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Abstract

In this paper, we propose new first-order methods for minimization of a convex
function on a simple convex set. We assume that the objective function is a composite
function given as a sum of a simple convex function and a convex function with inexact
Hoélder-continuous subgradient. We propose Universal Intermediate Gradient Method.
Our method enjoys both the universality and intermediateness properties. Following
the ideas of Y. Nesterov (Math.Program. 152: 381-404, 2015) on Universal Gradient
Methods, our method does not require any information about the Holder parameter and
constant and adjusts itself automatically to the local level of smoothness. On the other
hand, in the spirit of the Intermediate Gradient Method proposed by O. Devolder,
F.Glineur and Y. Nesterov (CORE Discussion Paper 2013/17, 2013), our method is
intermediate in the sense that it interpolates between Universal Gradient Method and
Universal Fast Gradient Method. This allows to balance the rate of convergence of
the method and rate of the oracle error accumulation. Under additional assumption of
strong convexity of the objective, we show how the restart technique can be used to
obtain an algorithm with faster rate of convergence.

1 Introduction

In this paper, we consider first-order methods for minimization of a convex function over a
simple convex set. The renaissance of such methods started more than ten years ago and was
mostly motivated by large-scale problems in data analysis, imaging and machine learning.
Simple black-box oriented methods like Mirror Descent [21] or Fast Gradient Method [23],
which were known in the 1980s, got a new life.

For a long time algorithms and their analysis were, mostly, separate for two main classes
of problems. The first class, with optimal method being Mirror Descent, is the class of
non-smooth convex functions with bounded subgradients. The second is the class of smooth



convex functions with Lipschitz-continuous gradient, and the optimal method for this class
is Fast Gradient Method. An intermediate class of problems with Holder-continuous subgra-
dient was also considered and optimal methods for this class were proposed in [20]. However,
these methods require to know the Hélder constant. In 2013, Nesterov proposed a Universal
Fast Gradient Method [22] which is free of this drawback and is uniformly optimal for the
class of convex problems with Hélder-continuous subgradient in terms of black-box informa-
tion theoretic lower bounds [21]. In 2012, Lan proposed a Fast gradient method with one
prox-mapping for stochastic optimization problems [19]. In 2016, Gasnikov and Nesterov
proposed a Universal Triangle Method [15], which possesses all the properties of Universal
Fast Gradient Method, but uses only one proximal mapping instead of two, as opposed to
the previous version. We also mention the work [16], where the authors introduce a method
which is uniformly optimal for convex and non-convex problems with Holder-continuous sub-
gradient, and the work |26], in which a universal primal-dual method is proposed to solve
linearly constrained convex problems.

Another line of research [4-7,[11] studies first-order methods with inexact oracle. The
considered inexactness can be of deterministic or stochastic nature, it can be connected to
inexact calculation of the subgradient or to inexact solution of some auxiliary problem. As
it was shown in [6], gradient descent has slower rate of convergence, but does not accumulate
the error of the oracle. On the opposite, Fast Gradient Method has faster convergence rate,
but accumulates the error linearly with the iteration counter. Later, in [5] an Intermediate
Gradient Method was proposed. The main feature of this method is that, depending on
the choice of a hyperparameter, it interpolates between Gradient Method and Fast Gradi-
ent Method to exploit the trade-off between the rate of convergence and the rate of error
accumulation.

In this paper, we join the above two lines of research and present Universal Intermediate
Gradient Method (UIGM) for problems with deterministic inexact oracle. Our method
enjoys both the universality with respect to smoothness of the problem and interpolates
between Universal Gradient Method and Universal Fast Gradient Method, thus, allowing
to balance the rate of convergence of the method and rate of the error accumulation. We
consider a composite convex optimization problem on a simple set with convex objective,
which has inexact Holder-continuous subgradient, propose a method to solve it, and prove
the theorem on its convergence rate. The obtained rate of convergence is uniformly optimal
for the considered class of problems. This method can be used in different applications such
as transport modeling [1,|12], inverse problems [13] and others.

We also consider the same problem under additional assumption of strong convexity of
the objective function and show how the restart technique [10}/14, 18,20} 21,23} 25| can be
applied to obtain a faster convergence rate of UIGM. The obtained rate of convergence is
again optimal for the class of strongly convex functions with Hoélder-continuous subgradient.

The rest of the paper is organized as follows. In Sect. 2, we state the problem. After that,
in Sect. 3, we present Universal Intermediate Gradient Method and prove a convergence rate
theorem with general choice of controlling sequence of coefficients. In Sect. 4, we analyze
particular choice of controlling sequence of coefficients and prove a convergence rate theorem



under this choice of coefficients. In Sect. 5, we present UIGM for strongly convex functions
and prove convergence rate theorem under this additional assumption. In Sect. 6, we
introduce another choice of coefficients that don’t need any additional information. In Sect.
7, we present numerical experiments for our method.

2 Problem Statement and Preliminaries

In what follows, we work in a finite-dimensional linear vector space E. Its dual space, the
space of all linear functions on F, is denoted by E*. Relative interior of () is denoted as rint
Q. For x € F and s € E*, we denote by (s,z) the value of a linear function s at z. For
the (primal) space E, we introduce a norm || - ||g. Then the dual norm is defined in the
standard way:

Il = ma {(s,2) : ol < 1}

Finally, for a convex function f: dom f — R with dom f C E we denote by V f(z) € E*
one of its subgradients.
We consider the following convex composite optimization problem [24]:

min | F(x) < f(@) + h(a)] (1)
where @ is a simple closed convex set, h(x) is a simple closed convex function and f(z) is a

convex function on () with inexact first-order oracle, defined below. We assume that problem
is solvable with optimal solution x*.

