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ABSTRACT

The consensus problem in distributed computing involves a network of agents aiming to compute the
average of their initial vectors through local communication, represented by an undirected graph. This
paper focuses on the studying of this problem using an average-case analysis approach, particularly
over regular graphs. Traditional algorithms for solving the consensus problem often rely on worst-
case performance evaluation scenarios, which may not reflect typical performance in real-world
applications. Instead, we apply average-case analysis, focusing on the expected spectral distribution
of eigenvalues to obtain a more realistic view of performance. Key contributions include deriving
the optimal method for consensus on regular graphs, showing its relation to the Heavy Ball method,
analyzing its asymptotic convergence rate, and comparing it to various first-order methods through
numerical experiments.

Keywords Consensus problem · Average-case analysis · Decentralized optimization · Regular graph

1 Introduction

The averaging, or consensus, problem in a connected network is a fundamental concept in distributed computing. This
problem involves a network of agents connected by undirected communication links. Each agent i ∈ V = {1, . . . , n} in
the network holds an initial vector x(i)

0 , and the communication network is represented as a connected graph G = (V,E).
The objective of the agents is to compute the average of these initial vectors across the network while being restricted to
communicating only with their immediate neighbors.

Numerous algorithms have been proposed to address this problem and its variants, each offering different approaches to
improve the efficiency of computing the average in a distributed network under certain conditions [3, 1]. The main
goal is to develop an iterative communication algorithm that allows each agent to efficiently determine the average of
the initial vectors across the entire network. This challenge is motivated by its relevance to various fields, including
decentralized optimization [34, 31], distributed control and sensing [3], and large-scale machine learning [9, 39].

1.1 Average-case optimization analysis

The consensus problem can be formulated as a quadratic programming problem in the context of optimization. This
formulation enables the development of accelerated algorithms based on optimization theory specific to quadratic
programming. Traditionally, optimization algorithms are evaluated using worst-case scenarios [21, 22], which involves
analyzing the algorithm’s complexity bound for any input within a function class. While this approach gives us a
guarantee of convergence speed, it does not always accurately reflect the algorithm’s practical performance, as the most
challenging cases may rarely occur in real-world applications.

To better understand the typical behavior of an algorithm, average-case analysis is employed. This approach evaluates
the average performance of the algorithm across all possible inputs. Average-case analysis is commonly applied in
areas like sorting [17, 14], simplex method in linear programming [36, 40, 38], and cryptography [16, 2]. Recently,
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researchers have extended this approach to the study of optimization algorithms, particularly for optimizing quadratic
functions [28, 35, 24]. The previous works, including [4] and [1], have considered the case where the gossip algorithm
is initialized randomly. Unlike worst-case analysis, which relies on the extremal eigenvalues of the matrix, average-
case analysis considers the expected spectral distribution of its eigenvalues. This enhances the understanding of the
algorithm’s convergence speed and facilitates deriving the optimal algorithm.

1.2 Contributions

This study focuses on analyzing optimization algorithms for the consensus problem over regular graphs by applying
average-case analysis perspectives. The main contributions are:

• Derivation of the Optimal Method. We derive an optimal algorithm for solving the consensus problem on
regular graphs under average-case conditions. To do that, we compute orthogonal polynomials w.r.t. expected
spectral measure for random regular graphs. As a result, we get the step-sizes for the consensus algorithm. Our
optimal algorithm is the equivalent message-passing algorithm, which was introduced in [1]. The connection
between message-passing algorithm and polynomial-based algorithm was proposed in [1].

• Analysis of the Optimal Method. A detailed asymptotic analysis is conducted to evaluate the convergence
rate of the optimal algorithm. Note that the difference with the message-passing algorithm analysis in [1] is
the exact convergence rate we obtain using the average-case analysis. This analysis reveals the convergence
characteristics of the method, demonstrating its relationship to the Heavy Ball method and allowing us to
compare their performances.

• Experiments. A series of numerical experiments was carried out to evaluate the effectiveness of the optimal
method in comparison with other first-order methods.

2 Consensus Problem

Consider a network of agents represented by an undirected finite graph G = (V,E), where V = {1, . . . , n} represents
the set of vertices (agents) and E represents the set of edges (communication links). Each agent i holds an initial vector

x
(i)
0 ∈ Rd. We denote by x0 =

((
x
(1)
0

)⊤
, . . . ,

(
x
(n)
0

)⊤)⊤

. The goal is to design efficient algorithms that allow

each agent to quickly compute the average value x0 = 1
n

∑n
i=1 x

(i)
0 , with the constraint that at each iteration of the

algorithm, agents can only exchange their vectors with their neighbors.

To achieve consensus on the graph G, we solve the following problem starting with the initial vector x0:

min
x∈Rnd

f(x) =
1

2
xTLx, (1)

where L = L⊗ Id, ⊗ denotes the Kronecker product, and L is a gossip matrix, which is defined as follows

Definition 1. A gossip matrix L ∈ Rn×n on the graph G = (V,E) is a matrix satisfying following properties:

1. L is an n× n symmetric matrix,

2. L is positive semi-definite,

3. ker(L) = span(1), where 1 = (1, . . . , 1)⊤,

4. L is defined on the edges of the network: Lij ̸= 0 only if i = j or (i, j) ∈ E.

Laplacian is an example of gossip matrix. The typical gossip matrix for a regular graph is L = In − 1
k ·A, where A is

the adjacency matrix. The detail properties of gossip matrix L of regular graph will be covered in Section 5.1.

In this work, we focus on the optimization perspective for the averaging problem on the reformulation in equation (1).
This point of view was applied to achieve consensus acceleration in decentralized optimization [19, 10, 23].

We consider first-order methods or gradient-based methods to solve the problem (1). These are methods in which the
sequence of iterates xt is in the span of previous gradients, i.e.,

xt+1 ∈ x0 + span{∇f(x0), . . . ,∇f(xt)} (2)

2
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or precisely,
xt+1 ∈ x0 + span{Lx0, . . . ,Lxt} (3)

The following lemma explains why the consensus problem can be solved using an optimization approach.

