex on X x P; for every fixed y € ), ¢; € Q; for all

1=1,...,m. _ _
(3) Function f;(z,p;,-,-) is concave on Y x Q; for every fixed x € X, p; € P; for all
1=1,...,m.

2.1. Decentralized setup and communication matric

We suppose that there is a communication network of agents (machines/computing
nodes) which we represent by a connected undirected graph G = (V, E). Each agent i
privately holds its function f; (i = 1,...,m). Every pair of agents (i, j) can communicate
iff (i,7) € E. We can represent these communication constraints imposed by the network
through a particular matrix W satisfying the following assumption

Assumption 2.2.

1) W is symmetric positive semi-definite matrix

2) (Network compatibility) For all ¢, = 1,...,m the entry of W: [W];; = 0 if
i,7) ¢ F and i # j.

(3) (Kernel property) For any v = [v1,...,v,]" € R™, Wo = 0 if and only if v; =

... = Upy, le. Ker W =span{1}.

An example of matrix satisfying this assumption is the graph Laplacian We R™*™:

-1, if (i,7) € E,
(Wi = { deg(i), ifi=j, (2)
0, otherwise,



where deg(i) is the degree of the node i, i.e., the number of neighbors of the node.
The main characteristic of the network is the graph condition number

X 2 X(W) = Anax (W) /A (W),
where Apax (W) and A

T (W) denote the maximal and the minimal positive eigenvalues
of W respectively.

2.2. Dzistributed problem reformulation

Let matrices W, € R™*™ and W, € R™*™ be associated with variables = and y,
respectively. Introduce communication matrices Wy = W, ® Iy,, Wy =W, @ Iy, . We
can equivalently rewrite the problem in a distributed setup replacing the constraint
Ty = =Ty, by Wyx=0and y1 = --- =y, by Wyy = 0, respectively. Let us
introduce F(x,p,y,q) = >, fi(zi,piryi,q;) and X = X x...xXand Y = Y x...x ).

Assumption 2.3. There exist positive scalars M,, M, such that for all i = 1,...,m
and for any x; € X, yi € ¥, pi € Py, i € Qi it holds ||V fi(ws, i,y i)y < Ma,
Hvyf’t(xzap’quQ’L)HQ S My-

Our method requires rewriting problem by adding Lagrangian multipliers s, z.
Moreover, we bound the norms of the dual variables at the solution.

Theorem 2.4. Introduce

B2 — amM; B2 — pmM;
— N+ xx7 \\9? S T TN+ ~xxr N9
2 (N (W))2 A (Wy))2

where &, B € (1,+00) U {+00}. Problem is equivalent to

i F y My Yo + 7W + 7W . 3
B s (POcP.Y. @)+ (3 Wax) + (5, W) ®
[sll,<Rs llzll<Rz

Bounding the norms of dual variables is a known result in minimization [23], [36].
We prove Theorem by considering minimization over (x,p,s) and maximization
over (y,q,z) separately. We decompose a saddle-point problem into two optimization
problems and apply to each of them the following result.

Lemma 2.5. Let © C R? be a closed convex set and h(f) : © — R be a conver
differentiable function. Consider a problem with affine constraints

i 1. A = 4
gélélh(@) s.t. A =b (4)

VRO _. p2 +
CE A = R;,, where 0. (A)

min

denotes the minimal non-zero singular value of A (initially presented in [36]).
(2) Let R > R, and consider a constrained dual problem

(1) Dual problem has a solution v* such that HV*H% <

max min [A(0) + (v, A — b)| = max o(v 5
e e () + 0= e, o) )



If (0~, V) is a saddle point of , then 0 is a solution of .
Proof. For part 1, see [30].

Introduce function

¥(0) = max [h(0) + (v, A0 —Db)].

= max
vl <R
Since © is a compact set, it holds

= mi 0
||5rul?§R¢(V) min 4 (6)

by Sion-Kakutani theorem (see i.e. Theorem D.4.2 in [6]). Moreover, since

v* € Argmax p(v) and v* € Br(0),
veR™

we have

p(v).

v* € Argmax p(v) and max p(v) = max
v, <R veR™ lvil, <R

Also note that h(6) = Ienlél 1 (0) by Theorem D.4.1 in [6]. Combining the three facts
€

0 € Argminy (), v* € Argmax o(v), g(ugqﬁ(@) = m
€

ax o(v)
0cO lv]l,<R Ivll,<R

we obtain that (8, 1*) is a saddle point of (5)) by Theorem D.4.1 of [6]. Note that (6, 7)
is a saddle point of , as well, but we do not need 7 in the analysis. Therefore for
v € Bgr(0) we have
h(f) + <y*,Aé - b> > h(d) + <y*,A§ - b>
<V* — v, Al — b> > 0.

Taking into account that ||v*||, < R, < R, we imply v* € intBr(0) and therefore
A6 — b= 0. Therefore, we have

~

h(B) <h(®)VOcO:Af=b

which concludes the proof. O

Proof of Theorem [2.]). We are free to use Sion-Kakutani theorem since the sets
X,P,Y, Q are compact.

Wyx=0 W,y=0 W,y=0 W,x=0
pPEP XEX yc),qeQ y€Y,qeQ pEP,xeX
= max min [ min F(x,p,y,q 6
W,y=0 peP | W,x=0 ( P, Y ) ( )
yeV,qeQ xeX



For any fixed pair (x,y,q) € X x Z x Q function F(x,p,y,q) is convex in p. Consider
problem

min F(x,p,y,q) s.t. Wxx =0 (7)
xeX

and denote

x*(p,y,q) = argmin [F(x,p,y,q)] .
WXX;O
xXe

By Lemma part 1, there exists a solution of dual to with norm bounded by

|VxF(x*(p,y,9),P,y,q)
(A (W))?

min

2
||2 < RZ' (8)

By Lemma (part 2), problem @ is equivalent to

max  min [F(x,p,y,q) + (2, WxX)] (9)
2], <Rz xEX

in the sense that for any saddle point (X(p,y,q),z(x,y,q)) of (9) we have that

x(p,y.q) is a solution of (7).
Returning to @, we get

max min [ min F(x
W,y=0 peP | W,x=0 (x.p.y.q)
y€Y,qeQ xeX

= max min | max min(F(x z, WX
W,y=0 peP ||zH2§RZx€X( (%, P,¥,9) + (2, Wxx))
yeY,qeQ

= 1min max F(x,p,y, z, WX
oL e [F(x,p,y,q) + (2, Wxx)]
W, y=0,|z|[,<R=

= min ma; F \%\% . 10
polin , max | max [F(x,p,y,d) + (2, WxX)] (10)
lz],<Rz LWyy=0

Now we introduce Lagrange multipliers for the constraints Wyy = 0, as well. Analo-
gously to the case with Wxx = 0 constraints, consider a problem

mal))i [F(x,p,y,q) + (2, Wxx)] s.t. Wyy =0 (11)
ye

and introduce its solution

y'(x,p,q,2z) = argmax [F(x,p,y,q) + (z, Wyx)].
W,y=0
yey



Analogously, the dual solution norm to problem can be bounded as

V. F(x s * X,p,q,%z), ; D
IVy F( (I;\’+ ((va))(gl ), )l < R%, B e (1,+00)]. (12)
y

min

And we get a saddle-point reformulation of :

min  max [F(x,p,y,q) + (z, Wxx) + (s, Wyy)].
Isll,<Rs q4€Q

Substituting this reformulation into ((10)), we obtain

min max max |F(x,p,y, z, Wyx
b max | ma [F(x,p,y,q) + (2, Wxx)]
Izll,<Rz LWyy=0

= min  max min max [F'(x z, Wxx) + (s, W
PP ik, LIslashs max [F(x, p,y, @) + (2, Wxx) + (s, Wyy)]
z 2§Rz

— min max min [F(x,p,y,q) + (z, Wxx) + (s, W
pEP, xeXﬂGHy a2 |ls|, <Rs[ (x,p,y,q) + ( )+ yy>]
z||, <Rz

= ma min  |[F(x,p,y,q) + (z, Wxx) + (s, W , 13
yEJ?q)éQpGPxeX[ (x,p,y, ) + xX) +( yY)] (13)
lzll,<Rz |lsll,<Rs

which is an equivalent reformulation of . Note that cases Rs = +o0, Rz = +00
are also supported in this proof. A min-max reformulation is obtained analogously by
adding Lagrange multipliers in different order. O

_ From Theorem we immediately obtain the following corollary by setting a =
B = +oc.

Corollary 2.6. Problem (|l|) can be equivalently rewritten as follows

min ma F(x,p,y,q) + (z, Wyx) + (s, 7 14
B [F(x,p,y. ) +( )+ (s, Wyy)] (14)
seR™dy zZER™

in the sense that for any saddle point (x*,p*,y*,q*,s*,z*) of (4] . we have x] =

*

xp, =%, yi =... =y =y*, and the point (z*,p*,y*,q") is a saddle point of (1} .

3. Distributed algorithm for saddle-point problems

Now we provide a decentralized distributed algorithm to solve saddle-point problem
. The pseudo-code is listed in Algorithm [If and the main result on convergence rate
is given in Theorem The main idea is to use reformulation and apply mirror
prox algorithm [45] for its solution. This requires careful analysis in two aspects. First,
the Lagrange multipliers z, s are not constrained, while the convergence rate result for
the classical Mirror-Prox algorithm [45] is proved for problems on compact sets. Second,
we need to show that the updates can be organized via only local communications
between the nodes in the network.