Definition 1. We say that a convex function f(z) is equipped with a first-order (0,L)-oracle
on a convex set @ if for any point = € @, (9,L)-oracle returns a pair (fs(z), gs(x)) € R x E*
such that

L
<=z

<ly-sl}+5 vyeQ )

0< f(y) — fs(x) — (gs(x),y — x)

In this definition, 0 represents the error of the oracle [6]. The oracle is exact with § = 0.
Also we can take d = d, + d,, where ¢, represents the error, which we can control and make
as small as we would like to. On the opposite, d, represents the error, which we can not
control [7]. Note that, by Definition [1]

0< flz) = fs(z) <6, Vel (3)

To motivate Definition [I} we consider the following example. Let f be a convex function
with Holder-continuous subgradient. Namely, there exists v € [0,1], and M, < +oo, such
that

IV f(z) = Vf(y)]

g S Myflz —yllz,  Vey e Q.



In [6], it was proved that, for such function for any 6. > 0, if

1—v

1l—v 1717 =
L>L(.) = [1+Z'2_5J M, (4)
then .
fy) = f@) +{Vf(2),y —2) + Sllo — ylls +0e, Yoy eQ. (5)

We assume also that the set @) is bounded with max, ,cq ||z —y|| g < D. Finally, assume that
the value and subgradient of f can be calculated only with some known, but uncontrolled
error. Strictly speaking, there exist 61,0, > 0 such that, for any point z € @, we can
calculate approximations f(z) and g(z) with | f(z) — f(x)| < 6; and ||g(z) — Vf(2)| g < 6.
Let us show that, in this example, f can be equipped with inexact first-order oracle based
on the pair (f(z),g(x)), where f5(x) = f(z) — 01 — 6D and gs(x) = g(x).
Now we prove the first inequality from

)2 f@) + (Vi @)y—a)
> f(x) =01+ (g(x),y — ) — 62D = f5(x) + (95(2),y — x)
Using inequality we obtain the second inequality from , for any y € Q,

F(0) < 1)+ (9 5@y — )+ 0 g2 1o,
< Fa) + 30+ @)y — )+ (V) — 30— 2) + 2o ey 1o,
L()

< fs(x) + (gs(x),y — x) + |z — y||% + 261 + 265D + 4.

2

Thus, (f5(), gs(x)) is an inexact first-order oracle with &, = 201 + 20, D, 6, and L(d.) given
by .

To construct our algorithm for problem , we introduce, as it is usually done, proximal setup
[2], which consists of choosing a norm || - ||z, and a proz-function d(x) which is continuous,
convex on () and

1. d(x) is a continuously differentiable 1-strongly convex on @) with respect to | - ||z, i.e.,
for any x,y € rint @,

A(y) — d(a) — (V()y — ) > 3y — «ll3

2. Without loss of generality, we assume that

ind(x) = 0.
min () =0
Then if Z = argmind(z), we get
€Q
1 _p
d(y) 2 5lly = zllz, ¥y € Q. (6)
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The corresponding Bregman divergence is defined as V (z,y) = d(y)—d(x)—(Vd(z),y — )
and satisfies

1
Viey) = Slle —yllk, Yoy e Q. (7)

We use prox-function in so called composite proz-mapping, which consists in solving auxiliary
problem

min {{gz) +d(x) + h(z)}, (8)
where g € E* is given. We allow this problem to be solved inexactly in the following sense.

Definition 2. Assume that d, > 0, g € E* are given. We call a point & = %(g,0,) € rint @
an inezact composite proz-mapping iff we can calculate & and there exists p € Oh(Z) s.t. it
holds that

(g +VdZ)+pu—2z)>-5, Yueq. (9)

We denote by

T = ar;genéin % {{g,x) +d(z) + h(x)}.

one of the possible inexact composite prox-mapping.

Note that if Z is an exact solution of (8)), inequality (9] holds with 8, = 0 due to first-order
optimality condition.
We also use the following auxiliary fact

Lemma 2.1. (Lemma 5.5.1 in [2]) Let F : Q — RJ{+oo} be a convex function such that
U(z) = F(z) + d(z) is closed and convex on Q). Denote ¥ = argmin W (x). Then
z€Q
V(y) =2 W(@) + V(Zy) = b, VyeQ. (10)

Hence, from
U(y) > W(x) =6 VyeQ. (11)

3 Universal Intermediate Gradient Method

In this section, we describe a general scheme of Universal Intermediate Gradient Method
(UIGM) and prove general convergence rate. This scheme is based on two sequences oy, By,
k > 0. From now on, we assume that these sequences satisfy, for all £ > 0,

0 < apy1 < B < A + agegr, (12)

where the sequence Ay, is defined by recurrence Ay 1 = Ay + agyq. Particular choice of these
two sequences and its consequence for the convergence rate are discussed in the next section.



For Algorithm 1 we combine Algorithm 2 from [5] with Algorithm 1 from [15] to get IGM
with only one prox-mapping instead two as in [5]. After that we improve this method by
techniques from [22] to get UIGM with exact prox-mapping. Last generalization use Lemma
5.5.1 from [2]|. As a result we get algorithm that works in wide class of problems, adaptive
and don’t need to know exact Holder and Lipschitz constants, uses only one prox-mapping
and correctly work with errors of oracle and prox-mapping.



Algorithm 1 Universal Intermediate Gradient Method (UIGM)

Require: € > 0 — desired accuracy, d,, — uncontrolled oracle error, ,, — prox-mapping error ,
L, — initial guess for the Holder constant, a; — choose by some policy, for example ([34)).

1: Set 0g = § + 0y,
2 = o = argmin »d(z),

z€Q
2: Set io =0
3: Compute '
= arganin & {d(x) + (2 L) (g (x0) = = o) + h(w)]}.
IS
4. If

10

20,
f50 (yo) < f50 (fo) + <960 (xo) » Yo — Io) + 9 ||?Jo - 350||%E + 0o,

go to Step 5. Otherwise, set i = ig + 1 and go back to Step 3.