Lemma 1. Suppose that the sequence {xt}∞t=1 is generated by a first-order algorithm of the kind in (3), starting with
x0. If lim

t→∞
xt = x∗ and f(x∗) = 0, then x∗ = 1

n11
Tx0.

Proof. From (3) it follows that ∀t xt − x0 ∈ ImL.

Hence x∗ − x0 ∈ ImL =

{
x =

((
x(1)

)T
, . . . ,

(
x(n)

)T)T ∈ Rnd

∣∣∣∣∑n
i=1 x

(i) = 0

}
.

Then we have
∑n

i=1 x
(i)
∗ =

∑n
i=1 x

(i)
0 .

Moreover f(x∗) = 0 implies that x∗ ∈ kerL or x(1)
∗ = · · · = x

(n)
∗ . Therefore, ∀i x(i)

∗ = x0 = 1
n

∑n
i=1 x

(i)
0 .

This means that the solution of the problem (1) using gradient-based methods with the initial vector x0 is the vector
x∗ = 1

n11
Tx0.

3 Polynomial-Based Iterative Methods

3.1 From First-Order Methods to Polynomials

Our research is based on the classical framework of polynomial-based iterative methods, developed by [7] in his work
on solving linear systems. This framework reveals an intimate link between first-order methods and polynomials,
simplifying the analysis of quadratic objectives. The following lemma illustrates how polynomials can be effectively
utilized in the analysis of optimization methods.

Lemma 2. ([13]) Let xt be generated by a first-order method. Then there exists a polynomial Pt of degree t such that
Pt(0) = 1 and it verifies

xt − x∗ = Pt(L)(x0 − x∗) (4)

Following [7], we will refer to this polynomial Pt as the residual polynomial.

The proof of the lemma can be found in [27]. Applying this lemma, we can assign a polynomial to each optimization
method and thus determine the method’s convergence. Consequently, we can derive accelerated algorithms by selecting
a sequence of polynomials that minimizes the distance to the solution. In the following sections, we will discuss several
popular optimization methods and their corresponding polynomials.

3.2 Gradient Descent

Let λmax = λmax(L) and λmin = λ+
min(L) denote the largest and smallest positive eigenvalues of L, respectively.

Consider the gradient descent method with optimal step-size as described by [29]. The iterates are generated as follows:

xt+1 = xt −
2

λmax + λmin
∇f(xt) (5)

The residual polynomial associated with the gradient descent method has a remarkably simple form. By the properties
of L, we have Lx∗ = 1

nL11
Tx0 = 0. We can use this to express the gradient as ∇f(xt) = Lxt = L(xt − x∗).

Subtracting x∗ from both sides of equation (5), we get:

xt+1 − x∗ =

(
Ind −

2

λmax + λmin
· L
)
(xt − x∗) = · · · =

(
Ind −

2

λmax + λmin
· L
)t+1

(x0 − x∗)

Thus, the residual polynomial of gradient descent method is:

PGD
t (λ) =

(
1− 2

λmax + λmin
λ

)t

. (6)

3
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3.3 Gradient Descent with Momentum

Gradient descent with momentum is an optimization method that improves the basic gradient descent algorithm by
adding a momentum term to the update rule. This method updates parameters using two components: momentum term,
which is the difference between the current and previous iterates previous iterate (xt − xt−1), and the gradient of the
objective function ∇f(xt).

Algorithm 1 Gradient Descent with Momentum

Input: starting guess x0, step-size h > 0 and momentum parameter m ∈ (0, 1).
Initialize: x1 = x0 − h

1+m∇f(x0)
for t = 1, 2, . . . do

xt+1 = xt +m(xt − xt−1)− h∇f(xt)
end for

Polyak Momentum

Polyak Momentum, also known as the Heavy Ball method, is a widely used optimization technique. Initially developed
for solving linear equations and referred to as Frankel’s method ([8, 15, 32]), it was later extended to general optimization
problems and popularized by Boris Polyak in [30, 29].

The Polyak Momentum method follows the update rules outlined in Algorithm 1, with specific momentum and step-size
parameters:

m =

(√
λmax −

√
λmin√

λmax +
√
λmin

)2

and h =

(
2√

λmax +
√
λmin

)2

. (7)

The full algorithm is as follows:

Algorithm 2 Polyak Momentum

Input: starting guess x0.
Initialize: x1 = x0 − 2

λmax+λmin
∇f(x0)

for t = 1, 2, . . . do

xt+1 = xt +
(√

λmax−
√
λmin√

λmax+
√
λmin

)2
(xt − xt−1)−

(
2√

λmax+
√
λmin

)2
∇f(xt)

end for

To derive the residual polynomials associated with the gradient descent method with momentum, we use the Chebyshev
polynomials of the first and second kinds. These polynomials are fundamental in various mathematical and applied
science domains, including approximation theory, numerical analysis, and spectral methods. In our context, Cheby-
shev polynomials are employed to express the residual polynomials associated with different optimization methods.
Specifically, our optimal method is derived from the Chebyshev polynomials of the second kind, using their orthogonal
properties. The Chebyshev polynomials are defined as follows:

Chebyshev Polynomials of the First Kind

The Chebyshev polynomials of the first kind, Tn(x), are defined by the recurrence relation:
T0(λ) = 1,

T1(λ) = λ,

Tt+1(λ) = 2λTt(λ)− Tt−1(λ) for t ≥ 1.

(8)

Chebyshev Polynomials of the Second Kind

Similarly, the Chebyshev polynomials of the second kind, Un(x), are defined defined recursively as follows:
U0(λ) = 1,

U1(λ) = 2λ,

Ut+1(λ) = 2λUt(λ)− Ut−1(λ) for t ≥ 1.