3.1. Algorithm

For each variable t; € {z,pi,9i qi,Si, 2} and corresponding set T; €
{/1_’ JPi Y, Qi,Rdy,Rdm}, we assume there is a norm |[|#;[|-. Our analysis supports
arbitrary norms for x;, p;, yi, q;, but we use the Euclidean norm for dual variables
siy ziy 1.e. |[sills, = lIsillys llzillz, = ||zill;- With each norm |[#;]|- we associate a 1-
strongly convex w.r.t. this norm prox-function dr;(¢;) and the corresponding Bregman
divergence By, (t;,t;) = d7.(t;) — d7;(t;) — (Vdr,(£;),t; — ;). For dual variables we
have prox-functions ds, (u;) = %Hung, dz, (zi) = %H%Hg and Bregman divergences

Bs,(si, %) = 3 |lsi = %ill3, Bz, (21, %) = § |20 — 53
Having introduced Br:(t;,t;), we define the following Mirror step:

Mirr(g;; ti; T;) = arg I;_lil’l [(gi, t) + B, (t, t;)] , (15)
teT;

where g; is an element of the corresponding dual space which defines the step direction.

Our decentralized algorithm for saddle-point problem is listed as Algorithm
In each iteration each agent ¢ makes two Mirror step updates in each of its six local
variables. Besides using respective gradient of the local objective f; to define the step
direction, some updates 1include aggregating the variables of other agents. Consider for

example the update xf+5, in which agent 7 needs to calculate the sum 33; [Wx]ijzf. Due
to the Assumption [2.2] i.e. network compatibility of matrix W, this update requires
aggregating local only from neighbouring agents. Thus, each iteration of the algorithm
is performed in a distributed manner.

In Algorithm |1} we denote Viff = V,fi(xf, pt,vyf,qf) for t € {z,p,y,q} and £ €
(ko 1)

In the next two subsections, we introduce two necessary components which allow
us to prove the convergence rate theorem for our algorithm. These are smoothness

assumptions and localization of the solution to the saddle-point problem .

3.2. Localizing the solution and smoothness assumptions

As it was noted above, the standard analysis of Mirror-Prox requires the feasible
sets to be compact. Although we run Mirror-Prox algorithm on problem with
unconstrained variables s and z, we still can bound these variables according to
Theorem [2.41

Lemma 3.1. Let Assumption be satisfied and R% = 2mM2(A\T, (Wx)) ™2, R% =
2mMy2()\:1m(Wy))*2, where A\t (+) is the minimal non-zero eigenvalue of matriz. Then
there exists a saddle point (x*,p*,y*, q*,s*,z*) of problem such that ||s*||, < Rs,
lz*]l; < Rz.

Proof. Putting @ = 8 = 2 in Theorem |2.4] we immediately obtain the proof. O

Next, we introduce the second important component of the convergence rate analy-
sis, namely the smoothness assumption on the objective F'. To set the stage we first
introduce a general definition of Lipschitz-smooth function of two variables. Having de-
fined norms and Bregman divergences, let t; € {z;, p;, Si, Yi, ¢, zi } and correspondingly
T; € {/'F,Pi,Rdy,)_), Qi,RdI}. Introduce t = (t],...,t})T and T =T1 x ... x T, we
define [[t]|7 = 32, i

2
7:_.



Algorithm 1 Decentralized Mirror-Prox

Require: Initial guess (x°,p°,y° q°2z%5s%) such that t = [t],....t]]", t; =
argmindy; (t) for each t; € {z;,pi, i, G,zi,8} and corresponding set T; €
teT;
{‘X_'?Piuyy Q’iaRdy7Rdm}v 1= 17"‘7m'
1: for k=0,1,...,N—-1do
2. Compute X* = Wyx¥: sk

<X 8% = Wysk; vk = Wyyk; zF = Wy zF.
3:  Each node computes

k+1 . ~ > k+1 . -

331‘+2 = Mirr (OK(foik + Zf),mf, X) , si+2 = Mirr (ayf; sf;Rdy) ,
k+1 . - = k+1 . ~

Y T2 _ Mirr (—a(vq«fik + Sf); yf; y) 2 T3 — Mirr (—axl?' zk']Rd””> .

1%

kal 1 gl 1 gl 1 gyl
4 Compute xFtz = WxFts; sht: = Wysk+2; yht: = Wyyk+2' e =
1
Wiz ts.

5:  Each node computes

E+1 _ s ks | Shts
x; T = Mirr (oz(vpfi P+ Z07) PS5

> . k+1
;xf;X) , sf“ = Mirr (ayi 2'5]-“'Rd“> ,

k41 k4l - . k1
yz’?“ = Mirr (—a(Vrfi ey §i+2);yf; y) , zf“ = Mirr (—ozxi+2 : zf;]Rd‘”> )
6: end for
| Nl
: TN _ * k+1
Ensure: For t € {x,p,y,q,s,z} compute t" = ~ Z t7z,
k=0
Definition 3.2. Consider norms ||-[|¢, [|-[|, and their dual norms ||-|[c ., [I]l, .. A dif-
ferentiable function G(&,n) is called (Leg, Ley, Lyg, Lyy)-smooth w.r.t. norms [|-[|¢, |||,
if

[VeG (&) = VeG(E )|, < Lee||€ =€
[VeG(&n) = VeG(E )|, < Ley |In = '],
V4G (&) = VoG, < Lugll€ =€
anG(fﬂ?) - VnG(gaﬁ/)Hm* < Ly H77 - 77’”,7-

In order to formulate the smoothness assumptions on function F', we group the
minimization variables (x, p) and maximization variables (y, q)

Assumption 3.3. The function F' is (L(xp)(x,p)> L(x,p)(

v.a) L
smooth w.r.t. norms || x py, [|'ll(3,0) defined as

y,a)(x,p)> L(y,Q)(yq))'

2 2 2 2 2 2
Ix,P)lltxpy = IxlIx +1PIH: 1Dy =yl +llalls-
(X,P) .9



3.3. Main result

To present a convergence bound for Algorithm [1}, we introduce additional notation. For
each T; € {X Pi, Y, Q;, R Ré- } we introduce

R% = max dr (t) — dr. (). (16)

tt’'eT;

For simplicity of further derivations, we aggregate all the variables in two blocks:

minimization variables and maximization variables. Introducing u = (x',p',s")"
and v=(y',q",2z")" makes it possible to rewrite the problem in the following

simplified form.

min max S(u,v) 2 F(x,p,y,q) + (s, Wyy) + (z, Wgx) , (17)
ucAy veAy

where Ay = X x P x R™a and Ay =Y x Q x R The sets Ay and Ay, are closed
and convex but unbounded. We also define Y = X x P x {s : [s|]|, < Rs} and
V=YxQx{z: ||z||, < Rz}. Convexity properties of F' imply that S(-,v) is convex
for any fixed v and S(u, ) is concave for any fixed u.

Introduce norms

x5 | Iplp |, lsll3 Iyl3  llallgy ||z
[u Hu— + + ) v Hv + + . (18)
RZ T RZ ' R% RZ T R, | RY

Also introduce prox-functions dy(u), dy(v) and Bregman divergences

BX(X’i) BP(p,f’) BS(Saé)

BU(u7 ﬁ) =

R, R T

o\ _ By(y,y) , Bo(a,4) A Bz(z,2)

BV(Va V) - R2 R2 R2 :
y Q z

Lemma 3.4. Function S(u,v) defined in is (Luu, Luv, Lvu, Lyv)-smooth, where

Luu = Lixp)ep) (B + Bp), Lvv = Liy.q)(y.a) (B + R0),
Luv = V2 (Lacpiy.a)y/ (R + BR)(ES + RE) + RaRz [Wadlly ey + ByRs [Wylly )

Lyy = \/§ (L(y,q)(x,p) \/(R%( + R%)(Rgi + RQQ) + Ry Rz HWXHxﬁQ + Rng |’WyH2~>(y,*)) .

The proof is mostly technical and therefore omitted to the Appendix

Let us now discuss the second main aspect of the analysis, i.e. unboundedness of the
feasible sets Ay, Ay, which does not allow to directly apply the standard analysis of
[45]. Due to the special structure of the problem and the Assumption we have
at the disposal bounds Rz, Rs defined in Lemma such that the optimal values z*
and s* satisfy ||z*|, < Rz, [|s*|l, < Rs. We have that the saddle-point (u*, v*) belongs
to U x V. Let us define

L¢ = 2max{Lyu, Luv, Lvu, Lvv}. (19)

10



Finally, applying the analysis of Mirror-Prox, we obtain the main result.

Theorem 3.5. Let Assumptions and[3.3 hold. Let Algorithm[1] be run for N

=N 1 —~
iterations with stepsize o« = 1/L¢, where L¢ is defined in . Introduce t = ElthN
fort € {x,y,p,q}. We have

_ — 4+ 172)L
wae F(R5Y.y.a) —_minPexpaY) < TV

yEV,qeQ XEX,peP N
W,y=0 W, x=0
and
~ 17L - 17L
HWXXNH2 < NR;’ HWnyHQ < NR;'

Constant L. is dependent on problem parameters as defined in . Let us provide
an explicit dependence for completeness.

