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Abstract In this paper we propose three p-th order tensor methods for u-
strongly-convex-strongly-concave saddle point problems (SPP). The first method
is based on the assumption of p-th order smoothness of the objective and it

2
. L,RP~1 p+I 2 .
achieves a convergence rate of O <(pT) log /% , where R is an es-

timate of the initial distance to the solution, and e¢ is the error in terms of
duality gap. Under additional assumptions of first and second order smooth-
ness of the objective we connect the first method with a locally superlin-

ear converging algorithm and develop a second method with the complexity
2

3
1N =2 max Ly logL
of O (ﬂ) m log LaRmax{l, + log logz“ZEG . The third method is a

1% 1% LiLay
2

modified version of the second method, and it solves gradient norm minimiza-

tion SPP with O (L;’—fp) p“) oracle calls, where ey is an error in terms

of norm of the gradient of the objective. Since we treat SPP as a particular
case of variational inequalities, we also propose three methods for strongly
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monotone variational inequalities with the same complexity as the described
above.

Keywords Variational inequality - Saddle point problem - High-order
smoothness - Tensor methods - Gradient norm minimization

1 Introduction

In this work we focus on two types of saddle point problems (SPP). The first
one is the classic minimax problem:

minmaxg(x,y), 1

min max g(z, y) (1)
where g : X x Y — R is a convex over X and concave over ), and the sets
X,Y are convex. This is a particular case of a more general problem, called
monotone variational inequality (MVI). In MVI we have a monotone operator
F: Z — R" over a convex set Z C R™ and we need to find

2feZ:Vze Z (F(z),z"—z) <0. (2)

If we set Z =X x Y and F(z) = (Vag(z,y), —Vyg(z,y)), then MVI is equiv-
alent to the min-max SPP ().
The second problem is gradient norm minimization of SPP:

L min [Vg(@.y)l. (3)

For both problems we consider unconstrained case with X = R"™ and ) =
R™. Additionally, we assume g(z,y) is p-strongly convex in € R"™ and p-
strongly concave in y € R™.

There is a number of papers on numerical methods for SPP () in convex-
concave setting [I3}[1820,27,28]. One of the most popular among first-order
methods for this setting is the Mirror-Prox algorithm [18], which treats saddle-
point problems via solving the corresponding MVI. According to [19], this
method achieves optimal complexity of O(1/¢) iterations for first-order meth-
ods applied to smooth convex-concave SPP in large dimensions.

Additional assumption of strong convexity and strong concavity lead to
better results. The algorithms from [8[15]23]25/27] achieve iteration com-
plexity of O(L/ulog(1/¢)). In [14] the authors proposed an algorithm with
complexity O(L/,/fizfiy log”(1/€)), which matches up to a logarithmic factor
the lower bound, obtained in [29]. It worths to mention that log®(1/¢) fac-
tor can be improved, namely, it is possible to achieve iteration complexity of
O(L/ /Bty log(1/€)) (see [B]).

The methods listed above use first-order oracles, and it is known from
optimization that tensor methods, which use higher-order derivatives, have
faster convergence rate, yet for the price of more expensive iteration. The idea
of using derivatives of high order in optimization is not new (see [10]). The most
common type of high-order methods use second-order oracles, for example
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Newton method [211124] and its modifications such as the cubic regularized
Newton method [22]. Recently the idea of exploiting oracles beyond the second
order started to attract increased attention, especially in convex optimization
1131 16117).

However, much less is known on high-order methods for SPP and MVIs.
In [T7] the authors propose a second-order method based on their Hybrid Prox-
imal Extragradient framework [I6]. The resulting complexity is O(1/£3). A re-
cent work [2] shows how to modify Mirror-Prox method using oracles beyond
second order and improves complexity to reach duality gap € to O(1/ 5%) for
convex-concave problems with p-th order Lipschitz derivatives. The paper [11]
proposes a cubic regularized Newton method for solving SPP, which has global
linear and local superlinear convergence rate if Vg(x,y) and V2g(x,y) are
Lipschitz-continuous and g(x,y) is strongly convex in z and strongly concave
in y.

In our work we make a next step and propose a Tensor method for strongly
monotone variational inequalities and, as a corollary, a Tensor method for sad-
dle point problems with strongly-convex-strongly-concave objective. Standing
on the ideas from [2] and [11], our work can be split into three parts.

Firstly, we apply restart technique [26] to the HighOrderMirrorProx Al-
gorithm [ from [2], which is possible because of strong convexity and strong

concavity of the objective. Such a modification improves the algorithm com-
2

-1
plexity to O ((%) e log “E—If , where R is an upper bound for the initial

distance to the solution ||(z1,y1) — (z*,y*)||2 and L, is the Lipschitz constant
of the p-th derivative, and ¢ is the error in terms of duality gap.