(9)

4
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Residual polynomial

The relationship between Chebyshev polynomials and the residual polynomial of gradient descent with momentum
is well-established. Specifically, the residual polynomial of gradient descent with momentum can be expressed as
a combination of Chebyshev polynomials of the first and second kinds. This relationship is explored in detail in
[1, 26, 25]. The following theorem provides the explicit expression for the residual polynomials corresponding to the
momentum method.

Theorem 3.1 ([1, 26, 25]). Consider the momentum method 1 with step-size h and momentum parameter m. The
residual polynomial Pt associated with this method can be written in terms of Chebyshev polynomials as

PMGD
t (λ) = mt/2

(
2m

1 +m
Tt(σ(λ)) +

1−m

1 +m
Ut(σ(λ))

)
, (10)

with σ(λ) = 1
2
√
m
(1 +m− hλ).

Using the known properties of Chebyshev polynomials, this approach helps derive convergence bounds for the
momentum method in both worst-case and average-case analyses. A detailed analysis is provided in the appendix.

4 Framework for average-case analysis

To analyze the average-case consensus problem, we consider a set of graphs and try to estimate the average convergence
time of all graphs. Note that for different graphs we obtain different matrices for the optimization problem. Thus, our
work is to analyze the convergence rate of the problem (1) in the average case with random matrix L. We will consider
only oblivious gradient-based methods of kind (2), meaning those in which the update coefficients are predetermined
and do not rely on prior updates. This excludes some methods like conjugate gradients.

4.1 Average-case analysis and expected error

We present a framework for the average-case analysis of random quadratic problems, highlighting how the convergence
rate is affected by the matrix spectrum. A practical method for collecting statistical data on the matrix spectrum is by
examining its empirical spectral distribution.

Definition 2 (Empirical/Expected spectral distribution). Let L be a random matrix with eigenvalues {λ1, . . . , λn}. The
empirical spectral distribution of L, called µL, is the probability measure

µL(λ) =
1

n

n∑
i=1

δλi
(λ), (11)

where δλi
is the Dirac delta, a distribution equal to zero everywhere except at λi and whose integral over the entire real

line is equal to one.

Since L is random, the empirical spectral distribution µL is a random measure. Its expectation over L,

µ = EL [µL] (12)

is called the expected spectral distribution

Assumption 1. We assume the x0 − x∗ is independent of L and

E(x0 − x∗)(x0 − x∗)
T = R2I. (13)

Theorem 4.1 ([28]). Let xt be generated by a first-order method, associated to the polynomial Pt. Then we can
decompose the expected error at iteration t as

E∥xt − x∗∥2 = R2

∫
P 2
t dµ. (14)

4.2 Optimal method

The framework established in the previous section allows us to investigate the question of optimality concerning
average-case complexity. To develop optimal methods, we will first introduce some concepts from the theory of
orthogonal polynomials.

5
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(a) (b) (c)

Figure 1: Regular graphs with n = 20, k = 3.

Definition 3. Let α be a non-decreasing function such that
∫
R Qdα is finite for all polynomials Q. We will say that the

sequence of polynomials P0, P1, . . . is orthogonal with respect to dα if Pt has degree t and∫
R
PiPjdα

{
= 0, if i ̸= j

> 0, if i = j.
(15)

Furthermore, if they verify Pt(0) = 1 for all t, we call these residual orthogonal polynomials.
Lemma 3 (Three-term recurrence, [28], [7]). Any sequence of residual orthogonal polynomials P1, P2, . . . verifies the
following three-term recurrence

Pt(λ) = (at + btλ)Pt−1(λ) + (1− at)Pt−2(λ) (16)

for some scalars at, bt with a0 = a1 = 1 and b0 = 0.

The following theorem is the key result in the average-case analysis of quadratic problems. It explains how to find the
optimal method for a given problem spectrum.
Theorem 4.2 (Theorem 2.1 from [28]). Let Pt be the residual orthogonal polynomials of degree t with respect to the
weight function λdµ(λ), and let at, bt be the constants associated with its three-term recurrence. Then the algorithm

xt = xt−1 + (1− at)(xt−2 − xt−1) + bt∇f(xt−1), (17)

has the smallest expected error E∥xt − x∗∥2 over the class of oblivious first-order methods. Moreover, its expected
error is

E∥xt − x∗∥2 = R2

∫
R
Ptdµ. (18)

5 Optimal method for regular graph

5.1 Spectrum of regular graph

Definition 4. A regular graph is a graph where all vertices have the same degree, that is, each vertex has the same
number of neighbors. A regular graph with vertices of degree k is called a k-regular graph.

Let Greg
k be the set of all k-regular graphs (k ≥ 3) with n vertices. For each G ∈ Greg

k consider L(G) = I − A(G)
k as

a gossip matrix for consensus problem on graph G. Then it is known that the expected spectral distribution of L(G)
converges to the distribution (from [37, 18])

dµ(λ) =
k

2π

√
4(k−1)

k2 − (1− λ)2

1− (1− λ)2
dλ, (19)

which is supported on interval
[
1− 2

√
k−1
k , 1 + 2

√
k−1
k

]
.

The largest and smallest positive eigenvalue of the expected matrix of L(G) are λmax = 1 + 2
√
k−1
k and λmin =

1− 2
√
k−1
k .

6
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Figure 2: Spectrum of regular graph with n = 5000, k = 3.

5.2 Optimal method

In this section, we will derive the optimal consensus algorithm for regular graphs. Using the information about spectrum
of regular graphs, we construct the sequence of residual orthogonal polynomials with respect to the distribution (19).
The next theorem gives us the recursive representation of these polynomials.
Theorem 5.1. The sequence of residual orthogonal polynomials w.r.t. the weight function λdµ(λ) is

Q0(λ) = 1,

Q1(λ) = 1− δ0λ,

Qt+1(λ) = δt(1− λ)Qt(λ) + (1− δt)Qt−1(λ),

where δ0 = k
k+1 and δt =

(
1− k−1

k2 · δt−1

)−1
, t ≥ 1.