5: Define Ly = 2iOLS, ag = By = AO = (L())il.
6: for k=1,... do
T Set Zk = 0.
8: Set Lj, = 2% L;_; and oy = a(Ly) by some policy, for example ,
Bk = (X%Lk,
Qp €
0p = —— + 0y,
= Ba
Q. 4 Bk —
Th = — Zh_ _
k B k—1 B Yr—1
k
% = arglgiﬂ o {d(l’) +>a; [{gs,(x;), & — ;) + h(w)] } :
xe §=0
(73 Bk — O
Wy = — 2 + ————Yp_1-
k B k By Yr—1
9 If

L
Fowe) < fo, (0) + 0 + (g, (0), wi = 28) + = g — 2[5

go to Step 10. Otherwise, set i, = i + 1 and go back to Step 8.
10: Set

Ay = A1 + oy,
Y = Akwk A, Yk—1-

(13)




The next theorem gives an upper bound for A;F(yx). Its proof is an adaptation of the
proof of Lemma 1 in [5] and Theorem 3 in |22].

Theorem 3.1. Let f be a convex function with inexact first-order oracle, the dependence
L(4.) being given by . Then all iterations of UIGM are well defined and, for all k > 0 we
have

ApF(yr) — By < V3, (24)

k
where By, = 2 (Z Bj> Oy + (2k +1)6, + Axs,
j=0

zeQ

W} = min {wk@:) — d(2) + > o [fs; () + g3, (23), - 2;) + h(z)] } . ()

§=0
Proof. Let us prove first, that the "line-search" process of steps 6-9 is finite. By , , if
2k L1 > L (g—’;%), from and , we get

k],
Sy — ax]|% + 6

fo (wi) = O < fwr) < fo,(zn) + (95, (Tx), wr, — 1) +

2
and the stopping criterion in the inner cycle holds. Thus, we need to show that
1—v
4 TR 2
9k [y > [%5} M (26)
By,

for 7;, large enough. Indeed,

1—v

i 1+v
%k Ly, [%]

% Od]g % _ & 1+v
By N N

a? | By
It remains to prove that a, — 0 as i, — oo.
By, Ap Ap_1 + oy,
QikLk_l - 2ikLk_1 - QikLk_l ’
Qg Aga
— = — = <0. 27
2% L4 ALY TR ( )

Thus, oy € [oz,;,ozﬂ, where «; and o are the solutions of

2 _
ap =

2
= Qay,

2 Ak Aga
2% L4 2% L4

«

The solutions are

_ 1 1 N A\
k 2lk+1Lk_1 4’Lk+le71 2lkLk—1 )

af = 1 + ! + A\
k 2ik+1Lk—1 4ik+1Li—1 ZikLk‘—l ’




Now from (27) we have that o, < a; < o). From a; — 0, o — 0 as iy — 0o we get
oy — 0.
Let us prove relation (24). For k = 0:

L@ .
vl 2:1161651 {d(z) + ap fs,(x0) + @0{gs,, T — o) + h(z)}
@), @
> d(yo) + aofs, (o) + an{gs,(x0), Yo — To) + coh(yo) — 0y

@©,[@3) 1
> (2—||y0 - $0||%E + fso(x0) + (950 (z0), Yo — xo) + h(yo)) —0p

=ao(2’ “llgo — oll + fi(x0) + (960($0)7y0—5€0>+h(90)>—5p

Qg <f50(y0) - Z — Oy + h(y0)> —0p

va g

o (f(y) = 5 = 28, +hly0) ) = = Ao (yo) — Eo.

Assume that is valid for certain £ — 1 > 0. We now prove that it holds for k.

. v (T, [@9)

= minVy(z) > Wi(z) — 6,

zEQ
® Wy (2w) + o [fs, (xr) + (95, (@k), 21 — ) + h(2k)] — 0p
g Wyo1(2r—1) + V(2k-1, 2) — 20, + ap [f5,(xr) + (95, (Tr), 26 — 1) + h(2)]
@ Wiy + 1||Zlc — zk-1lle — 20, + o [fs, (21) + (g5, (T1), 26 — Tk) + h(2)]

(22) 1
> Ap1F(yp—1) — Epq + §||Zk — Zp—1||lE — 20,

o [fo, (z1) + (g5, (T1), 26 — k) + h(2)]
= (A~ Bi) Fly 1) — Bt + 5l — 2ol — 20, + (B — o) (i)
(Br — ag) h(yr—1) + arh(2x) + ax [fs,(2x) + (g6, (21), 26 — 74)]

VE T

(Ak — Bk) F(yk—l) —E_1 + Bkh(wk) + 1”Zk — Zk—l“E — 25p
+ (Br, — ar) f(ye-1) + o [fo, (x1) + (g5, (T1), 26 — )]



> (A~ Be) F(yr) — Bur + Bihlun) + 512 — 2l — 2,
+ (B — i) (fo, (@) + (96 (@), Yu-1 — k) + e [fo (21) + (96, (2r), 26 — k) + h(21)]
= (A4 = By Flye) — Boy + Bihwn) + 5l — 21 alls + B (o)
+ (95, (1), (Br, — ) (Yp—1 — =x) + (25 — Tx)) — 20,.
From , we have
(Br — o) (Yk—1 — ) + o (21 — 1) = a2k — 2—1)-
Therefore,
Uy > (Ax — By) Fyp—1) — Ex—1 + Bph(wy) — 20,
+ Befs,(ex) + anlon, (20), (5 — 260)) + 51— 2l

= (Ap — By) F(yr—1) — Er—1 + Bph(wy) — 20,

o 1
B | faon) + G on) 1 = 5100) + g~ .