Secondly, using an estimate of the area of local superlinear convergence,
when the algorithm reaches this area, we switch to the Cubic-Regularized
Newton Algorithm [3 from [I1] to obtain local superlinear convergence of our
algorithm. The total complexity of the final Algorithm [ becomes

L:}
L,RP™! ﬁ Lngax{l,L—}} log 2u21€ .
0] pT log m L2 + log . 71 |, where Ly and Lo are Lip-
og — 5~
2

schitz constans for first and second order derivatives respectively. We want to
emphasize, that the obtained loglog(1/e) dependency on € cannot be improved
even in convex optimization [12].

Thirdly, we apply framework from [4] to the Algorithm [l to solve the prob-

T2
lem (B]) and obtain the Algorithm Bl Its convergence rate is 9] ((LpRP) FEST )a

ey
where by tilde we mean additional multiplicative log factor, and ey is an error
in terms of gradient norm of the objective.

Our paper is organized as follows. First of all, in Section 21 we provide
necessary notations and assumptions (Section [Z]). Then, we present the new
algorithm and obtain its convergence rate in Section[3 Firstly, in SectionB I we
talk only about restarted algorithm from [2] and get its complexity. Secondly,
in Section we describe how to connect it to Algorithm Bl from [I1] in its
quadratic convergence area and get the final Algorithm Ml convergence rate.
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Thirdly, in Section B3] we focus on how to wrap Algorithm [ in a framework
from [4] and obtain its complexity. Finally, in Section [l we discuss our results
and present some possible directions for future work.

2 Preliminaries

We use z € R" x R™ to denote the pair (z,y), VPg(2)[h1,...,hp], p > 1 to
denote directional derivative of ¢ at z along directions h; € R® x R™ ¢ =
1,...,p. The norm of the p-th order derivative is defined as

1979l i=,  max {IVP0() byl il < 16 = 1)

or equivalently

p = P p| .
IV 9(2)l2 i= | max {|V7g(2)[h]"| - ||hll> < 1},

Here we denote VPg(2)[h, ..., h| as VPg(z)[h]P. Also here and below || - ||z is a
Euclidean norm for vectors.
Taylor approximation of some function f at point z up to the order of p

we denote by
P

. 1, N ;
®1,(2) =Y V)~ o]
i=0
For ease of notation, the Taylor approximation of the objective g we denote
by D(a,),p(E,9) = Dz p(2) = D ,(2).
By D : Z x Z — R"™ we denote Bregman divergence induced by a function
d : Z — R, which is continuously-differentiable and 1-strongly convex. The
definition of Bregman divergence is

D(z1,22) :=d(z1) — d(z2) — (Vd(22), 21 — 22).

In our paper we use half of squared Euclidean distance as Bregman divergence

1
D(e1,2) = 3121 — 2l @

During the analysis of convergence of our approach for gradient norm min-
imization (3)) we will need the regularized Taylor approximation of objective

g:

Ray)p.L,(2,9) =
Ly(vV2)P~! 1 Ly(vV2)r!
——— < F =25 - ——5—

(p+1)! (p+ 1)

Its min-max point we denote by

é(x,y),p(:i'ag) + Hg_yHngl

Tin (x,y) € Arg jnelﬁgi ypggi {Q(Iyy)yppr (i,g)} )
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As we mentioned earlier, in this paper we consider two types of SPP:
classic minimax problem () and gradient norm minimization (B)). We need to
introduce the definitions of approximate solutions of these problems. We use
different indices in error notations for these problems to avoid ambiguity.

Firstly, the problem (IJ) is usually solved in terms of the duality gap

Gxxy(z,y) = g}gg(:&y’) - gleigg(:v’,y)- (5)

Since in our case X = R™ and Y = R™, we drop the notations of these sets
from index of the duality gap and denote duality gap just as G(z,y). Then,
we define eg-approximate solution of ():

P eRY, € R™ = G, 7") < e (6)

Secondly, for the problem (@) we don’t need any additional functionals,
and ey-approximate solution of (3] is of the form

ZFeR™M g € R" = ||Vg(@*,§")|2 < ev. (7)

2.1 Assumptions

We assume objective g is strongly convex, strongly concave and p-times dif-
ferentiable.

Assumption 1 g(x,y) is p-strongly convex in x and p-strongly concave in y.

Recall that the definition of strong convexity and strong concavity is as follows.

Definition 1 ¢ : R™ x R™ — R is called p-strongly convex and p-strongly
concave if

Vai, 22 € R™, y € R™ = (Vag(21,9) — Veg(2,y), 21 — 22) > pllzy — 2|3,
(8)
Yy, y2 €R™, 2 € R" = (=Vyg(z,y1) + Vyg(z,y2),y1 — y2) > pllyr — 23
9)

Before showing the connection between problem () and MVT (2)) we need
the definition of strong monotonicity.