In appendix A, we also derive the representation of these polynomials via Chebyshev polynomials of the second kind.
This kind of representation makes it easier to compute the convergence rate of optimal method.

From the above theorem, we can derive the method with minimum expected error for consensus problem on regular
graphs.

Algorithm 3 Optimal average-case method for regular graphs

Input: starting guess x0, regular parameter k, δ0 = k
k+1 .

Initialize: x1 = x0 − δ0Lx0

for t = 1, 2, . . . do
δt =

(
1− k−1

k2 · δt−1

)−1

xt+1 = xt + (δt − 1)(xt − xt−1)− δtLxt

end for

Our optimal method is a momentum-based approach with varying step sizes and momentum, determined by the sequence
δt. This sequence depends only on the degree parameter of a regular graph. The following lemma demonstrates that
this sequence converges.
Lemma 4. The sequence {δt}∞t=0 defined in Theorem 5.1 is convergent, with

lim
t→∞

δt =
k

k − 1
. (20)

From this lemma, we can prove that the coefficients of the optimal average-case Algorithm 3 converge to those of
Polyak Momentum Method 2. Because lim

t→∞
(δt − 1) = 1

k−1 = m and lim
t→∞

δt =
k

k−1 = h. This coincides with the
more general result for quadratic problems in [35].

7
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5.3 Expected errors

5.3.1 Optimal method

The optimal Algorithm 3 aims to efficiently solve consensus problems by leveraging the properties of the gossip matrix
associated with random k-regular graphs. This method is designed to minimize the expected error over iterations,
providing a robust solution for distributed optimization tasks. The following theorem quantifies the expected error for
the optimal method when applied to the given problem.

Theorem 5.2. If we apply Algorithm 3 to problem (1), where L is the gossip matrix of random k-regular graphs, then

E∥xt − x∗∥2 = Θ

( 1

k − 1

)t

·

 1

1 + 2
k−2

(
1− 1

(k−1)t

)
2
 . (21)

5.3.2 Heavy Ball method

According to Lemma 4, our optimal method asymptotically approaches the behavior of the Heavy Ball method. To
evaluate this relationship, we derive the expected error of the Heavy Ball method for comparison with the optimal
method. The expected error is quantified in the following theorem.

Theorem 5.3. If we apply Algorithm 2 to problem (1), where L is the gossip matrix of random k-regular graphs, then

E∥xt − x∗∥2 = Θ

((
1

k − 1

)t
)

(22)

We observe that both the optimal method and the Heavy Ball method converge at a similar rate. Although the optimal
method shows slightly better performance, the difference is insignificant. This conclusion is also observed in the
practical experiments in Section 5.4.

5.4 Experiments

We conduct experiments with the optimal method and the classical methods from Section 3 and Appendix C to evaluate
their effectiveness. The distribution of eigenvalues of the gossip matrix changes depending on different values of the
parameter k of regular graphs. We present results for several values of k to illustrate the effectiveness of the methods in
different cases. The experimental results are shown in Figure 3. For generation of random k-regular graphs we use
library Networkx [12].

In the average-case analysis for quadratic optimization, only methods with predefined parameters are typically consid-
ered. However, in this work, we also experimented with the conjugate gradient method and compared its performance
with our optimal method (see Figure 4). From practical experiments, we have drawn the following conclusions:

• When the number of vertices in the graph is not very large (e.g., 100-500), the conjugate gradient method
exhibits a significantly faster convergence rate compared to our optimal method.

• As the number of vertices increases, the convergence speeds of the two methods become nearly identical.

This behavior can be explained logically. When the number of vertices is large, the spectrum of the gossip matrix of a
random regular graph closely approximates the expected spectral distribution. In this scenario, our optimal method
demonstrates its efficiency, as it is designed based on the expected spectral distribution. Consequently, for large-scale
problems, our optimal method can achieve the convergence rate of the conjugate gradient method, which is known for
its rapid convergence. Overall, our findings highlight the robustness and scalability of our optimal method in handling
large-scale consensus problems on regular graphs.

6 Conclusions and Future Work

This work demonstrates that given the spectrum of a regular graph, we can derive orthogonal polynomials corresponding
to this spectrum and, consequently, develop an optimal algorithm for the consensus problem in average-case. In addition
to this study, we explored the spectrum of gossip matrices in other graph types such as random Erdős-Rényi graphs [5],
scale-free graphs, and small-world graphs [20, 33]. However, addressing these graphs turned out to be more complex,

8
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Figure 3: Comparison of convergence speeds of algorithms on regular graphs. The top row shows the spectral
distribution of the gossip matrix for 5000-vertex regular graphs with degree parameters k = 3, 8, and 15. The
bottom row displays the normalized distance to consensus of each algorithm at each iteration, with the y-axis scaled
logarithmically. In these experiments, each node vector size is set to d = 1000.

and we have not yet been able to study optimal algorithms for these types of graphs. Therefore, analyzing the consensus
problem on these types of graphs remains an open question for future research.

Furthermore, it has been proven in [35] that if the spectrum of the matrix is strictly positive in the interval (λmin, λmax),
the optimal method converges to the Polyak method. This raises several intriguing questions: When the gossip matrix
spectrum of graph is not continuous and divided into disjoint pieces, such as Laplacian of ring of cliques, is there an
algorithm significantly better than Polyak’s method? What will the optimal algorithm be in such cases? Are there
connections between the optimal method and Polyak’s method, or with the cyclic Heavy Ball method ([11])? Addressing
these questions could provide valuable insights and directions for future research.
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Figure 4: Convergence speeds of the optimal method and the conjugate gradient method
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Supplementary Material

A Derivation of optimal method

Let us consider a measure

dν(λ) =
2

π

√
1− λ2

ρ(λ)
dλ. (23)

The polynomials orthogonal w.r.t. measure (23) are called Bernstein – Szegő polynomials.
Lemma 5 (Corollary 1 from [37]). Let

ρ(cos θ) = |h(eiθ)|2 (24)
for some complex polynomial h of the same degree as ρ. If h(z) = a+ bz + cz2 satisfies (24) and has real coefficients
a, b, c, then P0(λ) = 1, P1(λ) = aU1(λ) + bU0(λ), and for t ≥ 2,

Pt(λ) = aUt(λ) + bUt−1(λ) + cUt−2(λ) (25)

constitute a family of orthogonal polynomials with respect to ν(λ).