. . Oé2
As By = 2" L;,_1a3, we have Bik = 2" Lj,_155 and, therefore,
k

Wy > (A — Bi) F(ye—1) — Ex—1 + Brh(wy) — 26,

a ik [ 102
+ By, fdk(l'k) + l(gsk(wk), 2% — Zp—1) + il 21 & lzr — Zk—1||]25 .
By 2B;
But
g(zk - Zk—l) = Wk — T,
k

and we obtain

\Dk (Ak Bk) F(yk—l) — Ek—l + Bkh(wk) — 25p

2k [y

B[ o) + (g o =+ 22 o —
. ap €
> (A — Bi) F(yk—1) — Ex—1 + Biph(wi) — 26, + By | f5, (wi) — Bid Ou
@ ap €
Z (Ak — Bk) F(yk—l) — Ek—l —|— Bkh(wk) — 2513 —|— Bk {f(w ) — gl;§ — 25 :|
(23)

B2
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We are in position to establish the relation between the rate of growth of {Ak}xf) with
rate of convergence of UIGM. The proof of the next result is an adaptation of Theorem 2
in [5].

Corollary 3.2. Let f be a convex function with inexact first-order oracle, the dependence
L(6.) being given by . Then all iterations of UIGM are well defined and, for all k > 0,
we have

L d(x®) 20, (2k+1)5, ¢
— < v R S L T
F(yy) — F* < + § B; + A +3 (28)

Proof.

A + 3 s [7() + b)) = d) + AF ()

By (24), we have A, F(yx) — Ex < d(z*) + AyF(z*) and so

dz*) B, _dz*) 26, < (2k +1)6,
F —F < — < — B+ —F—
(v) T A " A = A " Ay, Z A Ay, "

DO | ™

§=0
O

Similarly as UFGM [22], UIGM can be equipped with an implementable stopping cri-
terion. Assume that we know an upper bound D for the distance to the solution from the

k
starting point V(zg,2*) = d(z*) < D. Denote I(z) = Zoczj [f5,(x5) + (g5, (25), v — x;)]
j:

and

Fi = min {Aikzgd(x) +h() : d(z) < D}

= 1;161651 max {Aiklid(a:) + h(z) + S(d(x) — D)}

1 29
= max min {—lid(x) + h(z) + f(d(x) — D)}

p>0 zeQ | Ag
B=1/Ax 1 1
> *

— Ut~ D,
= AR AL

11



Note that by the first inequality from we get Fj, < F*. Then

F(y) — F* < F(y) — F.D+Ek

T Ay A
Thus, we can use stopping criterion
_ 26, < (2k +1)6
F —F. < ——— B+ ~— 27
(yp) — Fx < e+ A, ; it (30)
which ensures
20 (2k; +1)6,
F(y,) — F* <5+—ZB — (31)
7=0
as far as oD
A > — (32)

At the end we get an upper bound of the total number of oracle calls for UIGM with
stopping criterion to get an approximate solution of problem satisfying .
Denote by N(k) the total number of oracle calls after k iterations (without 0 iteration).
We don’t take 0 into account because it is some constant that depends on initial guess Lj.
At each iteration we call oracle at points z,, and w,, and do it (i,, + 1) times. Then total
number of oracle calls per iteration equal to 2(i,, +1). Note that L,, = 2im [, 1. Therefore,
= log, 77»—. Hence,

k k k
2(i 2(lo [2 4 2(lo —logy Ly —
21 ; ( g2 mzl go L 2] 1)] (33)
= 2k + 2log, Ly — 2log, L.

Note that

1—v

1+v 11—y

@), [26) _ > _ e >
Bk‘ . 2ZkL Lk S 1 14 al MV1+V — Bk)(l I/) ‘1\41/1-‘v-u7
20zk 14+v &k caip(l+v)
By,
% 1—v
—1-3v —2v +v 1tv
é ak 14+v < 28};4»1/ ]\411/71/ (1 I/)
€1+V 1 + v
Therefore,
2(14v)
B —2u M“Qrv 1—v iFe e 1-v Mﬁ 1—v =
Ly < =2 2B | /= ( ) < 2T AT | ( )
2 cltv 1+v c1l+tsv 1+v

12



Note that holds if holds. Thus, we can assume that, during the iterations,

2D
AL <= k>0.
g

Hence,
2

1—v _4 2v
., 1+3v 1+3v _ 1130
Lyir < Pye=r 2D My 1-v
) 2—2v
9 £1+3v 1+v

Substituting this estimate in the expression (33]), we obtain that on average UIGM has
approximately two calls of oracle per iteration.

4 Power policy

In this section, we present particular choice of the two sequences of coefficients {ay }r>o and
{Bi}k>0. As it was done in [5], these sequences depend on a parameter p € [1,2]. In our
case, the value p = 1 corresponds to Universal Dual Gradient Method, and the value p = 2
corresponds to Universal Fast Gradient Method. For the smooth case, namely v = 1, the
method in [5] has convergence rate

P - P <6 (9] w0 ().

where p € [1,2]. Our goal to obtain convergence rate for the whole segment v € [0,1] and
get the above rate of convergence as a special case.
Given a value p € [1,2], we choose sequences {ay }r>o and {By}r>o to be given by

()
2p
ap=—~—2>—1L;,_1, k>0 (34)
2i
and, in accordance to (16]),
<k+2 )2p—2
2p
Bi=~—t—Li, k20, (35)

Now we should prove, that power policy can be used in UIGM.

Lemma 4.1. Assume that f is a convex function with inexact first-order oracle. Then, the

sequences {ay >0 and { By }r>o given in and (35)), respectively, satisfy (12)).