Definition 2 F': Z — R" is strongly monotone if
(F(21) = F(22),21 = 22) 2 pllz1 — z2]3. (10)

Denote z = (;), and operator F': R"” x R™ — R™ x R™:

Vag(z,y) )
F(z)=F(x,y) := ’ . 11
)=l = (G400 (1)
According to these definitions, the min-max problem () can be tackled via
solving the MVT problem (2)) with the specific operator F' given in ([IJ). In our
work we use the following assumptions.
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Assumption 2 F(z) satisfies first order Lipschitz condition:

[F(21) — F(22)|l2 < Lillz1 — 222
< [[Vg(21) = Vg(z2)|2 < Li|lz1 — 22]|2. (12)

Assumption 3 F(z) satisfies second order Lipschitz condition:

[VF(z1) = VF(22)|]2 < Lal|21 — 222
& [ V3g(21) — Vg(22)|l2 < La|lz1 — 222 (13)

Assumption 4 F(z) satisfies p-th order Lipschitz condition (p-smooth):

IVP7LE(z1) = VP F (22)l|2 < Lpll21 — 222
& [|[VPg(21) — VPg(22)[]2 < Lal|z1 — 22]|2. (14)

We should note, that, to be consistent with [2], we define p-th order smoothness
(Lipschitzness) of F' as a property of (p — 1)-th derivative of F, and, therefore,
as a property of p-th derivative of g.

3 Main results

Firstly, in this section we propose the algorithm for finding eg-approximate
solution to problem (@), where g: R™ x R™ — R is p-smooth and p-strongly-
convex-concave (assumptions [ and [I]), which allows to achieve iteration com-

2
plexity of O ((%pl) " og “122

€

), where R > ||z1 — 2*[|2. This algorithm
is a restarted modification of Algorithm [

Secondly, we develop the algorithm for tackling the same problem, where
g is first, second and p-th order Lipschitz and p-strongly-convex-concave func-
tion (all assumptions [ 2 Bl E). It involves the idea of exploiting previous
algorithm and then switching to the Algorithm [ in its quadratic convergence

area. Thus, we obtain the Algorithm [4] that allows to achieve iteration com-
2 L?

N maxd 1. &L log
plexity of O ((—LPIZP ) " log Lol dﬂ{l’ } + log —77i¢- 251252 ) )
0g - 2

Thirdly, we propose the algorithm to find ey-approximate solution to prob-
lem (), where all the assumptions [ [2 Bl E hold. To achieve this we use
the Algorithm M which we mentioned earliear, inside the framework from
[]. Final complexity of such algorithm in terms of norm of the gradient is

_2
O <(LP_RP) m ) , where by tilde we mean additional multiplicative log factor.

£v
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Algorithm 1 HighOrderMirrorProx [Algorithm 1 in [2]]

1: Input 21 € Z,p > 1,7 > 0.
2: fort =1to T do
3: Determine ¢, 2+ such that:

& = arg min{0(P1, , (1), 2 = 20) + Dz =)},

p! p!
TSNS ——————,
16Lp||2¢ — 2t I3

32Lp |2 — 2|l
2t41 = arg gleig{('th(ét), z—2t)+ D(z,2t)}

4: Define I'r déf Z?:l Yt

_ de ~
5. return Zp ief %ZZ;I YtZt.

3.1 Restarted HighOrderMirrorProx

As mentioned earlier, in this subsection we provide restarted modification
of Algorithm [II But, initially, we need to give some additional information
from [2].
Since our goal is an approximate solution to MVI, we define its e-approximate

solution as

2feZ:VzeZ= (F(z2),2"—z) <e. (15)
At the same time, the bounds of Algorithm [l is of the form

T

VZGZi—Z’YKF(Zt),Zt*@SE, (16)
t=1
where points z; and 74 > 0 are produced by the Algorithm [ and I't =
ZtTZI ~¢. The following lemma establishes the relation between (5] and (IG]).

Lemma 1 (Lemma 2.7 from [2]) Let F : Z — R", be monotone, z; €
Z, t=1,...,T, and let v+ > 0. Let z; = F—lTZthl Yezt. Assume ([I8) holds.
Then z; is an e-approzimate solution to ([2).

MVT problem (2]), which is sometimes called ”weak MVI”, is closely con-
nected to strong MVI problem, where we need to find

e Z:VNzeZ= (F(z"),z" —z) <0. (17)
If F is continuous and monotone, the problems (2) and (7)) are eqiuvalent.

The convergence rate of the Algorithm [I]is stated in the following lemma.