Corollary 3.6. Under conditions of Theorem[3.5 we have

=N _ . =N _
max F(X ,pN,y,q> —  min F(Xapay 7qN)

yeY,qeQ xeX,peP
W,y=0 W, x=0
(724 8v2)m 2 2 2 2
< N L(x,p)(xp)(RX + Rp) + L(yA)(y,q) (Ry + Rp)

+ L)y T L(y,q)(x,p))\/(R%c + R%)(R%, + R2Q)

o MR (Wil e+ Walhoz)  MyR Wyl gy, + Wyl )
N (W) N (W)

min min

To prove Theorem we first show that the iterates of Algorithm [I| naturally
correspond to the iterates of a general Mirror-Prox algorithm applied to problem .
Then we extend the standard analysis of the general Mirror-Prox algorithm to account
for unbounded feasible sets.

The feasible set Ay x Ay is separable w.r.t. each local feasible set X' x P; x R% x ) x
Q; x R% for an agent i. Thus, if we define a variable ¢ = (u',v")T € A:= Ay x Ay,
and the operator g(¢)

V«F(x,p,y,q) + Wxz

VPF(X’ Py, q)
€)= [ VuS(u,v) ] | Wyy

T —VoS(uv)] T |-V F(x,py,q) — Wys|’
_qu(xv by, q)
—Wix

then the updates of Algorithm [I] are equivalent to the updates of a general Mirror-Prox
algorithm listed as Algorithm

11



Algorithm 2 Mirror-Prox

Require: Starting point ¢ = arg min d¢(¢), stepsize o > 0.

1. for k=0,1,... do =
2:
¢t = argmina (g(¢*),¢) + B(¢, ") (20)
ceq
¢! = argmina (9(¢**4),¢) + B(¢,¢") (21)
ceq

3: end for
Ensure: 67“ k e 0 C“"

Next, we analyze the general Mirror-Prox Algorithm [2] Let us define the norm
||C||C = Hu||u + ||v||v7 the corresponding prox-function d¢(¢) and Bregman divergence

B¢ (¢, ¢) = Bu(u,11) + By(v, V). Note that the corresponding dual norm is HCHg* =

||u||z, .+ ||v||%, .- Under these definitions, following the standard analysis in [I1], we
obtain that the operator g(¢) is L¢-Lipschitz-continuous with respect to the norm |||,
with

L¢ = 2max{Lyu, Lvv, Luv, Lvu}- (22)
Next, we analyze the iterations of Algorithm [2] under the assumption that the

operator g(¢) is L¢-Lipschitz-continuous. Let us fix some iteration & > 0. By the
optimality conditions in (20)), we have, for any ¢ € @,

alg(CF) + Vde(CH2) — Vde(¢F), ¢ - ¢FFe) > 0, (23)
alg(CF3) + Vde (CFY) — Vde (¢F), ¢ — ¢y > 0. (24)

Whence, for all { € Q,
(g(CMH2),¢F e —¢) = (g(¢FF2), MY =€) + (g(¢F2), ¢F e — ¢hHY
1 1
(Vde(CF) = Vde(¢FH), EF =€) + (g(¢MF2), ¢FFe — ¢

<
= ZB(G,¢) — S Bo(¢, ¢ = S B¢ )+ (g(cH), ¢k - ),

EBE

Qlm

where the last equality uses the definition of Bregman divergence B¢((, ¢ ) =d¢(¢) —

12



(de(C) + (Vdc(€),¢ = C)). Further, for all { € Q,
(9(CHHE), ¢ — ) — B ¢ty
= (9(¢H3) — g(ch), €FFE — ¢FH) — ZBe(¢hH ¢ o (g(¢h), ¢HHE — ¢
W“%CZCW (9(CH) = 9(¢F), ¢H+E — ¢+
(Vde(¢H) - Vd<<<’f+%>,<’f+% — gy - éB (*,¢¥)
= (9(¢H5) — g(cH),¢HE — M) — T B(C, M) -~ B(CH, (M)
< [lg(¢H8) - g(cM)elicHE — <’f+1||< -5 (||<’f+% = CHIZ+ IR - M)
S LAIChE — COlC s — ¢ — o (e — CH + Ik — ¢ R) <o,

where in @ we used that B¢ ((, ¢) > ¢ — 5”% and in @ we substituted o = 1/L¢ and
used that ¢(() is L¢-Lipschitz-continuous.

Combining the above two inequalities and the choice a = 1/L¢, we obtain, for all
(e@andi>0,

(9(C75),¢7F5 = ¢) < LeBe((,¢) = LeBe(, ¢,

Summing up these inequalities for ¢ from 0 to k — 1, we have:

Ed
—

(g(¢*32), ¢35 = ¢) < Le(Be(¢,¢%) = B¢, ¢F)) < LeBe(¢,¢0).

s
Il
)

Now we use the connection between S(u,v) and the operator g(¢). By convexity of
S(u,v) in u and concavity of S(u,v) w.r.t v, we have, for all u € Ay,

bl
=
El
=
T
—

<Vu5’(ui,vi), u' — u> > (S(ui,vi) — S’(u,vi)) >

| =
Il
o
| =
<
Il
o
S
Il
o

i
In the same way, we obtain, for all v € Ay,

o
=
T
—_

(-VyS(u',v'), v —v) > — ZS(ui,vi) + Sk, v).

| =
I
o
?v\»—l
T
(e

i

Summing these inequalities, by the definition of g({) we obtain that, for all u € Ay,
Vv E Av,

w
._\

S(@*,v) — S(u,v%) < < (¢H*3), ¢ r —u) < %BC(Q,CO).

| =
<.
I
=)

It remains to deduce the target accuracy in the value of function F' and to

13



the solution accuracy of problem (I4). Let uV = (x™)",(™)T,s™)")", ¥V =
(N, @M, E)) . Forallx € X, pe P,y €Y, q€ Q, s € Bp,(0), z €
Bpg_(0), we have

F(iNa ﬁN7 Yy, q) + <Z7 WX§N> + <§N7 WyY> - F<X7 b, S’\Nv aN) - </Z\N7 WXX> - <S7 WyS’\N>

= LeBe(¢,¢Y)
J— N .
To get an upper bound on consensus residual, we substitute x =XV, y =3V, p =

SN _aoN _ 5N W.XVR _
p'.,a=q",z=12 +HW;A(N|€’ s =0 and get

W, xN AN>
RZ <,\,W X
[WxN|”

o Lo [ Bx(xNx") | By(y".y%) | Bp(@".,p’)
S R A

n Bq(qN,q°)>

2
RQ
Le |y  WxxVRz|?

2NR% W x| ],
e 2
AL | Le [|2V]5 @ 17L¢
<= (I N2y ) < 20C
=N T N( RZ TN

P

+

Here in @ we bounded HE the following way:

122 < 2RL BA(EY, ¢%) < 2RL B (C*, ()

* 0 * 0 * 0 * 0 * o0 * 0
§2R22<BX<X,X)+By<y,y>+37,<p,p> Bo(q". ') BS(SaS)+Bz(Z,Z))

+
R2 R3, RZ, R% R R%
< 12R%.

As a result, we get

HW QNH < 17L< — 17LC A$1n(wx) — 17\/§L4)\+
X 2 = NRz N Mx\/i 2N M, min

(W)

Analogously we have

HW S;NH < 17L _ 17L¢ /\;;in(Wy) _ 17\/§LC)\+_
y 2 — NRS N My\/§ 2NMy min

(Wy).

Let us now estimate the duality gap in objective function. Recall that

F(ﬁNa ﬁN7 Yy, q) + <Z7 Wx§N> + <§N7 WyY) - F(X7 P, §N7 aN) - </Z\N7 WXX> - <S7 WyS’\N>

L { Bv(x,x%) Bp(p,p°) Byly,y") Bo(q,q") Bz(z,2°) Bs(s,s’
< X(XQX)Jr P(PZP)+ y(yzy)Jr Q(01201)+ z(z2z)+ 3(s2s) .
N RZ, RZ, R} R} RZ R

Also recall that Br(t,t°) < R?r for t € {x,p,y,q} and T € {X,P,), Q}, respectively.

14



Setting z = z° = 0, s = s” = 0 we obtain

N o~ " N " 4L
F(XvaNaY7q) + <vayY> - F(XapayNan) - <Z>Wxx> S Wg
Note that
F(zN 5N N W _ F(xN N
ngléygo[ &Y, pV,y ) + (87, Wyy)] ax FE, Py, q),
win [P p,y™.G%) + @Y, Wix)] = min F(x,p,5%,3").
Then
max F(ﬁN pV.y q) — min F(x,p vV GN) < AL (25)
Wyy:O ) M ) _Wxx:O b ) b — N .

In the criterion above, the max and min operations are taken over consensus sets
Wix = 0 and Wyy = 0, but the variables X,y may not satisfy consensus constraints.
The criterion can be updated as follows.