Proof. From we get that ap > 0 for £ > 0. To prove that g < By, for k > 0, we use
(34), and that p € [0,1]

kt2p\ P k p-l k 2p=2
) &+ (5+1)
ap = = < = Bk

QikLk_l 2ikLk_1 - QikLk_l

13



Proof of Ay > By. For k = 0 it’s correct by definition. Assume that A, > B is valid for
certain k —1 > 0. We now prove that it holds for k. For m € [0,1] and z,y > 0 function
f(z,y) = 2™ +y™ — (z + y)™ has minimal value greater or equal to 0, hence,

2 +y" —(z+y)" >0,
= 2" 4+y" > (z+y)"

3

:p—l
= 24yt > (z4y)Pt, pe(L2),

= (k=122 + 20k +20)" " > ((h—1+2p)2 + 20k +2p))"",
= (k—14+2p)" 4 (2p(k +2p))" " > (k= 1+2p) +2(k — 1 +2p) +2)"
= (k=142p)"" Y+ (2p(k +2p))" " > (k +2p)"* Y,
B 2(p—1) 2(p—1)
N < 1—|—2p> (k+2p) > k:—|—2p> |

| \/

=142\ (k+2p\2Y k4 2p\
T 2p 2p ’

= > ,
Lk—l k—l
<k—1+2p)2(p 2 <k+2p>p_1 (<k+2p>p_1 — 1)
2 2p 2p
:> > - 9
Ly - 2% Ly,
(k1+2p>2(p1) (k+2p)p1 <k+2p>2(p1)
2p 2p 2p
= y > -
Ly * 2Ly~ 2WLpy
G9.G5)

= DBraitax > By,
=  Ap_+ay

Vv
&

VE

]

Now we can obtain the rate of growth of {4}, = 0**°. Combining this rate with
Corollary we get the explicit rate of convergence of UIGM under the power policy .

Theorem 4.2. Assume that f is a conver function with inexact first-order oracle, the de-
pendence L(6.) being given by . Then, for the sequences and , for all k > 0,

_2 _2
16 M) d(z* 32M,)
Ply) - F* < inf | oM b | ke, S (36)
veld 1] \ e (k4 2) " 50 €1+v(k+2) 1o 2

14



Proof. The proof is divided into three steps. First, we prove a lower bound for «,, and A,,.
Then, we prove upper bound for B,,. Finally, we use these bounds in Corollary and

obtain (36)).

Lower bound for a,, and A,,. Since the inner cycle of UIGM for sure ends when 2" L,,, _; >

L(4,,), we have 2 L,, < 2L(4,,). Hence,

p— 1+v
‘ B [o, 1 7 2 (m2+p2p) 2
2" L1 2 [—5} M} <2 M,*,
B,, €
m+2p p m+2p 2p11/+_l/2u 1—v
= < 2p ) ( 2p ) e
am - ey bl
20 Lyn—1 IMI
2pr—2v L
k k (M +v 81;;: 1—v k 2pv—2v
2p glv m + Qp) v
= Ak == (67%%) Z 2 (
smEl T E Sl
Since
k + 2 2P1V+*2V k + 2 2p111_;2u
Z m P > / T P dx + ag
m=0 2p 2p
= 0
2p v pr—v+1
2p(14+v) (k+2p\ T - k+2p\ T
2pv — v+ 1 2p - 2p ’
we have
N e TN
A = (07%%) > > — [ ——
* mZ:O M;iu(2p> M,}L(‘l)
Upper bound for B,,.
5 E.E (m+2p p_la
m - 2p mo

m=0 m=0
Therefore,
k ~1
kE+2p\?
S B, < (L) 4
m=0 2p




Proof of . Now using , and we can get convergence rate.

. d(z e (2k+1)8
P -1 < A Z R
k i—0 k
2py—v+1 2pufu+1 _2
37 4 150 Ml/l+ud ZL'* TTo 1+u 2]{;_|_ c
S 2p1/ (1/+1 Z B 2(pV V+1 )6p + Py
sl+v<k+2) = al+v<k+2) 2
16M1T”d 32MVm €
= gpy v+1 Z B 1—v 2v(p—1) 517 + o
51+v(k+2) = em(k+2) w2
2
3 16M1T”d * k+2p\P! 32M, e
S gpu )u+1 u( p> + p1>5 + —
e (k+2) " 2p et (k +2) 15 2
1 M“”d 2MF
= 6 gpu )1/+1 + 4kp 1(5 + 1—v 3 2v(p—1) 517 + E
et (k +2) v (k+2) 15 2

Since UIGM does not use v as a parameter, we get

2 2
16 M, d(x* 32M,F £
F(y,) — F* < inf = Spyf)yﬂ — o Op | 4kP7LS, + =,

vel0l] | T (k +2) et (k+2) 1+ 2

O

Corollary 4.3. At each iteration m > 0 of UIGM with sequences {au,}, {Bm}, m > 0
chosen in accordance with and , we have, for any p € [1,2],

o =0 (=) + b

mp—1

Proof. By , we have

[]

From the rate of convergence and the fact that UIGM does not include v as a
parameter, we get the following estimation for the number of iterations, which are necessary
for getting first term of smaller than /6 we need:

M2 *\1+v ZPTIVH
o (&) ]
vel0,1) g2
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The dependence of this bound in smoothness parameters is optimal (see [21]).

Let’s compare our method and convergence rate with existing optimal methods. We
assume that N the number of iterations, then F(yy) — F* < B(N)+ C(N)é, + D(N)d, + 5.
Here B(N) is an accuracy of our method, C'(IV) is a speed of collecting prox-mapping error
and D(N) is a speed of collecting oracle error. As a result we get next table.

(v, p) B(N) C(N) D(N)
0,1) 0(%—)/) O (Mod(x*)'/2NV2) | O (1)
Gy o(®4=) | o(nda) | o)
(1,2) | o () o(ma) o)

For non-smooth functions (v = 0), the convergence rate of UIGM for any p € [1,2] agrees
with rate of convergence of subgradient methods. This methods are robust for oracle error,
but collect prox-mapping error. For smooth functions (v = 1) and p = 1 UIGM has the
same convergence rate as a dual gradient method. This method is robust both for oracle
error and prox-mapping error. And for p = 2 UIGM has the same rate as a fast gradient
method. This method collects oracle error but kill prox-mapping error. This table shows
three main regimes for UIGM and how it corresponds with classical methods.