Lemma 2 (Lemma 4.1 from [2]) Suppose F' : Z — R™ is p-th order Lip-

schitz and let Iy = Zthl vt Then, the iterates {2:}icir), generated by Algo-
rithm 1, satisfy

p+1

T p+1
1 o 16L, [ D(z,2z1)\ *
Y Z — F — < P A/ . 18
S YW EOEEEEE- ( a 1)
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Algorithm 2 Restarted HighOrderMirrorProx
1: Input 21 € Z,p>1,0<eg <1, R: R>|z1 — z¥2.

2: k=1
3:Z1 =21 )
4: for i € [n], where n = {% log %-‘ do
5: Set R; = 21%
2
P=1\ 51
6 Set T, — Rm) ; W
M
7:  Run Algorithm [l with Z;, p, T; as input
8: Zit1 = 2T,
9: return z;

Thus, these two lemmas tell us, that if z; and ; are generated by the Algorithm
[[ and the right hand side of ([IJ)) is smaller than ¢, then z; = % Zthl V¢ 2t is an
e-solution to regular MVT ([IT]). Hence, it is also a solution to a convex-concave
SPP. The natural way to improve the method for convex-concave problem in
tighter strongly-convex-strongly-concave setting is to use restarts [26]. As a
result, we obtain Algorithm 1

Theorem 1 Suppose F : R" x R™ — R" x R™, that is defined in (IIl), is p-th
order Lipschitz and p-strongly monotone (Assumptions[dl and[{] hold). Denote
R such that R > ||z1 — 2*||2. Then Algorithm[2 complexity is

L. Rp—1 _pil 2
o <<L> logﬂ> | (19)
H el

Proof From (7)) and (I8)) we get the following;:

p+1

T
. o . . 16L 21— 212\ 2

E Ye(F (%) — F(2"); 2 — 2%) < 'p(| ! ”2) . (20)

p p! 2T

From this and the fact that F(x) is p-strongly monotone we have

) 4 = m 1 <
*_*2<_ A_*2<_ FA_F*.A_*
e =218 S F Sl IS Sl -~ Rl - 2
(21)
p+1
@ 16L, (|21~ =[5
- 2T ’

where (*) follows from convexity of | z||3.

Now we restart the method every time the distance to solution decreases
at least twice. Let T; be such that ||zZp, — z*|2 < M, where Z; is the
point, where we restart our algorithm. Denote Ry = R > ||Z; — z*||2, R =
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R1/271 > ||Z; — 2*||2. Then the number of iterations before (i + 1)-th restart
is

pt1 pt1
2 (1?33) 16L, (|12 —2*13\ 16L, [ R?\ 2 < pllzi — 2|3 < uR?
5 B
2 ! 2T, pl \2T; = 4 - 4

el R_$< 64L, >+ N <64L SR 1),,“ [<64L SR 1)“1}
"2 \plpR? - p [ '

Next we need to obtain the number of restarts n, required to achieve the
desired accuracy. From (20) we get

T, L

1 & R 16L, (|20 — 2*||3

P L (FG) — Py < e (P
R2

<16Ly | ——————=—
64L,RE™\ PH1

(")

pR:  pR?
= 1 = QTn < €G-

1 R? 1 R?
@nZ—log'u—: —logu— .
2 te] 2 eq

Finally, the total number of iterations is

n n 1 PET 2(p—1
N7 - ZK&LLRP )+"§(64L) ZR%H)JFH

i=1 =1 K

6L, RP~1\ 71
()
i

2
64L,RP~1\ 7 [1 R? 1 R?
=(—L— —log ) N log L
" 2 I¥e] 2 ea

2
L. RP—1\ p+1I 2
o((L) logﬁ)
H el

This completes the proof. a

3.2 Local quadratic convergence

Just like in previous subsection, becides introducing the Algorithm [B] and its
convergence rate we need to provide some prerequisite information from [I1].
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Algorithm 3 CRN-SPP [Algorithm 1 in [I1]]

1: Input 20, &, 7 > 0, p, € (0,1), g satisfies Assumptions [ 2] and B
2: while m(z) > ¢ do

3 Ve =7

4 while True do

5 Solve the subproblem (Z511,Jk+1) = arg ming maxy gx (x, ¥; V)
6 if w(lldnss — okl + IGks1 —val) > 4 then
7.
8

Tk = Pk
: else
9: break
10: dp = (Tp+1 — Tk Tr+1 — Yk)
11:  if m(zg + adg) < m(zk + di) then

12: 241 = 2k + ady
13: else if m(zx + ady) > m(zy + di) then
14: Zk4+1 = Zk + dk

15: k=k+1
16: return zj

Because of strong convexity and strong concavity of g(x,y) a unique solu-
tion z* to a SPP () exists, and F(z*) = 0. Thus, we can use the following
merit function from [I1] during analysis of Algorithm [ complexity.

m(z) = L IFG)E = (Va0 )3 + Vo)) (22)