To simplify the presentation of expressions, we use the notation q = k − 1.
Theorem A.1. The sequence of polynomials

P0(λ) =
√
q,

Pt(λ) =
√
q · Ut

(
k(1− λ)

2
√
q

)
+ Ut−1

(
k(1− λ)

2
√
q

)
, t ≥ 1

(26)

is orthogonal w.r.t. the weight function λ dµ(λ), where µ(λ) is defined in (19).

Proof. From (19), we know that the measure µ has the following density:

dµ(λ) =
k

2π

√
4q
k2 − (1− λ)2

1− (1− λ)2
dλ, (27)

This density function is symmetric at 1, let’s transform it into a form that is symmetric at 0

dµ(1− λ) =
k

2π
·

√
4q
k2 − λ2

1− λ2
dλ, (28)

Now, let’s normalize the measure on the interval [−1, 1]

dµ

(
1−

2
√
q

k
· λ
)

=
k

2π

√
4q
k2 − 4q

k2λ2

1− 4q
k2λ2

dλ =

√
q

π
·
√
1− λ2

1− 4q
k2λ2

dλ, (29)

Let τ(λ) = 1− 2
√
q

k · λ, then

τ(λ) dµ (τ(λ)) =

√
q

π
·
√
1− λ2

1 +
2
√
q

k λ
dλ, (30)

Up to a constant multiple, the measure τ(λ) dµ (τ(λ)) has the form
√
1−λ2

k+2
√
qλ . Thus, ρ(λ) = k+2

√
qλ. A straightforward

calculation yields h(z) =
√
q + z. By Lemma 5 the polynomials

At(λ) =
√
qUt(λ) + Ut−1(λ), for t ≥ 1 and A0(λ) =

√
q (31)

form a family orthogonal with respect to τ(λ) dµ (τ(λ)), i.e.,∫ 1

−1

Ai(λ) ·Aj(λ) · τ(λ) dµ (τ(λ)) = 0, if i ̸= j. (32)

Note that here we take A0(λ) =
√
q instead of A0(λ) = 1. This does not affect orthogonality, but such choice of A0(λ)

is more convenient for further derivations.

12
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Therefore, ∫ 1+
2
√

q

k

1− 2
√

q

k

Ai

(
k(1− λ)

2
√
q

)
Aj

(
k(1− λ)

2
√
q

)
λdµ(λ) = 0, if i ̸= j. (33)

Let Pt(λ) = At

(
k(1−λ)
2
√
q

)
, then ∫ 1+

2
√

q

k

1− 2
√

q

k

Pi(λ)Pj(λ)λdµ(λ) = 0, if i ̸= j. (34)

Therefore, the polynomials

Pt(λ) = At

(
k(1− λ)

2
√
q

)
=

√
q · Ut

(
k(1− λ)

2
√
q

)
+ Ut−1

(
k(1− λ)

2
√
q

)
, for t ≥ 1 and P0(λ) =

√
q (35)

form a family orthogonal with respect to λdµ(λ)).

Theorem A.2. The sequence of polynomials

P0(λ) =
√
q,

P1(λ) = k(1− λ) + 1,

Pt+1(λ) =
k(1− λ)

√
q

· Pt(λ)− Pt−1(λ)

(36)

is orthogonal w.r.t. the weight function λ dµ(λ)

Proof. From theorem A.1 we know that the sequence of polynomials

P0(λ) =
√
q,

Pt(λ) =
√
q · Ut

(
k(1− λ)

2
√
q

)
+ Ut−1

(
k(1− λ)

2
√
q

)
, t ≥ 1

is orthogonal w.r.t. the weight function λ dµ(λ). It is straightforward to verify that the recursion holds for t = 1. Now,
consider t ≥ 2. Then,

Pt+1(λ) =
√
q · Ut+1

(
k(1− λ)

2
√
q

)
+ Ut

(
k(1− λ)

2
√
q

)
. (37)

From (9):
Ut+1(λ) = 2λUt(λ)− Ut−1(λ)

Let σ(λ) = k(1−λ)
2
√
q . We have

Ut+1 (σ(λ)) = 2σ(λ) · Ut (σ(λ))− Ut−1 (σ(λ))√
q · Ut+1 (σ(λ)) = k(1− λ) · Ut (σ(λ))−

√
q · Ut−1 (σ(λ))

=
k(1− λ)

√
q

· (√q · Ut (σ(λ)) + Ut−1 (σ(λ)))−
k(1− λ)

√
q

· Ut−1 (σ(λ))−
√
q · Ut−1 (σ(λ))

=
k(1− λ)

√
q

· Pt(λ)−
k(1− λ)

√
q

· Ut−1 (σ(λ))−
√
q · Ut−1 (σ(λ))

Therefore, applying to (37) we get

Pt+1(λ) =
k(1− λ)

√
q

· Pt(λ)−
k(1− λ)

√
q

· Ut−1 (σ(λ))−
√
q · Ut−1 (σ(λ)) + Ut (σ(λ))

=
k(1− λ)

√
q

· Pt(λ)−
√
q · Ut−1 (σ(λ))− Ut−2 (σ(λ))

=
k(1− λ)

√
q

· Pt(λ)− Pt−1(λ)

13
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Theorem 5.1. The sequence of residual orthogonal polynomials w.r.t. the weight function λdµ(λ) is

Q0(λ) = 1,

Q1(λ) = 1− δ0λ,

Qt+1(λ) = δt(1− λ)Qt(λ) + (1− δt)Qt−1(λ),

where δ0 = k
k+1 and δt =

(
1− k−1

k2 · δt−1

)−1
, t ≥ 1.