5 Accelerating UIGM for strongly convex functions

In this section, we consider problem with additional assumption of strong convexity of
the objective F'

Fly) 2 F(x) + (VF(x)y - 2) + Sly —allh, VeyeQ

where the constant p > 0 is assumed to be known. We also assume that the chosen prox-
function has quadratic growth

Qe
d(z) < S lz[|5, (39)

where (2 is some dimensional-dependent constant, and that we are given a starting point xg
and a number Ry such that
lwo — 2|3 < g, (40)

where z* is an optimal point in (|1)).
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Algorithm 2 Restart UIGM
Require: pu — strong convexity parameter, ) — quadratic growth constant, ¢ — desired ac-
curacy, xg — starting point.
1: Set do(z) = d(x — z9).
2: form=1,... do
3: while 2Q > Ay do
: Run UIGM with accuracy ¢ and prox-function d,,_i(z).

4
5: Set T, = Yg.
6 Set d(z) = d(x — xp,).

Theorem 5.1. Let F' be strongly convex with constant p and , hold. Then, for any
m > 0 restarts of UIGM with power policy , ,

F(x,) — F(z*) < pR22™™ 14

- QAU N2\ ] T veT PUTEEAT 3 T N (41)
2 2 2 uvtlgl-v Ou + 2v(p—1) 1— O | -
QQpV V+1€2pu 1/+1
lm — 2"} < Ry, = Rg27"+
4 £ 2V+1QV+1MV2 2:05*;1}44 p22§u jilquu u+1 M2pu V+1 (42)
T 2 +2 vl 1—v Ou + 2o-1) 1w Op | -
,LL /"L 3 QQpV v+1 62;01/ v+1
Proof. From , we have
* M * *
—Hfﬁm—SUHE (VE@@")zm — 2") + Sllom — 2"[p < Flzm) — F(a").
2

Then, by the first-order optimality condition,
1% K2 < F o F *
5 llem = 2*lp < Flzm) - F(27).

From this fact and we can easily prove .
To prove , we prove a stronger inequality by induction

Flan) = F(a*) < pR32 " 42 (1-27) (4

2
_p=1 v(
2V+IQV+1M2 2pr—v+1 p2 2py u+1 /JjQpru+1 MQPV V+1
2| ——* Ou + )
v+lo1—v uw 2v(p—1) 1— p
/“L £ QZpV u+1€2p1/ u+1
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For m =1, we have

k
> Bi
W B dy(z) 5 (2k+1)0, ¢
_ Z —
F(xy) — F(z") A, + 2 A, 0y + A, 5
k
B;
1i Ql|zo — z*||% N ZZZO P (2k +1)9, €
k
QOR? Z Bi (2k +1)0, =
< 0 4 9=0 5. + Py -
- 2A; Ap Ay, 2
QRS  , (k+2p\",  (2k+1)d, e

By the condition on the Step 3 of the algorithm, we have
2Q)
< (43)

and

:> 1+v 1—v

M2pu—u+l £ 2pr—v+1

22p3il:+1 szifﬁﬂ ]\431”’*"Jrl - (k; — 1+ 2p)

2pv42 1+ 2
p2 Spr—vi1 szu—:-u A]\{]fp”_”'*‘1
i 14+v 1—v + 1 - 2p Z k?
MZFV*VJrl 62p1/71/+1
2pr 42 1+ —2
p2 2pr—v+1 Q2p1/7ll//+1 M5PV7V+1

= T i +1-2p >k

_i+v - 1-v
Mqu—u+1 £ 2pr—v+1

Hence,
p—1

(k’ + 2p)p1 _ "(2V+IQU+1MV2)—‘ 2pv—v+1 (44)

2p lul/—i-lel—l/

4pr—v+3 14+ 2

p2 2pr—v+1 sz,,_ﬁﬂ M;W
= 2k+1< j — . (45)

ILL2pV7u+l 82pufl/+l
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Finally, we have

—1 dpr—v+3 1+v 2
@5 QR 22\ | B D31 (VT M

Fla1)— Fz") % pol (M b+ 5+

2Ak /J/V+1€1_V M2py—v+162py—y+1 Ak
p—1 2pr+2 2v(p—
_ _ c 2”+1Q”+1M3 2pv—v+1 p2 2pv—v T [ 2pv— u+1 MQW ”‘H

SHJR(Q)Q 2—|—2(1—2 1) —+2’V(W>-‘ Oy + -1 1o Op

/-’L € 2pr—v+1 €2pu71/+1

So is proved for m = 1. Now we assume that holds for m and prove that it holds

for m + 1.
From (28) we get

B.
B dn(a") | QZZO g L@k, c
- Ak Ak “ Ak 2

B;
@ Qo — o2 20
@ o~y 5, Ch+DS, €

k
B;

QR2 +22 S +(2/€+1)5p+€
QRQ E+2p\" L (2k+1)8
< =42 *ep 8, + @ + €
9.6 QR2 Qv QU1 [2 et

S +ol (2 v 5.