Algorithm [3] solves additional saddle point subproblem on each step, that we
denote as

min max gi(x k) =
min max gi(,y, 7)

1 Vi Vi
g(zk) +(Vg(zk), 2 — 2) + §V29(Zk)[z -z + gllw — x5 — gHy — yill3,

where v is some constant.
This proposition provides the relation between the merit function m(z)
and the duality gap under assumptions [Il and

Proposition 1 (Proposition 2.5 from [11]) Let assumptions[dl and[2 hold.
For problem (@) and any point z = (x,y) the duality gap [@) and the merit
function @22)) satisfy the following inequalities

e
L3

mwSG@ws%m@. (23)

The next theorem proves local quadratic convergence of the Algorithm [3]
and it is based on Theorem 3.6 from [11].

Theorem 2 (Theorem 3.6 from [11]) Suppose F' : Z — R™ is p-strongly
monotone, first and second order Lipschitz operator (assumptions [, [2 and[3
hold). Let {z} be generated by Algorithm [3 with 5 = LTZL%Z, £ = max {1, %}
and u
20 ||z0 — 272 £ —. 24
o:llz0 = ="l < o (24)
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Algorithm 4 Restarted HighOrderMirrorProx with local quadratic conver-
gence

1: Input 21 € Z,p>1,0<eg <1,R: R>|z1 —2*||2, p€ (0,1), a € (0,1).

2: Z1 =21

3: for i € [n], where n = [log % + 1-‘ do

4: Set R; = 21%

2
RZ [ 64L, \PT1

5: Set T; = | 5~ DTl
6:  Run Algorithm [ with Z;, p, T; as input
7 Zit1 = 2T,
2 2

8: Run Algorithm B with Z;1, £ = .5, 5 = LTQL%, p, @, g as input

i
9: return zj
Then

Ls&

2
VEk 20 [|zpt1 — 272 < o [z — 2"[|2, (25)

Proof Here we provide only the modified part of its proof. The rest of it can
be found in [11].
If 241 = Zg4+1 = 2 + di, then

i L Lo&
lobss = 212 = kst — 2l < 2204 — 213 < 2281 — 272
7 7
Else if 241 = 241 = 2k + adg, then
) LiL Lot
[2kt1 = 272 = [|Zk41 — 27[l2 < ;22 1% — 2715 < == |12 - =*|5.
Hence, we get (25).
Now we need to find the area, where (25) works:
L
Je:VE>0: ||z — 2% < e = |21 — 252 < %sz — 2|3
Lo¢ Lyéc?
& llzrss = 2"lla € ==z = 2"fla < = =
7 7
W
S = —.
Ly¢
Thus, we get (24)). O

Our idea is to use Algorithm [2luntil it reaches the area (24) and then switch to
Algorithm Bl Algorithm (] provides the pseudocode of this idea. From Proposi-
tion [T our Theorem [Tl and Theorem 2 we obtain the complexity of Algorithm

@
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Theorem 3 Suppose F : R™ x R™ — R™ x R™, that is defined in (),
is p-strongly monotone, first, second and p-th order Lipschitz operator (all

assumptions[l [2, [3, [4] hold). Denote R : R > ||z1 —2*||2 and £ = max {1, %}
Then the complexity of Algorithm[{] is

2 L3
LyRP=I\ P LyéR log 2—1

Proof First of all, we need to find the number of restarts n of Algorithm
to reach the area of local quadratic convergence of Algorithm [3 from (24)):
[2n — 2" [l2 < 7. We can choose such n, that

2 = 2"ll2 < Bu < £
Therefore, the number of restarts is
R 1 Lng
<—&n=|I .
on1 =T T T [Og

Next we switch to Algorithm Bl and we need to obtain its number of iterations
until convergence. Denote by ¢’ the accuracy of solution in terms of the merit
function [22). Owing to first order Lipschitzness of F(z) and the fact that
F(z*) =0, we can get

*\ (|12 L% * (|12
e =m(z) = —IIF(zk)||2 = —IIF(Zk —FE)z < llae =272 (27)

Now we establish a connection between the solution in terms of merit function
m(z) and the duality gap G(z,y). From 27) and (23] we get the following:

L L
f6 = Gla.y) = max f(e,y) - min fla'y) < 5m(a) = 3¢
2
N HEG << (28)

1

Then, from (25), 24), @7) and (28) we can obtain the needed number of
iterations k

MEGmlenz o

. < 2*||3
@ 12 /1,1 2 L2(IyLy [ L.L
< —1< 2| 25— 1z*||2) g—1< 1;( ! 2||Zk 2=z ||2))
2\ p? 2\ p p?
12 (LiLo\2 72 Lo @D L2 (L L,
S? D) ||2’172 ||2 < = D)
M 2 ,U, L1L2
2

k—1
2p%eg p2 \* 20%€G _ g1 f
= < <1 < (2 1
3 = \IL.L, A (277" +2)log 77
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Since log(u?/L1 L) < 0,
3