Introduce X' = %llTﬁN, ?N = %11T§N. Let us recall that gradients of F are
uniformly bounded (see Assumption 3.1 of the paper). Using convexity of F' w.r.t x we
obtain

=N

<N ~ <N ~ ~
F(X )pN7y7q)§F( 7p 7y7q)_<VFX(X 7pN7y7q)7XN_X )>
=N ~ ~ =N
<FEV,pV,y,q) + [VF(x ", 0", y,q)| - &Y =X ||2
N - Wy (xN -z
< FEN,p",y, @) +vmM, - H )\i Iz
mln( X)
@ 17L¢/m M,
< FERN BV, y,q) + —— -
N RZA;’;m(W )
@ 17L<

FiN’AN77
x",p",y.q) + AN

Here in @ we used the bound on consensus violation from Theorem 3.6 of the paper
and in @ we recalled the definition of Rz from Lemma 3.2. Carrying out an analogical

estimate of F(x,p, ?N, q"), we obtain

AN _ AN oy (4417
nglggoF(xN,pN,y,q)—Wril)l(gOF(x,p,yN,qN) (JFN\O

3.4. Discussion for the Fuclidean case

Theorem ensures a O(1/e) convergence guarantee but still does not provide explicit
dependencies on the network characteristics. We derive these dependencies in the
simplified Euclidean case.

Corollary 3.7. Let L = max{L(xp)(x.p): Lxp)ya) Liv.a)xp) Lya)rat M =
max{ M, My} and x = max{x(W, ) X(Wy)}. Let us also upper bound the sizes of the
sets: for T; € {X,Pi,;)A Qi}, let Rﬁ- < R?. Fort € {x,p,y,q} lett = (t],...,t])"
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and introduce the average values tAfl\fj =1 Zm . Then after N iterations of Algorithm

m i=1 z
[1 it holds

N LR?> MRy
maX*ZfZ avapz ,97%) mg‘l EZ.}CZ X pzuyau7q1 ) O <maX{N7N}) )

yey, m 1
qeQ peP =

Ly v LR?> R
(m;“xi\[— éi)”g) _O<maX{W’N}> ,

m 1/2
L U LR?> Ry
(m;Hyz _ycw”2> =0 <maX{]\4N’N}> '

Corollary [3.7]states the convergence rate in terms of number of iterations of Algorithm
Every iteration corresponds to one communication round and one oracle call per
node, resulting in equivalent oracle and communication complexities.

Remark 1. Let assumptions of Corollary be satisfied. Additionally, let the critical
point of each f;(x;, pi, yi, ¢;) lie in the set X x P; x Y x Q; (i = 1,...,m). Then we have
M < LR. The Chebyshev acceleration technique (see i.e. [37]) makes it possible to
reduce x to O(1) at the cost of performing /X communication rounds at each iteration.
As a result, Algorithm 1] I requires O(LR?/¢) oracle calls per node and O(LR?,/x/¢)
communication rounds yield a point (X,p,¥,q) such that

zréayxm;fz N BNy, 4i) — mm;fz T, i oo @) < €

qeQ peP

As will be shown in Section 4] these oracle and communication complexities are optimal.

4. Lower bounds for distributed saddle point problems

In this section we present results on lower bounds. In obtaining them, we focus on the
Fuclidean case. Before proceeding directly to the lower bounds, we need to identify
the class of algorithms for which they are valid. To describe this class of first-order
methods, we use a similar definition of Black-Box procedure as in [51]. We assume
that one local iteration costs ¢ time units, and the communication round costs 7 time
units. Additionally, information can be transmitted only along the undirected edge
of the network. Communications and local updates can take place in parallel and
asynchronously. More formally, it can be described as follows.

Assumption 4.1. Each machine i can collect past values for x,p and ¥, ¢ in internal
memories Hi”fT - RdI,HZP,T - Rdw,HZ&I{T - Rdy,HZT C RY%: at time T > 0.
Initialization. We assume that all nodes start with z° =0, p! =0, y° =0, ¢) =0,
then Hf, = {0}, H, = {0}, H}; = {0}, H}; = {0} for all i.

Connection. The internal memories are updated either by communications Hl-’fT, H f{T
or local steps HzT"HzT’HzT’H

7 7 P 7P Y T 7Y q 74
Hir CH{r UH{y, Hjp CHip, HppCHp UH, o Hip CHp.
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Communication. Each machine ¢ can start to communicate with neighbors at time
T — 7, then, after 7 units of time, the update of memories using communications can
be rewritten as follows:

ﬂffT C span U Hip_. ¢, ﬁg{T C span U H;/,T—T
()€€ (J0)eE

Local computation. Locally, each device i can find V, f;(x,p,y,q), Vy, fi(z,p,y,q),
vyfi(x7p7y7Q)a vqifi(x7p7y7Q) fOI‘ all T € Hijftap € Hij_tay € HZ’Z{T_tvq € HzT_t'
Then, the local update is

Hir C span {z, Vafi(2',p/,/ ), Micr (4 Vo fi(2/,p o/ q )i 25 X) }
H?; C span {p, V,, fi(z 9,y q), Mirr(7V,,, fi(a' 0y d )i s Pi) }
HY; C span {y, Vy fi(2',p' v/, ¢), Mirx(4V, fi(a' .0 v 0 )iy V) }
H{; Cspan{q, Vo fi(a' .0y, d), Mirr(\WVq, fi(2', 9,/ d)i 0: Qi) }

for all z,2" € HPr_,,p,p' € H{1_yy,y' € Hl'p_y,q,q € Hp_, and all v € R. Mirr is
defined above in . ’ ’ ’

Output. When the algorithm ends (after Tp units of time), we have m local outputs
x{ € Hip, p{ € HijO, ylf € Hf{TO, q{ € Hf’TO. Suppose the final global output is
calculated as follows:

m m
xfESpan{UH{fTo}, p{GHijD, nySpan{UHgTo}, qZGHZTD.
i=1 i=1

Note that the above procedure do not communicate on variables p; and g¢;, because
they are local and unique for each node, in contrast with variables  and y. It is easy
to check that Algorithm [I] also satisfies the definition of the procedure above.

The idea of proving any lower bounds for optimization problems comes from the
first results on lower bounds for convex minimization [46]. The essence is to give an
example of a "bad” function. In the case of distributed problems, it is also necessary
to "badly” divide this function between m devices [51]. We consider a special case of
problem (the variables p and q are dummies, and the sets P and Q are empty):

m

minmax f(z.9) = - 3 fi(z.v), (26)

reX yey i1

where X, C R? are balls with the centers at point 0 and some size R (see )
We will define the size R and n more precisely in the proof (see Appendix @ Since
we concentrate entirely on the Euclidean case, therefore the operator Mirr in the
procedure definition above can be replaced by the Euclidean projection operator:
Mirr(g, z, X) = projx (x — g) with projy(y) = argmin,cx ||z — y/|2.

The global function f(x,y) in (26]) is exactly an example of a bilinear function from
the work on non-distributed lower bounds for the strongly convex-strongly concave
case [60], but with strong convexity and strong concavity constants p ~ % (see in
Appendix [9). In fact, if we write the dual function for this f(z,y) from ([34)), we have
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exactly the problem from [46], but with a smoothness constant ~ %2 (see Lemma

in Appendix E[) The problem is decomposed into summands f; in such a way that
if we want to get closer to the solution, we need to communicate (see also [51]). This
idea is explained in more detail in Appendix [9] Here we only give a simplified version
of the main theorem.

Theorem 4.2. For any given L > 0, and x > 1, there exist

e functions f; defined on X x P; x Y x Q; (i = 1,...,m), such that they satisfy
Assumption the averaged function f = % oty fi is L-smooth and all the sets
X X P; x Y x Q; have size R,

e a connected graph G and a gossip matrix W associated with it. The condition number
of the gossip matriz equals x(W) = x.

Then for any decentralized algorithm satisfying Assumption [{.1] the minimal time T for

yielding a e-solution (7,5,7,d) (i.e. max f(Z,p,y,q) — min_f(z,p,5,d) < ¢)
yeV,qeQ reX,peP
s given by

LR?
Theorem shows that the minimal number of oracle calls per node is Q(LR?/e

and the minimal number of comunication rounds is Q(LR?./x(W)/e). In Remark

we showed that in the euclidean case Algorithm [I] with Chebyshev acceleration reaches

these lower bounds when the critical point of each f;(z;, pi, i, ¢;) lies in X x P; x Y x Q;
(i=1,...,m).

