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Abstract

We study distributed (strongly convex)
optimization problems over a network of
agents, with no centralized nodes. The loss
functions of the agents are assumed to be
similar, due to statistical data similarity or
otherwise. In order to reduce the number of
communications to reach a solution accu-
racy, we proposed a preconditioned, accel-
erated distributed method. An e-solution
is achieved in O(4/ % log1/e) number
of communications steps, where [B/u is
the relative condition number between the
global and local loss functions, and p char-
acterizes the connectivity of the network.
This rate matches (up to poly-log factors)
lower complexity communication bounds
of distributed gossip-algorithms applied to
the class of problems of interest. Numeri-
cal results show significant communication
savings with respect to existing accelerated
distributed schemes, especially when solv-
ing ill-conditioned problems.

1 INTRODUCTION

We study distributed optimization over a network of
m agents, in the form

min u(x) S f@) +r(x), f(z) £ %Zfl(x)7

zERC
()
where f; : R — R is the loss function of agent i,
known only to that agent; and r : R? — [—o0, 00]
is an extended-value function (known to all agents),
which is instrumental to enforce further conditions
on the solution, such as sparsity or constraints. The
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network of agents is modelled as undirected, fixed
graph, with no centralized node; we refer to such
architectures as mesh networks.

An instance of of particular interest to this
work is the distributed Empirical Risk Minimiza-
tion (ERM) whereby the goal is to minimize the
average loss over some dataset, distributed across
the nodes of the network. Specifically, denoting by
D; = {zlgl), e zi(")} the set of n samples owned by
agent 7, the empirical risk f; in reads

file) = > el ). (1)

where £(z; 2/) measures the mismatch between the
parameter z and the sample 2.

The lack of global knowledge of f from the agents
and of a centralized node in the network calls for the
design of distributed algorithms, whereby agents al-
ternate a computation procedure based on local in-
formation and communication round(s) with neigh-
boring nodes. Since the cost of communications
is often the bottleneck in distributed computing, if
compared with local (parallel) computations (e.g.,
Bekkerman et al.| (2011)); [Lian et al.[(2017)), a lot of
research has been devoted to designing distributed
algorithms that are communication efficient.

Communication-saving via acceleration: Ac-
celeration (in the sense of Nesterov) has been ex-
tensively investigated as a procedure to reduce the
communication burden of distributed algorithms—
Table [I] summarizes the communication complex-
ity of existing first-order methods over mesh net-
works (see Sec. for a discussion of these works).
For L-smooth and p-strongly convex functions f in
, linear convergence rate is certified, with a con-
stant factor scaling with /& (k £ L/ is the con-
dition number of f). This dependence is not im-
provable, meaning that it matches lower communi-
cation complexity bounds for the class of L-smooth
and p-strongly convex function f;’s (Scaman et al.
2017). However, for ill-conditioned problems—e.g.,
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the typical setting of many ERM problems wherein
the optimal regularization parameter for test predic-
tive performance is very small-x can be extremely
large; hence the aforementioned scaling of the num-
ber of communications with /k is unsatisfactory.

Exploiting function similarity: Further im-
provements can be obtained if extra structure is pos-
tulated for the f;’s. This is, e.g., the case of ERM
problems wherein each f; [see ()] has an additional
finite-sum structure. This is an instance of the prop-
erty known as function similarity (see, e.g., [Shamir
et al.| (2014));|Arjevani and Shamir|(2015);|Zhang and
Lin| (2015); Hendrikx et al.| (2020D)):

V2 fi(a) = V2 ()] < B, 2)

for all = in a proper domain of interest and all
i = 1,...,m, where 8 > 0 measures the degree
of similarity between the Hessian matrices of local
and global losses. For instance, in the aforemen-
tioned ERM setting, when data are i.i.d. among
machines, the f;’s in reflect statistical similari-
ties in the data residing at different nodes, resulting
in 8 = O(1//n) w.h.p., where n is the local sample
size (O hides log-factors and dependence on d).

The situation 14 8/p < &, happens in several sce-
narios. For instance, consider some ill-conditioned
functions. Another example are ERMs with opti-
mal regularization yp = O(1/y/mn) and L = O(1)
(e.g., see (Zhang and Lin, 2015, Table 1) for ridge
regression), we have: k = O(y/m - n) while 8/u =
O(y/m)—the former grows with the local sample size
n, while the latter is independent. This motivated a
surge of studies aiming at exploiting function simi-
larity coupled with acceleration to boost communi-
cation efficiency (see Sec. : linear convergence is
certified with a number of communication steps scal-
ing (asymptotically (Hendrikx et all 2020b)) with
14+ +/B/p (Zhang and Lin| [2015), which can be sig-
nificantly smaller than 1/x, and matches lower com-
plexity bounds (Arjevani and Shamir, 2015) up to
log-factors. These algorithms however are central-
ized and cannot be implemented over mesh networks.
This suggests the following open question:

Is linear convergence with a number of communi-
cations scaling with 1 4+ 1/8/u achievable by any
distributed algorithm over mesh networks?