2Ak MV+1€1 v
}9242151’j ZJﬁszu DS M2pv u+1 c
1—v 5]3 + 5

1+v
ILLZpV u+1€2pu u+1Ak

{@3) 2 v+10Ov+1 72 m
g—uR’sz—z ¢ Mﬂ 5

4 qu—l—lgl v
2pv+2 2v(p—1)
22p1/ v+1 2pr— V+1 MQPV V+1 g
+ 2 a 5y + =
2v(p—1) 2

1—
ngm
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< uR¥2 24 L (1—2"™(=+2|——1 Sy
— ’u 0 + 4:“’ ( ) (2 + ’7< :U’V+1€1_V )—‘

2pr 42 2v(p—1) p—1
p2 Zpr—vFT [ 2pv— V+1 M2PV V+1 c 21/+1QI/+1 2 Zpv—vF1
+ 5, 4 E o (M 5,
2v(p—1) 1—v p 2 V—f—lgl—u
QQ;DV v+l g 2pr—v+1 ,LL
2pr+2 2v(p—1)

p22pu V+1M2pl/ U+1 M?pu V+1
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2v(p—1) 1—
QQ;DV v+1 6‘2;01/ V+1

-1
2V+1QV+1M2 m
< PR 4 (2-27T) (% +2 K—ﬂ Ou

,LLVJrlEl v

Op

2pr+2 2v(p—1)

p22pu V+1M2pu V+1 szu l'+1
+

2v(p—1) 1—
Q2pl/ 1/+1€2pu 1/+1

26—m—2 —(m+1 € UMY o

517

2pr+2 2v(p—1)

p22p1/ u+1u2pl/ U+1 M2pV V+1
_.I_

2v(p—1) 1-v 527
QQpV u+1€2pu v+1

So we have obtained that holds for m+1 and by induction it holds for all m > 1
O

Corollary 5.2. For getting (¢ 4+ C.,)-solution of problem (1)), where

-1 2pv+2 2v(p—1) 2
£ vHLQUH 12 | T P2 T ot NPT
_ e 174

Cu=2 2 prtlelt—v Oy + 20 (p—1)

2 20(p-) 1y
Q2pu V+1€2p1/ v+1

- pog (ﬂfﬂ (46)

Ql+u24p1/—1/+3M2 217le+1
( )7

//L1+l/€171/

restarts and

/~£§ inf
0<v<1

iterations of UIGM per iteration. The total number of UIGM iterations is not more than

1
. Ql+u24p”_”+3M3 Zpr—vF1 ,URg
N= (Oirlllgl ( IulJrVglfy ) + 1) . ’VIOg (2—6)-‘ .

Proof.



We now estimate the total number of UIGM iterations, which is sufficient to obtain
(e + C,)-solution. First, we estimate the number k of UIGM iterations at each restart. By
the stopping condition for the restart, we have

1—v ~ 2pr—v+1
202 (37) cTrw F—1 T+
Apz— > A2 —— | —— ,
K M 4
4pr—2v+2 _2
2002~ 1+ MMV B Zpyvil
= (k1)
pet+

S}l+u24pufu+3ﬂ43 ZE%ZIT N
= 14v-1—v Z k - L
v €

Since the algorithm does not use any particular choice of v, we have

/%g inf
0<v<1

1
S21+V24pufu+3ﬂ42 2pr—v+1
M1+V61—V - +_1'

Then the total number of UIGM is not more than N = k - [, and we have
‘ Qltvotpy—vt3 ) 2 ST uR2
V= (o, (T ) o (55)]

Now we compare our result with existing methods in the same manner as for convex
functions. , = C6, + Do, + 5. Here C is a collecting prox-mapping error for given €,u and
D is a collecting oracle error for desired e,1. As a result we get next table.

O

Y

(v,p) N C D
01| o (Qui log <ﬂ>) 0 (ﬁ) 0 (1)
11| o (QTM log (%)) oMM | 0()
(1,2)

@) (<%)5 -log (/‘2&5)) O(%)% 0 (%)é

For non-smooth functions (v = 0), the convergence rate of Restart UIGM for any p € [1,2]
agrees with rate of convergence of subgradient methods. This methods are robust for oracle
error, but collect prox-mapping error. For smooth functions (v = 1) and p = 1 Restart
UIGM has the same convergence rate as a dual gradient method. This method is robust
both for oracle error and prox-mapping error. And for p = 2 Restart UIGM has the same
rate as a fast gradient method. This method collects oracle error but kill prox-mapping
error. This table shows three main regimes for Restart UIGM and how it corresponds with
classical methods.
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6 Switching policy

In this section we describe another variant of coefficient policy. The key observation is that
Fast gradient method(FGM) accumulates the error, but converges faster and Dual gradient
method(DGM) doesn’t accumulate the error, but works slower. That’s why at the begging
we make some steps of FGM until the error reaches some limit and then make only DGM
steps. This policy was introduced in [5]. Now we should understand, what is the limit. If
we want to get the total error equal to €, then the the error from inexactness should be £/2.
Now we describe this idea in more details.
Let the switching policy is

4 "Iy

k4. L Ek=0,...s — FGM steps (47)
ap = ,
g -~ k=s+1,...N — DGM steps
Ly,

where s is the moment of switching and ¢, is some constant, we will describe later how to
choose them.

Firstly, we should prove, that the switching policy can be used in UIGM. Let check the
correctness of inequalities for the switching policy. For FGM steps it is easily follow
from , because it is the power policy for p = 2. For DGM steps we need to prove that

1 1 1

O0<c-—<ct — <Ay 1+cp —

kLk_kLk_kl kLk
First two inequalities are satisfied if ¢, > 1. So we get the first condition for ¢;. The second
condition comes from the last inequality because we need to get ¢; such that ¢ — ¢, —

Ai_1L; > 0. Hence
1+ 1+ ALy
2
So if these two conditions for ¢, are satisfied we prove that the switching policy can be used
in UIGM.
Secondly, we should prove convergence of the switching policy. For that we need to satisty
two inequalities from ([28)

1<c < (48)

24 15
=Y Bj<- (49)
A = 6
2k +1)o €

Note that from this two inequalities we get three main regimes:

e Only FGM steps. In this case, 6, << ¢ and §, << ¢, and both inequalities and
(50) never fail.

e Only DGM steps. In this case, ¢, is rather big and fails on the first step, so we
try our best and do only slow DGM steps.
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e Switching on the moment s. In this case, we do some FGM steps until the moment s,
when fails at the first time and next do only DGM steps.