5. Application to the Wasserstein barycenters

Now we show the benefits of representing some convex problems as convex-concave
problems on the example of the Wasserstein barycenter (WB) problem and solve
it by the DMP algorithm. Similarly to Section , we consider a SPP in proximal
setup and introduce Lagrangian multipliers for the common variables. However, in
the Section [3| we obtained results in a general setup without additional knowledge
about cost functions and sets. On the contrary, in this section we utilize the special
structure of the WB problem and introduce slightly different norms. After that, we get
a convergence guarantee by applying Theorem

The (fixed-support) WB of probability measures y1,ys ..., Y, from the probability
simplex A,, is a solution of the following finite-dimensional optimization problem

min — 3" Wiz, y:), (27)
=1

TEA, M
i

where W(z,y) = mingcy (s, (C, 7) is optimal transport between two histograms x,y €
A,, C € R’}rxn is a given ground cost matrix, and 7 is a transport plan which belongs
to the transportation polytope U = {m € R}*"", 711 = z, 771 =y}. As we consider a
general cost matrix C, the optimal transport problem is more general than the problem
defining a Wasserstein distance.
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5.1. Saddle point problem formulation

Next we reformulate the WB problem as a saddle point problem [17]. To do so,
we introduce stacked column vector b; = [$T, yiT ]T, vectorized cost matrix d of C,
vectorized transport plan p € A2 of m, the incidence matrix A = {0, 1}2"*"* vectors

¢; € [~1,1]?" for all i = 1, ...,m. Then the problem can be equivalently rewritten
as

1 & R
. - (2, i, Qi ::dT-. 21ld ( T[4 .__bT'.>‘ 28
Jnin qu___vqglggl’”%mztfl(m piva)) 2 d i+ 2lldll (¢ Aps — b7 a) . (28)
p1,~.~,pm€A"2 =1

Clearly, this problem fits the template . Then we can rewrite it for stacked column
vectors up to a mulplicative term 1/m to fit the template

III'H II]&XF pP,X,q) = d p + 2 d 00 ((] A[) — b (]) 1. = = ... = Tm-
pGP;GX qeQ ( Y ) H” i o 2 .
(29)

where x = [z{ € A,,...,2) € AT € X 2 [[™ A, (here [[™ A, is the Cartesian
product of m simplices), p = [p{ € Apz,...,p), € Ap2]T € P 2 [[™Apz, and
a=I[¢, ¢ € Q& [-1,1>" b=[z],y],...,z}),y],d=[d",...,d"]" and
A = diag{A, ..., A} € {0,1}2m*m"* i5 the block-diagonal matrix.

Finally, to enable distributed computation of problem , we replace the constraint
x1 =+ =2y by Wx =0 (matrix W £ W ® I,,, where W is defined in ) Then we
introduce the Lagrangian dual variable z = [z],..., 2] € Z £ R" corresponding
to the constraint Wx = 0 and rewrite the problem as follows

’7m

min max S(u,v) 2 d'p+ 2||d||e (qTAp - qu) + (z, Wx), (30)
uelU veAy

where u = (x,p),v = (q,z) and U 2 X x P, Ay = Q x R". Problem fits the
form , hence it can be solved by the DMP.

5.2. Convergence guarantee

Before presenting the complexity bound for the DMP algorithm to solve the SPP ,
we firstly bound the norm of dual variable z similarly to the general setup in Section

Lemma 5.1. Let RZ = 8mnmax; ij/()\rtlin(W))Q. Then there exists a saddle point

(x*,p*,q*,z*) of problem (30) such that ||z*||2 < Rz.
This lemma is essentially a particular case of Lemma for the WB problem.
Lemma 5.2. Objective S(u,v) in 1' s (Luu, Luv, Lyvu, Lyvv)-smooth with Ly, =

Lyv =0 and Lyy = Lyy = 8mv2nInnmax; ; Cj;x w.r.t. norms

1 < 1 1 A (W))2 1213
i = - > <||xir%+2upi||%) and |[v[ = — (Hq||%+ 2.

Inn mn 8 max; ; C’fj
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Then similarly to L can be defined as follows

L¢ = 2max{Lyu, Luv, Lvu, Lvv} = 16mVv2nInn max Cjjx. (31)
17]

These two Lemmas proved in Appendix (10| together with make it possible to
obtain the convergence guarantee for the DMP algorithm (see Algorithm [3{in Appendix

11).

Theorem 5.3. After N = (4 + 17v/2)L¢/(me) iterations, Algom'thm@ with stepsize
o =1/L¢, where L¢ is defined in (31)), yields output N =@M, .. @ such
that

- +
ZW(fﬁ,yz — min —ZW x,yi) < and HWQNH2 -0 <\/W> :

1
m 4 7 TEA, M \/ﬁmaxivj Cij
1=

where T, = % S &N The per node complexity of Algorithm @ is
n2
(0] <\/nlnnmax C%X) .
9 (2%
The proof of follows from Theorem and is given in the Appendix

5.2.1. Discussion of the convergence results.

We comment on the complexity of the DMP algorithm compared to the existing state-
of-the-art methods: the iterative Bregman projections (IBP) algorithm, its accelerated
versions and primal dual algorithm (ADCWB), see Table |1 All of these methods use
entropic regularization of Wasserstein metric with parameter v which must be taken
proportionally to accuracy e.

Table 1.: Distributed algorithms for the WB problem

Algorithm Per node complexity(®)
IBP [7, 33] n?/(ve)

Accelerated IBP [26] n%\/n/\/7e

FastIBP [3§] n?yn/(ye)*?
ADCWRB [16], 18] n?y/n/\/7e

DMP (this work) ny/n/e

(1) The bounds are obtained by using the
Chebyshev acceleration.

5.3. Numerical experiments

In this section, we tested the DMP algorithm for computing WB (see Algorithm [3[in
the Appendix on Gaussians measures and the notMNIST dataset.
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5.3.1. Evaluation on different network architectures.

We demonstrate the performance of the DMP algorithm on different network archi-
tectures with different conditional number y: complete graph, star graph, cycle graph
and the Erd6s-Rényi random graphs with the probability of edge creation p = 0.5 and
p = 0.4 under the random seed = 10. As the true barycenter of Gaussian measures
can be calculated theoretically [14], we use them to study the convergence of the
DMP to the non-optimality gap. We randomly generated 10 Gaussian measures with
equally spaced support of 30 points in [—10, —10], mean from [—5, 5] and variance from
[0.8,1.8]. Figure [I| supports Theorem and presents the convergence of the DMP to
the function non-optimality gap and the distance to the consensus. The smaller the
condition number, the faster the convergence.

&
S 10
10
g o
= -3
£ 210
o -3 )
Z 10 &
S 5
c — Stargraph, x =10 O g4 = Stargraph, x=10
2 ~ Cycle graph, x =10.5 - Cycle graph, x =10.5
2 10_4 —— Erdos-Renyi (p=0.4), x =8.4 = Erdos-Renyi (p=0.4), x =8.4
=} .
(I — Erdos-Renyi (p=0.5), x =3.5 _s — Erdos-Renyi (p=0.5), x =3.5
—— Complete graph, x =1 10 —— Complete graph, y =1
2
10 10° 10" 10° 10° 10° 10" 10°
Iterations Iterations

Figure 1.: Convergence of the DMP algorithm on different network architectures.

5.3.2. Comparison with existing methods.

Next we compare the DMP with the most popular modern algorithms: the IBP [7] and
the ADCWB [18, Algorithm 4]. We illustrate a well-known issue: numerical instability
of regularized algorithms with a small value of parameter v to solve the WB problem.
We ran the IBP and the ADCWB algorithms with different values of the regularization
parameter 7 starting from v = 0.1 and gradually decreasing its value to v = 10~%. The
number of iterations was taken proportionally to 1/ in the IBP and proportionally to
1/,/7 in the ADCWB according to the theoretical bounds. Figure [2 shows that for a
certain value of v (depending on the the experiment set and the number of method
iterations) the regularized algorithms diverge. Our unregularized DMP algorithm is
capable to achieve any accuracy, the more iteration the better accuracy. We ran it to
achieve about 10~® accuracy, probably the machine accuracy.

We also illustrate the non-stability of the IBP and the ADCWB algorithms run
with v = 10* on the notMNIST dataset, in particular for the letter ‘B’ presented in
various fonts. Figure [3| shows the best barycenters before the regularized algorithms
will diverge.
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Figure 2.: Numerical instability of entropy-regularized based methods

Figure 3.: Barycenters of letter ‘B’ found by the DMP (left), the IBP (middle) and the
ADCWB (right).

6. Conclusion

We proposed a decentralized method for saddle point problems based on non-Euclidean
Mirror-Prox algorithm. Our reformulation is built upon moving the consensus con-
straints into the problem by adding Lagrangian multipliers. As a result, we get a
common saddle point problem that includes both primal and dual variables. After
that, we employ the Mirror-Prox algorithm and bound the norms of dual variables at
solution to assist the theoretical analysis. Finally, we demonstrate the effectiveness of
our approach on the problem of computing Wasserstein barycenters (both theoretically
and numerically).
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7. Supplementary for Section

Define a sequence of Chebyshev polynomials as Ty(8) = 1, T1(8) = 5 and Tr11(8) =
2

~1
28T (8) — Ty1(B) for k > 1. After that, let ¢; = gﬂ, = 6= e
and introduce
Tr(co(1 = B))

P, =1-— .
Now let us consider a new communication matrix Px(W) with K = LX) As
shown in [2], the spectrum of Px(W) lies in [1 - 1-2:53;3 1+ 1-2i-CC%(K and therefore
Amax(Px (W) = O(1), At (Px(W)) = O(1) and x(Px(W)) = O(1).
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8. Smoothness constants for Mirror-Prox

8.1. Estimating Lipschitz constants for S(u,v)

We start by deriving the Lipschitz constants Lyu, Lyvv, Luv, Lyvu of the function S(u,v)
in (17). Recall that for an operator A which acts from a space V with a norm v,
to a space W with a norm [|w||,, then these two norms naturally induce a norm of
the operator A as ||Al|y—w = maxy w{||Av||lw : ||v|ls < 1}, which gives an inequality
|Av|lw < ||Allo=wllv]lo. Recall also that (17)) is a reformulation of in a simpler

form usﬂlg the definitionsu= (x",p',s')",v=(y',q",z")" and

S(u,v) :F(vaaY>q>+<SaWyY>+<Z7WxX>-

Then for the corresponding partial derivatives we have

VXF(X, b)Y, q) + WXZ va(X7 b)Y, q) + Wys
vuS(qu) - va(X7p7y7q) ; VVS(U,V) = VqF(X7p7Y7q)
Wyy W x