1.1 Contributions
We provide a positive answer to the above question.

(i) Algorithm design: We proposed Accelerated-
SONATA (ACC-SONATA), an inexact accelerated

proximal method (outer loop) for , embedded
with the distributed algorithm known as SONATA
(Sun et al., |2022) (inner loop), which approxima-
tively solves the proximal subproblem over mesh net-
works, according to a properly designed notion of in-
exactness. SONATA couples local preconditioning via
surrogation of f; with a gradient tracking mechanism
(Di Lorenzo and Scutari, [2016; |Xu et al., [2017)), es-
timating locally the gradient of the global loss f. At
high level, the outer loop ensures acceleration while
SONATA exploits function similarity to boost the con-
vergence rate of the inner loop. A direct acceleration
of the mirror method, achieving O(8/u) over star-
networks (Lu et al.; 2020]), does not seem possible in
general (Dragomir et al.| [2019).

(ii) New analysis: While ACC-SONATA is inspired
by proximal acceleration for centralized optimiza-
tion (d’Aspremont et all [2021), such as Catalyst
(Hongzhou et al.l 2015), formally it is not an in-
stance of any of existing methods. It is also different
from distributed algorithms accelerated & la Catalyst
(Li and Lin| 2020; Hendrikx et all |[2020al), which
neither exploit function similarity nor use gradient-
tracking, and deal with smooth optimization (r =
0). Hence, a new convergence analysis is needed
for ACC-SONATA, which represents the technical con-
tribution of this work. We hinge on new potential
functions (for the inner and outer loop) that in-
corporate consensus errors, extrapolation variables,
and gradient-tracking variables. Such potentials also
shed light on the appropriate warm-restart strategy
and termination criterion of the inner-loop SONATA,
which are implementable in a distributed setting
(this is not the case if using criteria in [Hongzhou
et al| (2018)), in particular when r # 0). We remark
that the proposed analysis, although developed for
ACC-SONATA, is fairly general and potentially appli-
cable to a variety of other distributed algorithms re-
placing SONATA in the inner loop. This will be the
subject of future investigation.

(iii) Guarantees: By a proper choice of local sur-
rogations (mirror-prox-like), ACC-SONATA provably
achieves an e-solution (on the objective value) of
in O( % log 1/¢) number of communications
steps, where p characterizes the connectivity of the
network. This matches for the first time lower com-
munication complexity bounds, up to poly-log fac-
tors. On the other hand, when 1+ /8/u > Vk
a different choice of surrogate (linearization of each
fi) is possible, which guarantees linear convergence
with communication scaling of y/k-this compares fa-
vorable with existing first-order accelerated methods
(see Table , with ACC-SONATA being applicable on
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Table 1: Distributed Accelerated Algorithms over Mesh Networks: SSDA/MSDA (Scaman et al.,[2017)), OPAPC
(Kovalev et all [2020), Accelerated Dual Ascent (Uribe et al., |2020, Alg. 3), APM-C (Li et al., 2018), Mudag (Ye
et al.| |2020al), Accelerated EXTRA (Li and Lin} [2020)), DAccGD (Rogozin et al., 2020), and DPAG (Ye et al. [2020b).
L (resp. p) denotes the smoothness (resp. strong convexity) constant of F' while Ly (resp. pmn) is the largest

smoothness (smallest strong convexity) constant of the f;’s; p is the network connectivity; O hides poly-log factors.

Algorithm Problem Similarity | Gossip Matrix Rate (# comm.)
SSDA/MSDA, OPAPC, Accelerated Dual Ascent | f; scv, r =0 X o (\/%\/gk’g@
APM-C fiscv,r=0 X PSD (@] (J%\/glogz(%))

Mudag fscv, r=0 X PSD 5( % Tlp log(i)
Accelerated EXTRA fiscv, r=0 X o (\/% flp 10g(é)>

DAccGD fiscv, =0 X 5( %ﬁlog%é))

DPAG fsev, 7 #0 X PSD 0 (/£ /5 08(h))

ACC-SONATA (this work) fsev,r 0 v 5( % 1 10g(%))

general ([P)) with r # 0 and with no restrictions on
gossip matrices. Our numerical results on synthetic
and real data supports the competitive performance
of our method over the state of the art.

1.2 Related Works

Acceleration under function similarity has been
extensively investigated over master/workers archi-
tectures while it remains unexplored over mesh net-
works, as inferred by the following discussion.

e Master/workers systems: Several papers em-
ployed acceleration (in the sense of Nesterov) to
solve @ over such architectures; see, e.g.,|Gorbunov.
et al.| (2020)); |d’Aspremont et al.| (2021)); [Hongzhou
et al.| (2015);|Wang et al.|(2020); Li et al.| (2020b]) and
references therein for a comprehensive description of
state-of-the-art methods, including their application
to federated learning systems and stochastic opti-
mization. Given the focus on the paper, next we
comment in details works exploring the idea of sta-
tistical preconditioning to further decrease the com-
munication complexity of solving @

DANE |Shamir et al. (2014]) is a mirror-descent type
algorithm for with » = 0 whereby workers
perform a local data preconditioning via a suit-
ably chosen Bregman divergence, and the mas-
ter averages the solutions of the workers. For
quadratic losses, DANE achieves communication com-
plexity O((8/p)*log1/e). More recently, |[Fan et al.
(2019) proposed CEASE, which achieves DANE’s com-
plexity but for nonquadratic losses and r # 0. Ap-
plying the convergence analysis of mirror descent

in |Lu et al| (2020) to CEASE enhances its rate to
O((B/p)log1/e).