First two regimes are easy for understanding but for the last one we write more details. Note
that for FGM steps always true because the left side decreases on each step. Note that
k k

from some moment ) B;j/ > «; starts to increase and at the moment s it reaches the limit
j=0 7 j=0
5.~ Now we need to check, that for DGM steps will not fail.

g
2 Bi< 120, &=
k—1 c k—1
;Bj—f-Bk < 125“ (;Ozj—kak)

We assume that on previous step was correct, that’s why we need

€
B, <
k=125,
@@ = o
Ly — 126, Ly
So we get the third condition on ¢
< 51
= 195, (51)
Hence when when we merge all conditions and , we get
) 1+1+ A, L
ck:m1n<12€5u, + ; bl k) (52)

As a result, we’'ve proved that the switching policy can be used with UIGM. We’ve proved
that UIGM converges, when we do FGM steps until at the moment s fails, then switch
DGM with ¢ defined by . Note, that now our method needs to know only ¢, d,, d, and
doesn’t need p as in the power policy, hence it converges as well or better than any p for
power policy.

Theorem 6.1. Assume that f is a convex function with inexact first-order oracle. Then,

for the sequence , the moment s is first time when fails and c;, defined by , for
all k >0,

2 2
Myl+ud * MVH‘V 9
F(yk) — F* S lnf O lnf 1—v 2pu<—xy+)1 1— 2v(p—1) 510 + kp_l(su + 5"
pE[l,Q] I/G[O,l] £ 1l+v k’ 1+v 5 1+Z k liu 2

The same argumentation is correct also for strongly convex functions. So now we get
fully adaptive and universal coefficient policy and method.
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7 Numerical illustration

For numerical illustration we choose a Poisson likelihood problems and as an application
Positron Emission Tomography(PET). It plays an important role in medicine for detecting
cancer and metabolic changes in human organ. PET can be treated as a Poisson likelihood
model [3], [17]. The estimation of radioactivity density within an organ corresponds to the
following convex non-smooth optimization problem:

min » [[Az]; — w;log([Axz];)]

zEA, i1
where A, is a standard simplex. A is a data and refers to the likelihood matrix known from
geometry of detector, and w is a data and refers to the vector of detected events, such that
w; = [Azx]; + b;, where b; is Poisson noise for any 1 < ¢ < m. So we get a regression and
our goal is to find = from data. For simplicity, we will not consider any penalty term for
this application.Note that actually this problem has unbounded M, because Vlogy = 1/y
is unbounded in y = 0. So here we assume that all points of our method are separated from
zero and then M, is bounded by some constant.

We assume, that tomographic scanner can have some small random and systematic errors,
so we get inexact data and hence inexact function and gradient. So we get inexact oracle.
If method converges with inexact data it means that we have robust system and even with
errors we will get rather precise tomography.

In this case, the entropy function d(z) = Y, x;log(z;) is a good choice for the simplex
domain. Moreover, the prox-mapping can be computed by direct formula [5], which means
that we have 0, =. If we choose another d(x) it may be worse, because for the finding of the
prox-mapping we need to solve additional optimization subproblem. For example we can
approximately solve it by FGM with ¢, > 0, because this subproblem is strongly convex and
that’s why FGM converges fast.

Code is written in Python 3. We conduct experiments using Ubuntu 14, machine: Intel
Core i7-4510U CPU 2.00GHz 2.60GHz, 8Gb RAM. Matrix A € R109%20 and w € R are
generated unifomly randomly. For simplicity, we calculate inexact oracle as exact oracle plus
the noise d,. Desired accuracy is € = 0.0001

For small inexactness 0 = 0.001e UIGM give us next graphic.
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Figure 1: Comparison of different power policies and switch policy for small inexactness

From this graphic we can see that, power policy with p = 2 and switching policy are the
fastest. For small inexactness all variants don’t collect any noticeable error.

In next graphic, we can see, that for medium error § = ¢ switching policy starts to work
as power policy with p = 1, because all our estimates of error collection come from theory
but the real error in specific point can be less than theoretical estimate. Unfortunately we
can’t measure the real error.
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Inexact oracle, 6 =¢
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Figure 2: Comparison of different power policies and switch policy for medium inexactness

For big error 6 = 1000¢ the power policy with p = 2 collects error and works worse than

the power policy p = 1.5. So the method with intermediate rate is the best one, because it
is rather fast and also robust.
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Figure 3: Comparison of different power policies and switch policy for big inexactness
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As a result, we get that UIGM for some intermediate p can be better, than classical
methods. Also we get that our method get a speed up for non-smooth problem in comparison
with optimal DGM (p = 1). Unfortunately in practice switching policy may be worse, than
power policy because of uncertainty of real error.

8 Conclusion

In this paper, we present new Universal Intermediate Gradient Method for convex opti-
mization problem with inexact Holder-continuous subgradient. Our method enjoys both the
universality with respect to smoothness of the problem and interpolates between Universal
Gradient Method and Universal Fast Gradient Method, thus, allowing to balance the rate of
convergence of the method and rate of the error accumulation. Under additional assumption
of strong convexity of the objective, we show how the restart technique can be used to obtain
an algorithm with faster rate of convergence.

We note that Theorem is primal-dual friendly. This means that, if UIGM is used
to solve a problem, which is dual to a problem with linear constraints, it generates also
a sequence of primal iterates and the rate for the primal-dual gap and linear constraints
infeasibility is the same. This can be proved in the same way as in Theorem 2 of [8]. Also,
based on the ideas from [9,(10,25], UIGM for the strongly convex case can be modified to work
without exact knowledge of strong convexity parameter u. Finally, similarly to |7,[11,/15],
UIGM can be modified to solve convex problems with stochastic inexact oracle.
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