Let Ay = X x P xR A, =Y x QxR™ and U = X x P x {s: |s]y, < Rs},
V=)YxQx{z: |z|], < Rz}. Recall that we introduced norms ||uHZ, = ||x||/2,( JR% +
Ipl% /RS + I /B2 VI = 715 /3 + s / B+ /%, which induce the dual
norms [ulf,,, = 3 X1, + R DI, + B3 I3, V13, = 5 ¥, + B llals, +
R% ||z||3. The constant Lyy has to satisfy | VS (u, v) = VuS(W, V) |lrs < Luulu—1u|jy
for all u,u’ € A;. We have

2

) VxF(x,p,y,q) — VxF(x',p’,y,q)
HVUS(uﬂ V) - vuS(u/7 V) HZ/{,* - VPF(X7 Py, q) - VPF(X/’ p/a Yy, q)
0 U,
2
= RQ){ HVXF(X7 Py, q) - VXF(Xla p/a Yy, q) H‘)a*
2
+ R% HVPF(X7 b)Y, q) - va(X/, p/7 Yy, q)H'p7*
2
VXF(X7 Py, Q) - VXF(Xla plv Yy, q)
< (R% + R ‘ [
o ( X P) va(X>P7y7CI) - va(X,,p,,y,q) (X,’P),*
/ 2
< Licp)x mi+R%][x‘x]
( 7p)( vp) p — p/ (X7'P)
_L2 R2 R2 R2 HX_X/HQX R2 ||p_p,||'?3
= Lixp)xp) (Bx + Rp) X TP
X P
< L%X,p)(x,p) (Rg(' + R%)2”u - u,”g{’

2 2 2 2 2 2
where we used that [|(x, p)[[(x p) .« = X% . I[Pl . since [[(x, P)[(x ) = [IX[I% P,
Assumption Thus, Lyy = L(x7p)(x7p)(R/2\¢+R723). The equality Ly = L(yjq)(ym(R%,—&—
RQQ) is proved in the same way.
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Let us estimate Lyy, which has to satisfy ||[VuS(u,v) — VuS(u, v/) |y« < Luv||v —
v'||y for all v,v’ € Ay. We have

HVUS(U, V) - VuS(u, V/) HZZ/{,*

VXF(Xa b)Y, q) + WXZ - vXF‘(X7 P, y/a q/) - WXZ/
= VPF(Xa Py, q) - VPF(X7 b, ylv q,)
Wyy — Wyy'

2

U ,*
@ R2 V. F ! W N2
- X” x (X,p,y,q)—VxF(X,p,y,q)—i— X(Z_Z)HX,*
+ Rp|VpF(x,p,y.a) = VoF(x, 0,y d)lp, + RE[Wy(y —¥)II3
@
< 2R.%(HVXF(X7p7y7q) - VXF(X7p7y,7 q/)”gY,* + QR?YHWX(Z - ZI)H?Y,*
+ Rp|VpF(x,p,y.a) = Vo F(x, 0,y d)lp, + REIWy(y —¥)II3

2
‘ [ VxF(x,p,y,q) — Vi F(x, p,y’,q’)]
VpF(x,p,y,a) = Vo (5,0, 5, d)] || 1 p) .

+ 2R3 [ Willoy 12 = 2115 + REIIWy 15 o lly = ¥'II3

adl
‘[q—d}
+ R3[[Wy I3 _olly = ¥l
< (2L iy (BE + BR)(BS + RD) + 2R3 RE [ Wal3

(%

®
< 2(R% + Rp)

@
2 2 2
< 2L{x by, (Bx + Bp)

+ 2RE Wil i Iz — 2113
>.9)

+ 2R RE Wy 2, ) v =[5,

where we used in @ the definition of |[ul|? ,; in @ the inequality (a + b)? < 2a® + 2b%;

. 2 2 2 . 2 2 2

in ® that (5, D)2 = Il + [P, since [[0x, p) 2 p) = el + pl/3 and the
definition of the operator norm; in @ Assumption and, finally, in ® the definition
of ||v||%. Taking the square root of the derived inequality, we obtain

Luv < \/ﬁmax {L(x,p)(y,q) \/(R/Z,{ + R%)(R%; + Rzg),

RaRz [Wlloo - RyRs Wy lly s }-

The bound for Ly, is derived in the same way:

Ly < V2max {L(y,q)(xyp) \/(R%( + R3)(R3, + Ry),

RaRz [Will, oz, RyRs [Wylly ) |-

9. Proof of lower bounds from Theorem [4.2]

Let B CV be a subset of nodes of G. For p > 0 we define B, = {v eV : p(B,v) > p},
where p(B,v) is a distance between set B and node v. Then, we construct the following
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arrangement of bilinearly functions on nodes:

LT Ay + 32l - eyl - - BTy, ie B,

B,|

LT Agy + 182 0|3 — 12]1y)3, e (32)

|3 — 166 < llyll3, otherwise,

fi(mvy) = |

1

vl

where L,e >0, e; = (1,0...,0) and

1 0 1 -2
1 -2 1 0

A1: ) A2:

We will give the value of p later.

Lemma 9.1. If B, # @, in the global output of any procedure that satisfies Assumption
after T units of time, only the first k = [t+pTJ + 2 coordinates can be non-zero,
t

e rest of the d — k coordinates are strictly equal to zero.

Proof. Consider an arbitrary moment Ty. Following Assumption one can write
down how H?®, HY changes in one local step:

span{z, A1y}, i€ B,
H{’fTDH C ( span{zx, A2y}, i€ B ,
span {z}, otherwise

span {e1,y,Afz}, i€ B,
HZ?{TO"Ft < span {ya Agl‘} s 1€ B s
span{y}, otherwise

for x € HY i1, VY € H? .. Here we take into account that the projection operator on the
ball centered at 0 has no effect on the expressions written above in terms of span.

The block-diagonal structure of matrices A; and A, plays an important role. In
particular, let for some i we have H}'7, C span {e1,...,er,}, HE{TO C span {el, ek, },
then for any number H € N of local iterations (without communications) and k =
max{ky, ky}, we get

span 617...,€2|’ﬁ‘|71} , 1€ By,
2
HfTothH’HfmeH C 4 spanieq,.. -5 €[] } , 1 € B, (33)
2
span{ey,..., e}, otherwise.
This fact leads to the main idea of the proof. At the initial moment of time T = 0,

we have all zero coordinates in the global output, since the starting points zq, yg are
equal to 0. Using only local iterations (at least 2), we can achieve that for the nodes
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B, only the first coordinates of x and y can be non-zero, the rest coordinates are
strictly zero. For the rest of the nodes, all coordinates remains strictly zero. Without
communications, the situation does not change. Therefore, we need to make at least
p communications in order to have non-zero first coordinates in some node from B
(transfer of information from B, to B). Using (33), by local iterations (at least 1) at
the node of the set B, one can achieve the first and second non-zero coordinates. Next
the process continues with respect of .

Hence, to get at least one node ¢ € V with the internal memory HF HY C
span {ey, ..., ek, }, we need a minimum of ky + 1 local steps (at least 2 steps in the
beginning, when we start from 0, and then at least 1 local step in other cases — see
previous paragraph), as well as (kg — 1)p communication rounds. In other words,

T —2t
max [max{kE./\/ D Jwe Hip, Iy e HY st xk#O,yk#O}} < LH_ J+2
é : : pT

According to Assumption we have that the final global output is the union of all
the outputs. Whence the statement of Lemma holds. O

The previous lemma gives us an understanding of how quickly we can approximate
the solution. In particular, in coordinates that can be non-zero we are able to have
a value that absolutely coincides with the solution, but in zero coordinates this is
impossible. It remains to understand what the solution even looks like. Considering
the global objective function, we have:

1 M
= M Z fm(xay)

Byl - fi(x,y) + B - falz,y) + (M = [B,| = |B|) - f3(x,y))

16¢ 16e L2R?
Tay+ - 2l — = Iyl -

M
L . , 1
=3¢ ery, with A= i(Al + Ag). (34)

With [|A]] < 2, it is easy to check that f; is convex-concave and f is also max{L, % -

smooth.

Lemma 9.2 (Lemma 3.3 from [60]). Let o = 5’22;24 and g = % <2 +a—+Va?+ 4a> €

(0;1) — the smallest Toot of ¢> — (2+ a)g+1 =0, and let introduce the approzimation
of the solution y*:

Then error between the approximation and the real solution of can be bounded:
d+1
_ q
17" =y lle < ——-
a(l—q)
Proof. Let us write the dual function for (34)):

1 o (L*R? ;. 32 L2R2 T
9y) = —5y ( . + > — v
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where one can easy found

AAT =

The optimality of the dual problem (Vg(y*) = 0) gives

L2 2 ) L2 2
( R ATA+32€I> y* = R et,
€ R €

32¢2
Tapr, We get

or, with a =
(ATA +al)y* = e.