L
24P _ g1y M log 5,7e
log —=— < 2" 'log — & k = | log —+=< 1.
og = og I.L og log% +

Finally, the total number of iterations of Algorithm M is

N=>) Ti+k
=1
6AL,RP—1\ 71 [ L,¢R LstR log -4
§<p7> {1ogi+1—‘+[logi+l—‘+ 1og% +1
I 2 Iz log =52
LoRP-I\ 7T Lo¢R log 4L
=0 <7p > log 28 + log 7252?’
I log =%

3.3 Gradient norm minimization

In this subsection we apply the framework from [4] to Algorithm Ml introduce
Algorithm [l for problem (7)) and analyze its complexity in terms of the norm
of the gradient |Vg(z, y)||2-

Firstly, we need to introduce some technical lemmas.

Lemma 3 If g(x,y) is p-Lipchitz (Id), then its partial p-th order derivatives
are also Lipschitz.

Vi,a €R, Gy €R™ = V0 9(@,9) — V0, 9@, y)ll2 < Lz - 2
(29)

Proof Here we provide proof only for V2 . For other partial derivatives the
proof is analogous.
From definition of || - ||2

IVE 29(2,9) — Vi _g(@,y)|2 = hax, (V2. 29(2,9) = VE _.9(z,y))[s]”]

= max |[(VPg(,§) — V”g(ﬂc,y))[ (8) ]p

llsll2<1

< max [(VPg(2,9) — VPg(x,y))[h]"|

= [IV?Pg(,9) = VPg(z,y)ll2 < Ly[lZ = 2]l2.
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Lemma 4 Let VP g(x,y) be Lipschitz 29). Then

-n (2 —n s L \/§n s n
9 € [ = V2 50() ~ V2o ()l < (20— (30)

Proof We prove this by induction.

The base of induction n = 1 follows from the definition of Taylor approxi-
mation. Denote f(z) = VE~Lg(z).

VP L9(2) = VB L@y » (22
= V2 Lg(2) = VB Lg(2) = VB L.9(2)[& — 2] = V2 ,.9(2)[ —yll2
= ||f(2) = f(2) = Vf(2)[£ = 2]ll2

oy / (VI 4 72— 2)) = V() 5 — 2)drls

<[ IGEEED) - )

1
— [ V19 a7 = 2) = VE g I+ [ VE 9l + 7 = 2) - VE_nyg )
0

8

|2 = zl||2dT
2

N1z = z||2dT

(0] L L2
< mpnzfzné/ rdr = pfuéfzn%.
0

Now assume it holds for n =p — 1:

IV2g(2) = VaP(ay) (22

_ Hvzg@) CVag(2) — (Vg2 — 2] — V2,9(2)0— o)) —

9. (5,97 - =)

L2t o
THZ*ZIIQ- (31)

2

<
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And consider n =p

— 19(2) — 9(2) — Vag(2)[ — 7] — Vg (&) — 4] — . — I%!vpng .
I (Vaglz+7(2=2)\  (Vag(2))
S/0 (Vyg(z+7(éz))) (Vyg(z))
(vg%x (2)l — 2] + V2, 9(2)[5 — y]> o
Ve g(i—a]+ Ve g(i—1)
T (VY@= AN s L
] (vymg(z)[z z]p>>" I

= [ (192t 47 = 2) = Vg(0)-
—7(V2,9(2)[& — 2] + V2,9(2)[§ = y]) — .~

Tp!
+H|Vyg(z+7(2 —2)) — Vyg(z)—

(V2,9 — ] + V3ya()i — o)) — ..

— 5 2\ V2.
~ VP~ ) 2 2l

Va(VPg(2)[2 — 2P) |13+

If we denote 2 = z + 7(2 — 2) in (II), each of two factors under the square
root is indeed what we had for n = p — 1. Finally,

A R L,(v/2)P~t 1
IVa8(5) = Vool < VELE e gt [ v

_ L,(v2)p

A 1

For any other partial derivative in ([B0) the result is the same and can be
obtained in a similar way. O

The next lemma is a modified version of Lemma 5.2 from [9] for SPP.

Lemma 5 (Lemma 5.2 from [9]) Let (2,9) = T 5, (z,y), p > 2, where
M > \/§pr > %pLP and assumption[4] hold. Then

3p+1
2p

p+1
V(@ 92" - < g(x,9) — 9(2,9). (32)
27 pp+1)!