Proof. Let Pt(λ) be the sequence of polynomials defined by

P0(λ) =
√
q,

P1(λ) = k(1− λ) + 1,

Pt+1(λ) =
k(1− λ)

√
q

Pt(λ)− Pt−1(λ).

(38)

By Theorem A.2, the sequence of polynomials Pt is orthogonal with respect to the weight function λ dµ(λ).
Consider Qt(λ) =

Pt(λ)
Pt(0)

. It follows that Qt(0) = 1 for all t. Moreover, the sequence Qt is also orthogonal with respect
to λ dµ(λ).
From the recurrence relation, we have:

Pt+1(0) ·Qt+1(λ) =
k(1− λ)

√
q

· Pt(0) ·Qt(λ)− Pt−1(0) ·Qt−1(λ),

Qt+1(λ) =
k(1− λ)

√
q

· Pt(0)

Pt+1(0)
·Qt(λ)−

Pt−1(0)

Pt+1(0)
·Qt−1(λ),

Qt+1(λ) =
k(1− λ)

√
q

· Pt(0)

Pt+1(0)
·Qt(λ) +

(
1− k

√
q
· Pt(0)

Pt+1(0)

)
·Qt−1(λ).

Let δt = k√
q · Pt(0)

Pt+1(0)
. Then,

Qt+1(λ) = δt(1− λ)Qt(λ) + (1− δt)Qt−1(λ). (39)

Next, we determine δt:

−Pt−1(0)

Pt+1(0)
= 1− k

√
q
· Pt(0)

Pt+1(0)
(substituting λ = 0 into (38)),

−Pt−1(0)

Pt(0)
· Pt(0)

Pt+1(0)
= 1− k

√
q
· Pt(0)

Pt+1(0)
,

− q

k2
· δt−1 · δt = 1− δt,

δt

(
1− q

k2
· δt−1

)
= 1.

Hence,

δt =
(
1− q

k2
· δt−1

)−1

, δ0 =
k
√
q
· P0(0)

P1(0)
=

k
√
q
·

√
q

k + 1
=

k

k + 1
. (40)

The theorem is established by utilizing (39) and (40).

B Convergence rates

B.1 Convergence rate of optimal method

Theorem 5.2. If we apply Algorithm 3 to problem (1), where L is the gossip matrix of random k-regular graphs, then

E∥xt − x∗∥2 = Θ

( 1

k − 1

)t

·

 1

1 + 2
k−2

(
1− 1

(k−1)t

)
2
 . (21)

14
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Proof. The residual polynomial for the optimal method is as follows:

Q0(λ) = 1,

Q1(λ) = 1− δ0λ,

Qt+1(λ) = δt(1− λ)Qt(λ) + (1− δt)Qt−1(λ),

where δ0 = k
k+1 and δt =

(
1− k−1

k2 · δt−1

)−1
, t ≥ 1.

From the proof of Theorem 5.1

Qt(λ) =
Pt(λ)

Pt(0)
and δt =

k
√
q
· Pt(0)

Pt+1(0)
,

where Pt(λ) is defined in Theorem A.1. Thus,

Qt(λ) =

√
qUt

(
k(1−λ)
2
√
q

)
+ Ut−1

(
k(1−λ)
2
√
q

)
Pt(0)

=
1

P0(0)
· P0(0)

P1(0)
· · · Pt−1(0)

Pt(0)

(
√
qUt

(
k(1− λ)

2
√
q

)
+ Ut−1

(
k(1− λ)

2
√
q

))
=

δ0 · · · δt−1√
q

(√
q

k

)t(√
qUt

(
k(1− λ)

2
√
q

)
+ Ut−1

(
k(1− λ)

2
√
q

))
Hence,

Qt(λ) =
δ0 · · · δt−1√

q

(√
q

k

)t

(
√
qUt (σ (λ)) + Ut−1 (σ (λ))) ,

where

σ(λ) =
k(1− λ)

2
√
q

.

Let

Q̃t(λ) =
δ0 · · · δt−1√

q

(√
q

k

)t

(
√
qUt(λ) + Ut−1(λ)) ,

Then,
Qt(λ) = Q̃t (σ(λ)) .

Applying Theorem 4.1, we have

E∥xt − x∗∥2 = R2

∫ λmax

λmin

Q2
t (λ)dµ(λ)

= R2 · k

2π

∫ λmax

λmin

Q2
t (λ)

√
4 · k−1

k2 − (1− λ)2

1− (1− λ)2
dλ

= R2 · k

2π

∫ λmax

λmin

Q̃2
t (σ(λ))

√
4 · k−1

k2 − (1− λ)2

1− (1− λ)2
dλ

By substitution u = σ(λ), we get:

E∥xt − x∗∥2 = R2 · 2q
kπ

∫ 1

−1

Q̃2
t (u) ·

√
1− u2

1− 4q
k2 · u2

du, where M =
4q

k2

= R2 ·
2 · δ20 · · · δ2t−1

kπ

(√
q

k

)2t ∫ 1

−1

(
qU2

t (u) + 2
√
qUt(u)Ut−1(u) + U2

t−1(u)
) √

1− u2

1−Mu2
du

Using the substitution u = cos θ and the properties of Chebyshev polynomials, we can express the expected error of
optimal method as follows

E∥xt − x∗∥2 = R2 · Ct · I, (41)

15
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where

Ct =
2 · δ20 · · · δ2t−1

kπ

(√
q

k

)2t

,

and

I =

∫ π

0

(
q
sin2 ((t+ 1)θ)

sin2 θ
+ 2

√
q
sin ((t+ 1)θ) sin(tθ)

sin2 θ
+

sin2 (tθ)

sin2 θ

)
sin2 θ

1−M cos2 θ
dθ

Since 1 ≤ 1
1−M cos2(θ) ≤

1
1−M , we have:

J ≤ I ≤ J

1−M

where

J =

∫ π

0

(
q
sin2 ((t+ 1)θ)

sin2 θ
+ 2

√
q
sin ((t+ 1)θ) sin(tθ)

sin2 θ
+

sin2 (tθ)

sin2 θ

)
sin2 θ dθ

=

∫ π

0

(
q sin2 ((t+ 1)θ) + 2

√
q sin ((t+ 1)θ) sin(tθ) + sin2 (tθ)

)
dθ.