One can note that for the approximation of the solution ¥ it holds

(I+a)gy—p3=1
g+ Q2+ )y -y3=0

*ﬂé,z + (2 + Oz)ﬂ
o+ 2+a)yy ==

or in the form of a system of equations

qd+1
(ATA+aI) gt =e1 + 1 eq-
Hence, we have
. Ly gt
y*—y*:(A A—|—aI) 1 Cd
With the fact a1 = (ATA + aI)_l > 0, we prove the statement of Lemma. O

Now we formulate a key lemma (similar to Lemma 3.4 from [60]).

Lemma 9.3. If B, # @, let consider a distributed saddle point problem in the form

. For any time T one can found size of problem d > max {QIqu (ﬁ) ,2k}, where

k= L%J + 2, take a = 5’22—15; and q = % (2+a— a2+4a> € (0;1). Then, for any
procedure satisfying Assumption we get the following lower bound for the solution
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after T units of time:

o T_4o — y*|2
for — a3 + lyr — 313 2 (2 W0Vl

Proof. By Lemma with ¢ < 1 and k£ < %, we have

qk
= \/q2+q4—|—...—|—q2(d—k)

—x |12
— >
HyT Yy H2 = 1—g¢

V L=t ;
2, 4 2d — %12 _ —k
“+q¢+.. .+t = 17"l = lyo — 7|5
q \/i \/5

For d > 2log, <ﬁ> we can guarantee that §* ~ y* and also (for more details see [60])

2k *|2
q 2] z=2t | +2) [[yo — ¥”||
ler — 13+ llyr —y713 > llyr —v713 > Lol — v 1 = 2L 2) [0 —V
> S2(+2) v —v'l5
- 16

O]

In the conditions of Lemma there is a choice of d. With given y* we can also
determine the size of the ball R. More precisely we want y* € ), then we can choose
R= %Hy* | = % ] (see ) Now we are ready to combine the facts obtained

above and prove Theorem

Theorem 9.4 (Theorem . Let L >0, x > 1, e > 0. Additionally, we assume that
L> %’?. There exists a distributed saddle point problem of m (defined in the proof)
functions with decentralized architecture and a gossip matric W, for which the following
statements are valid:

e cach function f; : R* x R* = R is convez-concave,
o f=L%" fi:RIxRY— R is L-smooth and has y* # 0,

e d > max{2logq (ﬁ)ﬁk}, where k = LZ;?J 4+ 2, a = gf—ﬁ and q =

3 <2+a— va? +4a) € (0;1),
o X x Y is bounded and has a size R =
e the gossip matric W have x(W) = .

Ll

Then for any procedure, which satisfies Assumption[{.1], one can bounded the time to
achieve a e-solution (i.e. max,cy f(xr,y) — min ey f(z,yr) < €) in the final global
output:

3

-0 <LR2(t+\/gT)> .
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Proof. We start the proof from Lemma and get:

(t+p7 ) M

*2 2
_ >
o — &I+ lyr = y*I 2 g =

Using & 3% _ strong convexity — strong concavity of (34]), we can obtain

max f(z",y) —min f(z,y") > f(zr,y*) — f(&*,y") + f(a*y") — (=", yr)
yey zeX
N 16e
> s ller — ) + w2 llyr =y 1%,

and

_T _T
max /(27 y) - min f(z,y") > P2y — )2 > A1) e,
yeY zeX R

If max,y f(@T,y) — min,cp f(z,yT) < e, we get

2T
= Q (log,-1(2)) . 35
o = 2 (log, 1 (2) (3)
The next steps of the proof follows similar way with the proof of [51, Theorem 2]. Let
1+cos -~
Xm = % L bhe an increasing sequence of positive numbers (this sequence is also the

condition numbers for the Laplacian of a linear graph of m vertexes). Since 2 = 1 and
limy, xm = +00, there exists m > 2 such that x,m < x < Xm+1-

e If m > 3, let us consider a linear graph with m vertexes vy, ... v, and with weighted
edges w12 =1 —a and w; ;11 = 1 for i > 2. If W, is the Laplacian of this weighted
graph, one can note that with a = 0, x(W,) = v, with a = 1, we have x(W,) = +o0.
Hence, there exists a € [0;1) such that x(W,) = x. Then x < xm+1 < (m42r1)2‘ Finally,
if B={v1}, B={vn}, p=m—1 and then, p > /2x — 2. Using (35), we have

T:QQHW&ﬂm;J.

o If M = 2, we construct a fully connected network with 3 nodes and a weight
wiz =a€ [O 1]. Let W, is the Laplacian. If a = 0, then the network is a linear graph
and x(W,) = x3 = 3. Hence, there exists a € [0;1) such that x(W,) = x. We take
B = {v1}, B = {v3} and get p > 1> X. Finally, we have the same estimate as in the
previous point

T:QOHW&ﬂm;J.
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Next, we work with

1 1 S 4
In(g~1) In(1+(1—-q)/q) ~ 1—q
1+§ -/ +a ¢%+a—%

o? a (0%
T a3

Y EU S S E O 21
V4 a2 V4 32\ e 2°

Hence, we get

-0 <LR2(t+\/gr)> .

O
10. Missing proofs from Section
Proof of Lemma (5.1). From Lemma [3.1}it holds
9 2mM? (36)
2=z
A (W))?

where positive scalar M, is such that: ||V, fi(x, pi, ¢:)|l, < My and fi(z, p;, ¢;) is defined
in . Next we calculate its gradient

where [g;]1...n is the first n component of vector ¢; € [—1,1]?". As ¢; € [~1,1]*" we have

IV fi(2,pi, gi)ll2 = 2lldllos [I[@i]1...nll2 < 2lldl|oov/n = M. (37)

Thus, using this and the definition of d which provides ||d|o = max; ; C;; for (36) we
get
8mn max;_; C?

(W))?

2

Rz =—or

min
]

Proof of Lemma (5.2). As S(u,v) from is bilinear, Lyy = Lyyv = 0. Then from
Lemma [3.4] it follows that S(u,v) is (0, Luy, Lvu, 0)-smooth, where

Luv = V2 (Liepray/ (R + BB)BY + RaRz Wiy (x)
Lyu = \/5 <Lq(x7p) (R?Y + R%)Ré + RxRz HWHx—>2) : (38)
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As x; € A, and p; € Ay,2, we use the simplex setup: £;-norm and the following
prox-functions on A, and A,

da, (z;) = (x;,logz;) and  da ,(pi) = (pi,logpi). (39)

For X 2 [[™ A, and P 2 [[™ A2, we choose the following /1 /fo-norms
Il =D llzill?  and [l =) lIpili. (40)
i=1 i=1

Then from we have

R2An = da, (z;) — xﬂélil da, (z;) =1nn,

R4 . = max da ,(pi) — min da ,(p;) =2Inn.
" PiEA, 2 " Di€EA, 2 "
Then from this and definitions of X £ [[™ A,, and P £ [[™ A, it follows
R% = ZRZH =mlnn, and R% = ZRQAHQ =2mlnn. (41)
i=1 i=1
Using this and , we get
N (da,(zi)  da,(pi) 1 & 1
dy(u) = Z < 2 + 2, = Z (i, Inz;) + §<pi’ Inp;) (42)

: mlnn
=1

1=

From and , it holds

m

2 2
o xly [ lpllp 1 w2 Ly
[ullz = RZ, + RS, ~ mlun z; 3|1 + 2sz”1

1=

Now as Ay is unbounded, we define V = Q x {z: ||z||2 < Rz}. On V we define the
Euclidean prox-setup. Let Q; £ [—1,1]?". Then for ¢; € Q; we define

1
o (@) = 3l (43)
Then
m 1 m
5 222 5, QEZjQ laill> — min g )

Then using this, and Lemma ([5.1)), we have

Mdo(a) | dz (=) _ 1 (| O (9))?2l3
. — i T — min . 4
() = 30+ gl + (45)
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From we have

2 Hq”Q ||Z||2_ 1 2 ()\;Irlm(W))ZHZ”%
vl = RQ + RZ ~ 2mn lallz + 8maxi7jCl-2j .

Thus, we use , and rewrite Eq.

[
Lyv =m nlnn<fopq+A ( )H ||2—>(x*)
4||d|| 0o
Lya =mvnlnn <\/6Lq(x,p) + )\H(‘W) W ||x_>2> : (46)

Now we consider

,= max |[Wx[3=_max [Wx]|3. (47)

W2
TR x)p<t >l 3<t

The set 1", ||2i||? < 1 is contained in the set D> 1[@] < 1 as cros-product
terms of ||z;]|? are non-negative. Thus, we can change the constraint in the minimum

in Eq. as follows

max  [Wx|2< _ max  [Wx|Z= max [Wx]2
> llza i<t r i [m]i<t lIx]3<1
2
- Hnﬁagl W2 2 X2, (W) = A2, (D). (48)

The last inequality holds due to W £ W ® I,, and the properties of the Kronecker

product for eigenvalues. Thus, |[W/||, o = A2 (W).
Next, we consider
[W]||2_,, = max = max |\W < max W
2 <) i ||‘;‘<1Z oo = ||§<1ZH I
= max [Wx]l3 = A7, (W), (49)

|| [3<1

where the last equality holds due to . Next, we estimate Ly p)q and Lq(x,p) by the
definition

< L(x,p)qu - q,||2 (50)
(X, P),*

From the definition of dual norm and ||(x, p)H?X,P) = |Ix|I3 + HpH%, it follows

‘ |: VXF(XJ p7q) - vX-F(X7p :| H
Vp-F1(X7 p7q) - VPF(va (X, P),x
x| [ VxF(x,p,q) — VxF(x, p,q’)]>
= a. s .
Il Il <1 < M [ Vel (x,p,q) = VpF(x,p, )