Proof
IVg(z,9)3 = | Vag(@, D3 + I Vya(@, 9)]I3-
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Firstly, consider V,:

||Vmg(j, g)”% = HVzg(i, g) - vm@(m,y),p(i‘a g) + vm@(m,y),p(ja g)i
_vwg(myy)ypyM(j’ )+ vwﬂ(ryy)ypyM(fa gj)||§
< (vag(i,gj) - vm@(m,y),p(‘%ag)lh'i_

2
HIVa B 39,58 5) = Vo 2a,39,,00 @ D + 1V 200.09,p20(E,5) 2)

2
2% L 25 M ) )
S( ol Bl|z — 2|5 + ol 1 — |5 ) <2PM?|Z - z||5".

For V, in a similar way we get the same result
IV29(Z, 913 < 27M?|2 - 2|I5".
Summing these two results, we obtain
IVg(@, )15 < 27 M (|7 — |3 + 17 — ylI3)". (33)
Secondly, consider point (Z,y). From (B0) it is obvious that

- Ly(vV2)? Ly(vV2)?

~ ~ p+1 _ ~ p+1
90.9) = B @) < O Eo) = (2 = TR =l

From this fact we get

9(T,y) < P(ay) p(T,y) + %If — x|t
Ly(vV2)rt
(p+ 1)

) <M(f2—)p_1 i = alltt - 22025 wlp”)
2 ! 2

= é(m,y)ﬁn(‘%’y) + Hj - ng-H_

(p+1)! (p+1)

(V2P Yz — |5
(p+1)!
(V2)r—tE — 5

(p+1)! ‘

= Q) pmt(E,y) = (M — LyV/2)

< Q) pm(E:§) — (M — LyV2)
Since M > v/2pLy & —LpV2 > _%' we have

M(p—1)(vV2)P Yz — 2|t S Mz - |5t
p(p+1)! ~ pp+1)

Q) o (Z,9) — 9(2,y) >

Now consider the point (z, 7). In a similar way we can get the following
result:

Mg —yll5*!
p(p+1)!

g(l‘, g) - Q(m,y),p,M(xa y) > (35)
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From the sum of [34]) and (B3) we obtain

~ ~ M ~ p+1 ~ p+1
9(0,0) = 9(,) 2 s (18 = 2l + g —ulET). G6)

Finally, we need to connect (B3] and (B6). From Holder’s inequality we can
get

1
q

n % n
} : P L § : q

x; <na x; ,
i=1 i=1

where ¢,p € N, ¢ > p > 1. Now, from (33)) it follows that

IVo(E DIZNT _ . ) .
(—aaqzﬁ < (& —zl2+1l7—vll2)®.

And, from ([B6) we can get

<MP+UKM%ﬂ)ﬂiy»>AI -

~ 1 ~ 1\ pF1
! (0 = allg** + 11— wlg*) ™

Y

Since p > 2, we obtain the final result
o MR o
IVo@, 92" —mrm <g(z,9) — 9(,y).
2- 2 pp+1)!

a

Now we have all the needed information to estimate the final convergence
rate of the Algorithm [ for gradient norm minimization.

Theorem 4 Assume the function g(z,y) : R™ x R™ — R is convex by = and
concave by y, p times differentiable on R™ with Ly-Lipschitz p-th derivative.
Let Z be generated by Algorithm[3. Then

IVg(E)ll2 < ev,

and the total complexity of Algorithm[4 is

2
P\ p+1 2
O<<LPR) 1OgL2R§>7
Ev EVv
4RL,y
€ }

where £ = max {1,

Proof Denote z;, = (z},, ;) the saddle point of g, (z). First of all, since g,,(x, y)
is strongly-convex-strongly-concave function, we can apply restart technique
to it every time the distance to its saddle point ||z — 2|2 reduces twice. To
check this, we consider upper estimate of the distance to the solution of regular
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Algorithm 5 Restarted HighOrderMirrorProx with local quadratic conver-
gence for gradient norm minimization

1: Input 21 € Z,p>1,0<ey < 1,R: R> |21 — 2*]|2, p € (0,1), a € (0,1).
2: Define:

5 4RL
zZ1 = 21, M = \/iprv = - 5 = max 17 ! )
4R Ev
3p+1 pEL
/ M zr EVP
€ op2 1 s P ’
p“+3p+3
7 p(p+1)!

o
9u(z,9) = g(@,y) + 5 (o — z1ll5 = lly — v1ll3).

3: for i € [n], where n = Pog LQ—HRg + 1—‘ do
Set R; = 5y

2
Lp,RP™1\ pHI
5 Set T; = ’7(64 P'Rz )p —‘
plp
6: Run Algorithm [l for g, with Z;, p, T; as input
7 Zit1 = 2T,
2

8: Run Algorithm Bl with Z,41, ¢/, y = L;T‘%, p, @, g, as input

. = g
9: Find z2 =T,"/(21)
10: Output Zz.

function R : R > [|2* — z||2 and show, that on each i-th restart ||z, — zil|2 <
[[z2* = zi|l2 < R;. We prove this by induction.