We know that: ∫ π

0

sin2((t+ 1)θ) dθ =
π

2∫ π

0

sin((t+ 1)θ) sin(tθ) dθ = 0,∫ π

0

sin2(tθ) dθ =
π

2
.

Therefore, J = kπ
2 and

R2 · Ct ·
kπ

2
≤ E∥xt − x∗∥2 ≤ R2 · Ct ·

kπ

2(1−M)

R2 ·
t−1∏
i=0

(√
q

k
· δi
)2

≤ E∥xt − x∗∥2 ≤ R2 · 1

1−M
·
t−1∏
i=0

(√
q

k
· δi
)2

Replacing M = 4q
k2 , we have:

R2 ·
t−1∏
i=0

(√
q

k
· δi
)2

≤ E∥xt − x∗∥2 ≤ R2 ·
(
1 +

2

k − 2

)2

·
t−1∏
i=0

(√
q

k
· δi
)2

(42)

Lemma 6. For the sequence δt defined in Theorem 5.1, the following equality holds:

t−1∏
i=0

(√
k − 1

k
· δi
)2

=

(
1

k − 1

)t

·

 1

1 + 2
k−2

(
1− 1

(k−1)t

)
2

(43)

Proof. Let ωt =
√
k−1
k · δt. Then,

ωt =

(
k√
k − 1

− ωt−1

)−1

, ω0 =

√
k − 1

k + 1
.

We will prove by induction that ωt = Qt(k)
Qt+1(k)

·
√
k − 1, where Qt(k) is a polynomial of degree t with integer

coefficients.
For t = 0, we have

ω0 =
1

k + 1

√
k − 1, Q0(k) = 1, Q1(k) = k + 1.

16
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Suppose that ωt−1 = Qt−1(k)
Qt(k)

·
√
k − 1, then consider ωt:

ωt =

(
k√
k − 1

− ωt−1

)−1

=

√
k − 1

k − ωt−1

√
k − 1

=

√
k − 1

k − Qt−1(k)
Qt(k)

· (k − 1)
=

Qt(k)

k ·Qt(k)− (k − 1) ·Qt−1(k)
·
√
k − 1.

Hence,

Qt+1 = k ·Qt(k)− (k − 1) ·Qt−1(k), Q0(k) = 1, Q1(k) = k + 1.

Therefore,

Qt+1(k)−Qt(k) = (k − 1) · (Qt(k)−Qt−1(k)) = · · · = (k − 1)t · (Q1(k)−Q0(k)) = k · (k − 1)t.

Qt+1(k)−Q0(k) =

t∑
i=0

Qi+1(k)−Qi(k) =

t∑
i=0

k · (k − 1)i = k · (k − 1)t+1 − 1

k − 2
.

Hence,

Qt(k) = 1 + k · (k − 1)t − 1

k − 2
=

k · (k − 1)t − 2

k − 2
.

Finally, we have:

t−1∏
i=0

(√
k − 1

k
· δi
)2

=

t−1∏
t=0

ω2
i = (k − 1)t

t−1∏
i=0

· Q2
i (k)

Q2
i+1(k)

=
(k − 1)t

Q2
t (k)

=
(k − 1)t(

k·(k−1)t−2
k−2

)2
=

(k − 1)t

(k−1)2t

(k−2)2 ·
(
k − 2

(k−1)t

)2 =

(
1

k − 1

)t

·

(
k − 2

k − 2
(k−1)r

)2

=

(
1

k − 1

)t

·

 1

1 + 2
k−2

(
1− 1

(k−1)t

)
2

.

Apply this lemma and estimate in inequation (42), we can conclude:

R2·
(

1

k − 1

)t

·

 1

1 + 2
k−2

(
1− 1

(k−1)t

)
2

≤ E∥xt−x∗∥2 ≤ R2·
(
1 +

2

k − 2

)2

·
(

1

k − 1

)t

·

 1

1 + 2
k−2

(
1− 1

(k−1)t

)
2

.

Hence,

E∥xt − x∗∥2 = Θ

( 1

k − 1

)t

·

 1

1 + 2
k−2

(
1− 1

(k−1)t

)
2
 .

B.2 Convergence rate of Heavy Ball method

Theorem 5.3. If we apply Algorithm 2 to problem (1), where L is the gossip matrix of random k-regular graphs, then

E∥xt − x∗∥2 = Θ

((
1

k − 1

)t
)

(22)

Proof. Consider the polynomial for Heavy Ball method:

P PM
t (λ) = mt/2 (αTt(σ(λ)) + βUt(σ(λ))) ,

17
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where

α =
2m

1 +m
, β =

1−m

1 +m
, σ(λ) =

1 +m− hλ

2
√
m

, m =

(√
λmax −

√
λmin√

λmax +
√
λmin

)2

, h =

(
2√

λmax +
√
λmin

)2

.

For regular graph, we have:

λmax = 1 +
2
√
k − 1

k
, λmin = 1− 2

√
k − 1

k
.

Hence

α =

(√
λmax −

√
λmin

)2
λmax + λmin

, β =
2
√
λmax · λmin

λmax + λmin
, σ(λ) =

λmax + λmin − 2λ

λmax − λmin
.

Let us define:
P̃ PM
t (λ) = mt/2 (αTt(λ) + Ut(λ)) .