From this and we get

X \Y% F(X P, ) VxF (xvpaq,) —d
HXH;E%SKH [VF(XM) Virema)| ) < Femalla =l (51)

By the definition of F'(x,p,q) we have

V<F(x,p,q) =2||d|lcolgil1..n }i%1
VpF(X p,q) | = d+2||d||ooATq
Here {[g;]1..n}1"; is a short form of vector ([g1]1..n,[q2]1..n -5 [@m]1..m)-

VxF(x,p,q)

From this it follows that [V F(x,p,q)

] is linear function in q — q’, then can be

rewritten as

X vxF(X7p> q) - VXF(Xv b, q/>:| >
Lix = a , . 52
Gepla = T < ||x||XT||§<||p<1<[P} [ Vel (x,p,q) = VpF(x,p,q) %2

Then

—~

VxF(x,p,q) — VxF(X,p7q’)] _ [QIIdHoo({[qz- - qz{]l...n};'il):|
VPF(Xv b, q) - VPF(Xv b, ql) 2”d||ooAT(q - q/)

=2l 45 (a- ).

where £ € {1,0}™*2m" ig a block-diagonal matrix

[In Onxn] T 02n><n
e=| ;
O2nxn T [In Oan]

Thus, we use this for and get

—£
Lol =  max max <[X] , 2(|d]oo [ T] a-q > (53)
GO oz lipliz <t Iz <1 \ [P a7)l ]

By the same arguments we can get the same expression for Lq(x p) up to rearrangement
of maximums. Next, we use the fact that the fs-norm is the conjugate norm for the
fo-norm. From this and it follows

Dixola =  max 2|d||OOH €T A ﬁ
CP)E T oz +lpl <1 [ Mo ,
= max 2| [-€Tx+ Ap| (54)
IIXII2 +lpl5<1 2
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Then

m 2 m m
Z;
-t apli =Y |- () +an <Dl + Do 1antt 69
i=1 n 2 i=1 =1

The last bound holds due to (Ap;, (z;,0,))) > 0 as the entries of A, p,x are non-
negative.

Next we use this for

=4|d|%,  max [[Ap—£&x|3= max [ Ap - &x|3
||X||x+||p||7><1 ||X||X‘f'||l3||7><1
S 4)|d|%, max hax ||Asz2+Z max [
a€Asm, llzi |3 <titm

_4Hd||oo (Z% max IIAszerZO%m max Hﬂfz!b) (56)
1 1>

By the definition of incidence matrix A we get Ap; = (th, h;), where hy and hs such
that lThl = 1Th2 = Z;il[pl]j =1as pi € Anz Vi = 1, ey T Thus,

1Apil[3 = [1hall3 + 1hall3 < 21l + [h2]lf = 2. (57)

As x; € Ay, Vi=1,...,m we have

ma < max ||z 58
max a3 < max ol = (58)
Using and in we get
x max Ap — Ex||3
Lo =4l mox, | 3
2m 2m
< 2 ) < - 2
4||d|%, Jnax mlnn (22& Z al> < arélgz{m?z:az 8||d||5- (59)
i=1 i=m-+1 i=1
Hence,
Lixp)a = Laxp) = 2\/§Hd”00~ (60)
Using this, and for and we get
Luv = Lyva = Lya = 4mvVnnn|/d|| s (\/§+ X) . (61)

Then we use that for any a,b, Va2 + b* < \/imax{a, b} and rewrite this as follows
Lya = 4mVaInn|d)| s (\/5 + X) < 4mv2nnn||d|e max{V3, x} < 8mv2nInn|d|scx.

The last holds due to x > 1 for any graph. Finally, we use ||d|« = max;; C;; and
finish the proof.
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10.1. Proof of Theorem
Proof of Theorem |5.3. From the Theorem [3.5| it holds

m m
N ~N . N (4 + 17\@)[{
max  fi(@au B ) - g%Zfi($apiaQi )< (62)
=1 peP =1
where from
Jilwispisai) 2 d i + 2ldlloo (4 Api = b] ;) (63)
and
17L
wxV|| < =< 64
W]l < o (o4
By the definition of optimal transport
W(zi, yi) = Weggﬁyiﬁca T = Ap,i:IIB,iII)ieAn d'p; = p{reliiln d" pi + 2||d]| s | Aps — bil1,
~ mi d"pi + 2 dlloc (4 Api = bl a:) 65
Jan  max dopi + 2||dlloo (¢ Api — b; G (65)

where we used the representation of optimal transport from paper [28] based on the
definition of the #;-norm.

Together with and , we rewrite as follows

m m
~ . 4+ 17V2)L
g W(xfl\;,yz) — min W(zx,y;) < —( v2) ¢
i—1 2€An ] N

Equating this to me we get the number of iteration for the Algorithm

(4+17V2) L,

N = 66
- (66)
Thus, the initial SPP scaled by 1/m will be solved with e-precision.
Next, we use Lemma for and get
- 17L AL (W
HWXNH2 < ¢ . min (W) . (67)
N 2v2mnmax; ; Cyj
Then we use and get
- 17y/mAt, (W
HWXNHQ < VmA, (W)e (68)

2(4 + 17\/5)\/ 2n max; j Cii '
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The complexity of one iteration of Algorithm |3| per node is O (n2) as the number of
non-zero elements in matrix A is 2n?. Multiplying this by the number of iterations
N = (4 +17v/2)L¢/(me) we get

L 2
O(n*N) =0 (ngmi> =0 <Z\/nlognmaXC¢jx) ,
l?]

where we used the definition of L, from .

11. Algorithm and experimental data

11.1. Decentralized Mirror-Prox for Wasserstein Barycenters

To present the algorithm we introduce soft-max function for an x € R"

exp(z)

2 iz (exp(@))

Softmax(x) =

11.2. Letter ’B’ in a variety of fonts from the notMNIST dataset

ZEEBBBBB/BBB5SBE > BBB LB
BEBB=EBEBBBBBBB3BBIEBEEEB
BBEW&E-SBBBEBEBF B BBBBBBI S
BBBBBBB "BBT:BBBHBHBS

11.3. Network architectures

Erd6s-Rényi random

graph with probability

of edge creation p =
The complete graph The cycle graph The star graph 0.5

12. Future work

First of all, the approach of this paper can be generalized to non-symmetric matrix
W, but with Network compatibility and Kernel properties. This observation allows to
improve the bounds by using proper weighting, see [21].

By using the standard restarts or regularization arguments, all the results of this paper
have convex-concave or strongly convex-concave analogues. Unfortunately, optimalilty
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Algorithm 3 Decentralized Mirror-Prox for Wasserstein Barycenters

Require: measures y1, ..., Ym, linearized cost matrix d, incidence matrix A, communica-
tion matrix W, number of iterations IV, stepsize a = 1/ <16m\/ 2nInn max; ; Cjj X)

1: Initialize starting points ! = lln, p1 =pl = #1#7 g =..=q, =09

2: Initialize 77 = amnmax;;C, /)\mm( ), B = 6amlogn, 6 =
2amn max; j / AL (W)

3: for k=1,2,---,N—1 do

4:  Each node 7 = 1, .., m computes

ul ! = Softmax <log(pf) - (d + 2max CijAqu>>
i.j

sF = Softmax (log( "+ 8 ([ Jim = 2270 Wuzf))
k
Vit =g+ (Apz (2)) . project v}*! onto [1,1]*"

7
k+1 _ _k m .k
A= 030 Wi

5. Each node ¢ = 1, .., m computes

pf“ = Softmax <log(pf) -0 (d + 2max Cl-jAvaH))
i

xfﬂ = Softmax <log( )+ 8 <[ k+1]1~-n - 2211 Wij)\?rl))

k+1

gt =af +n (A“§+l N (Szy )) . project ;! onto [-1,1]*"
K3

k1 _k m sl
i = 030 Wiss;

6: end for

N=@N, ..., 20T where 2V

Ensure: X "

M=

_ 1 k
- N %

k=1

w.r.t. € take places only for the convex-concave case not for the strongly convex-concave
oneE] Our paper technique can be generalized to non-smooth problems by using another
variant of sliding procedure [15, 23] 34]. By using batching technique, the results can
be generalized to stochastic saddle-point problems [15, 23]. Instead of the smooth
convex-concave saddle-point problem we can consider general sum-type saddle-point
problems with common variables in more general form. For each group of common
variable, we introduce corresponding communication network which includes the nodes
correspond to the terms contain this variable. The bounds change according to the
worth condition number of Laplacian matrices of these networks. Based on the lower
bound, we expect that optimal algorithms for all the parameters for smooth (strongly)
convex-concave saddle-point problems one can search as a combination Mirror-Prox
with accelerated consensus algorithm, see [24] and references therein.

2The analysis developed in this paper also does not well fitted to the strongly convex-concave saddle-point
problems with different constants of strong convexity and concavity, see the lower bound. In the non-distributed
setup, this a popular direction of research [39]. For distributed setup, this is an open problem.
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An interesting and open problem is generalizing the results of this paper to S-similar
terms in the smooth convex-concave saddle-point problem [I], [56].
The results will probably change with the replacement of L by .
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