:u‘ * M *
9 un) + Bl = 113 = gu(ef 1) < 0ue” 90) = 9" 0) + 510" —

* M *
< g(@p ) + Sl = allz

& |z}, — 212 < |27 — 212

g@1yp) = Slvi = villz = gu@n,40) = gu(@r, ™) = 9z, y7) = Slly" — w3
oM
> g(z1,9,) — 5”3/* -3

<y, —yllz < lly" —yalle-
This gives us
lzn — z1ll2 < [l2* — 212 < R.
Now suppose, that ||z}, — zi[la < [|2* — 2|2 < R; = R/2'~". Consider i + 1.
From the proof of Theorem [ and our choice of T; in Algorithm Bl we know,
that

2 s 2
pllzier = zallz = pllzr, — 25z < pl \2Ty

& |lzit1 — 212 < Riga.

16L, ( R? R 9
< pRiy
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From Theorem Bl we already know the number of restarts to reach the area
of quadratic convergence: n = |log % +1].

Next, we need to show, that Algorithm [l converges in terms of ||Vg,(2)]|2.
Let Z = (2, §) be the output of Algorithm [l From the definition of g, we get
V9@ D3 = Vagu(@,9) — w(@ = 20)[13 + 1 Vyg, (2, 9) + 17 — )13

< (IVaegu(@ D)2 + pll2 = 2l|2)* + (1 Vygu (@ D)2 + 117 — yll2)*
<2 (IVagu @ DS + 1Vy9u(@ PII3) + 202 (17 — 2[5 + 15— yl3)
=2|[Vgu(@,9)[3 + 2127 — 2|3

& [Vg(@ DIz < /2 V(. DI + 20212 — =1 |3
Firstly, we estimate ||Vg,(Z,7)||2. From 32) we know, that

3p+1

NG| —— D u(,5) — gu(
IVou (@, 9" —mom < 9u(7,9) — 9u(Z,y)
= pp+1)!
< max g, (2,9) = min gu(7,y) = Gulr,y) <&’
_p
22p2;rp+1 ( +1)'/ p+1
o » plp+ 1 ey
Ang ||Vgu(x,y)||2 < 3ptl = DN (37)
M %

Secondly, we estimate u||Z — z1||2. By definition of R we know, that
2" = z1]l2 < R.
And since Z is closer to solution then zi, we have
12 = 2"l < [|2* = z1[|2 < R.

From these facts and triangle inequality we get

. I . £v
plIZ =21l < p(ll2 = 2%ll2 + (|27 = 21ll2) < 2Rp = =~ (38)

Thus, from (37) and ([B8) we obtain

Vg (Z,9)ll2 < 1\/26% /44 2% /4 = ey.

Finally, we need to estimate complexity of the Algorithm

2
- 64L,\ "+ o~ 22D
N:ZTi+k§<p!u) YR +n+k
i=1 i=1
64L,RP~1\ 77T
g(%) ‘n+n+k
Pl

LyRP\ 7T LyR?
:O<( > ) o 12 «s>’
Ev Ev
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where £ = max {1, %} Here k is the number of iterations of Algorithm [3]

inside Algorithm Bl We dropped it due to its loglog dependence on ey .
O

4 Discussion

In this work we propose three methods for p-th order tensor methods for
strongly-convex-strongly-concave SPP. Two of these methods tackle classical
minimax SPP () and MVI (2) problems, and the third method aims at gra-
dient norm minimization of SPP (@]).

The methods for minimax problem are based on the ideas, developed in
the works [2] and [I1]. In [2] the authors use p-th order oracle to construct an
algorithm for MVI problems with monotone operator. As a corollary, this al-
gorithm allows to solve SPP with convex-concave objective. Because of strong
convexity and strong concavity of our problem, we can apply a restart tech-
nique to the method from [2] and get better algorithm complexity. To further
improve local convergence rate we switch to the algorithm from [11] in the area
of its quadratic convergence. This way we get rid of the multiplicative loga-
rithmic factor and get additive loglog factor in the final complexity estimate
and get locally quadratic convergence.

The method for gradient norm minimization relies on the works [9] and [4].
From [9] we take the result, that connects norm of the gradient of the objective
with objective residual, and slightly modify it for SPP. This step allows us to
use the framework from [4] and use our optimal algorithm for minimax SPP
for gradient norm minimization.

In spite of all the improvements, we should remind about many additional
assumptions about the problem, which reduces number of real problems, that
can suit to it.

One of possible directions for further research are the more general Holder
conditios instead of Lipschitz conditions and uniformly convex case. Addition-
ally, the author in [2] provided implementation details of the Algorithm [Monly
for p = 2. Therefore, the questions about its realizaition for p > 2 are still
opened.
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