Then,
P PM
t (λ) = P̃ PM

t (σ(λ)) .

Applying Theorem 4.1, we get:

E∥xt − x∗∥2 = R2

∫ λmax

λmin

(
P PM
t (λ)

)2
dµ(λ)

= R2 · k

2π

∫ λmax

λmin

(
P PM
t (λ)

)2 √4 · k−1
k2 − (1− λ)2

1− (1− λ)2
dλ

= R2 · k

2π

∫ λmax

λmin

(
P̃ PM
t (σ (λ))

)2 √4 · k−1
k2 − (1− λ)2

1− (1− λ)2
dλ

Using the substitution u = σ(λ) = k(1−λ)

2
√
k−1

, we have:

E∥xt − x∗∥2 = R2 · 2q
kπ

∫ 1

−1

(
P̃ PM
t (u)

)2
·

√
1− u2

1− 4q
k2 · u2

du, where M =
4q

k2
, q = k − 1

= R2 · 2q
kπ

·mt ·
∫ 1

−1

(
α2T 2

t (u) + 2αβTt(u)Ut(u) + β2U2
t (u)

) √
1− u2

1−Mu2
du.

Using the substitution u = cos θ, we obtain:

E∥xt − x∗∥2 = R2 · 2q
kπ

·mt ·
∫ π

0

(
α2 cos2(tθ) + 2αβ cos(tθ) · sin ((t+ 1)θ)

sin θ
+ β2 sin

2 ((t+ 1)θ)

sin2 θ

)
sin2 θ

1−M cos2 θ
dθ.

We can estimate the expected error E∥x− x∗∥2 as follows:

R2 · 2q
kπ

·mt · I ≤ E∥xt − x∗∥2 ≤ R2 · 2q
kπ

· mt · I
1−M

, (44)

where

I =

∫ π

0

(
α2 cos2(tθ) + 2αβ cos(tθ) · sin ((t+ 1)θ)

sin θ
+ β2 sin

2 ((t+ 1)θ)

sin2 θ

)
sin2(θ) dθ.

Now, we calculate the integral of each term in the sum:∫ π

0

cos2(tθ) sin2(θ) dθ =
π

4
,∫ π

0

cos(tθ) sin((t+ 1)θ) sin(θ) dθ =
π

4
,∫ π

0

sin2((t+ 1)θ) dθ =
π

2
.
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Hence,

I = α2 · π
4
+ 2αβ · π

4
+ β2 · π

2
= (α+ β)

2 · π
4
+ β2 · π

4
=
(
β2 + 1

) π
4
=

((
k − 2

k

)2

+ 1

)
π

4

So,

I =
π
(
q2 + 1

)
2k2

Substituting these results into (44), we obtain an estimate of the expected error

R2 · q
3 + q

k3
·mt ≤ E∥xt − x∗∥2 ≤ R2 · q3 + q

k(k − 2)2
·mt. (45)

Thus, we conclude that:

E∥xt − x∗∥2 = Θ
(
mt
)
= Θ

((
1

k − 1

)t
)
.

C Supplementary algorithms

C.1 Chebyshev Iterative Method

The Chebyshev iterative method is widely recognized as the optimal optimization method for quadratic problems in
worst-case analysis ([27, 6]). The algorithm is defined as follows:

Algorithm 4 Chebyshev Iterative Method

Input: starting guess x0, ρ = λmax−λmin

λmax+λmin
, ω0 = 2

Initialize: x1 = x0 − 2
λmax+λmin

∇f(x0)
for t = 1, 2, . . . do

ωt =
(
1− ρ2

4 ωt−1

)−1

xt+1 = xt + (ωt − 1)(xt − xt−1)− ωt
2

λmax+λmin
∇f(xt)

end for

The Chebyshev Iterative Method can be derived from the shifted and normalized Chebyshev polynomials of the first
kind (8). The following theorem provides the expression for the residual polynomial of the Chebyshev method:

Theorem C.1 ([27]). The residual polynomial associated with Chebyshev Interactive Method is the following shifted
Chebyshev

PCheb
t (λ) =

Tt(σ(λ))

Tt(σ(0))
, (46)

where σ(λ) = λmax+λmin

λmax−λmin
− 2

λmax+λmin
λ.

C.2 Nesterov Accelerated Gradient Descent

Nesterov Accelerated Gradient Descent (AGD) is an optimization technique designed to enhance the convergence rate of
gradient-based methods by incorporating a look-ahead step into traditional gradient descent. Unlike standard momentum
methods, AGD computes the gradient at a predicted future position, effectively using a look-ahead mechanism. This
approach, proposed by Yurii Nesterov, often results in better convergence rates by anticipating the trajectory of the
gradient descent. The following algorithm outlines the steps of the Nesterov Accelerated Gradient Descent method:
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Algorithm 5 Nesterov Accelerated Gradient Descent

Input: starting guess x0.
Initialize: y0 = x0

for t = 0, 1, . . . do
xt+1 = yt − 1

λmax
∇f(yt),

yt+1 = xt+1 +
√
λmax−

√
λmin√

λmax+
√
λmin

· (xt+1 − xt)

end for

The effectiveness of AGD in solving quadratic problems can be analyzed through the residual polynomial associated
with the method. The residual polynomial of AGD has a specific form that is influenced by the algorithm’s parameters.
The following theorem presents the expression for the residual polynomial of the Nesterov Accelerated Gradient
Descent Method:
Theorem C.2 ([25]). The residual polynomial associated with Nesterov Accelerated Gradient Descent Method is the
following

P AGD
t (λ) = (β(1− αλ))

t
2

[
2β

1 + β
· Tk(σ(λ)) +

(
1− 2β

1 + β
· Uk(σ(λ))

)]
, (47)

where σ(λ) = (1+β)
√
1−αλ

2
√
β

, α = 1
λmax

, β =
√
λmax−

√
λmin√

λmax+
√
λmin

.
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