Further improvements are achievable employing ac-
celeration. Efforts include: DiSCO (Zhang and Lin|
2015)), an inexact damped Newton method coupled
with a preconditioned conjugate gradient (to com-
pute the Newton direction), which achieves com-
munication complexity O((1 4+ \/f/u)log1/e) for
self-concordant losses (and r # 0); AIDE (Reddi
et al) [2016]), which uses the Catalyst framework
(Hongzhou et al.,|2015), matching the rate of DiSCO
for quadratic losses (and r = 0); DANE-HB (Yuan and
Li, [2020)), a variant of DANE equipped with Heavy
Ball momentum and matching for quadratic func-
tions the communication complexity of DiSCO and
AIDE; and SPAG(Hendrikx et al.l [2020b), a precondi-
tioned direct accelerated method, achieving for non-
quadradic losses asymptotically the convergence rate

O((1 —1/+/B/w)¥) (k is the iteration index).

None of above methods are implementable over mesh
networks, because they all rely on the presence
of a master node. Notice also that, although de-
signed for mesh networks, our proposed method,
ACC-SONATA compares favorably also with the afore-
mentioned schemes (specifically designed for star
networks) by achieving communication complexity

O(/B/plog(B/1)log1/e) for nonquadratic losses.

e Acceleration over mesh networks: Given the
focus of this work, we discuss next only (provably
convergent) distributed algorithms over mesh net-
works employing some form of acceleration—they are
summarized in Table Although substantially
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different—some are primal (Ye et al., 2020ayb [Li and
Lin/ [2020; [Kovalev et al.l |2020; Rogozin et al., 2020))
others are dual or penalty-based (Scaman et al.,
2017; |Uribe et al.2020; |Li et al.,|2018) methods, and
applicable to special instances of (mainly with
r = 0) and subject to special design constraints (e.g.,
positive semidefinite gossip matrix)-they all achieve
linear convergence rate, with communication com-
plexity scaling some with \/k¢ (k¢ = Lmz/ftmn is
the “local” condition number) and others with /x
(k = L/ is the condition number of f). Note
that in general x < ky; hence the latter group is
preferable to the former. By using only gradient
information of the local f;’s, none of these meth-
ods can take advantage of function similarity. This
means that their rates still scale as \/k no matter
how small g is (even § = 0, i.e., all f;’s identical),
which is highly sub-optimal when considering, e.g.,
ill-conditioned losses, and contrasts with the lower

complexity bound O(/5/u) (cf. Sec. .

To our knowledge, Network-DANE (Li et al., [2020a))
and SONATA (Sun et al.|[2022)) are the only two meth-
ods that leverage statistical similarity to enhance
convergence over mesh networks, with the latter
achieving communication complexity scaling with
O(B/u) for nonquadratic losses and r # 0. These
methods however are not accelerated, missing thus
the more favorable scaling \/3/u. The proposed ac-
celerated method, ACC-SONATA, fills exactly this gap.

2 SETUP AND BACKGROUND

We study (]ED under the following assumptions.
Assumption 1. Given problem ,
(i) v : R® — R is a proper, closed, convex function;
let domr denote its domain;
(ii) Each f; is convex and twice differentiable over
(an open set containing) domg;

(iii) f is p-strongly convex and L-smooth on domyg,
with 0 < p < L < 00. Define k = L/p.

Note that (i)-(ii) implies that each f; is u;-strongly
convex and L;-smooth, with 0 < y; < L; < co (not
each f; need to be strongly convex); let Ly.x =
max;ey, Li,, were we denoted [m] 211,...,m}.

Function similarity is captured by the following.
Definition 2. Under Assumption[d], let 3 > 0 the

smallest number such that
max sup ||V?fi(z) — VZf(2)|| < B.

i€[m] zedomr

The smaller 3, the more similar f;’s are. Note that
the following bound holds for f:

B < maxmax {|L; — p|, |p— Li|}.
1€[m]

The case of interest is of course when 1+ 8/u < L/p,
which is the typical situation of ill-conditioned f’s.

Network model: The network of agents is an undi-
rected, graph G = (£,V), where V = [m] denotes the
vertex set (the set of agents) while £ is the set of
edges; {i,j} € & if there is a communication link be-
tween agent ¢ and agent j. For the sake of notation,
we assume {i,i} € & for any i € [m]. We make the
blanket assumption that the graph G is connected.

The distributed algorithms of interest employ gossip
communications—each node averages the values of its
neighbors’ variables. The weights of this averaging
process (collected into a matrix W € R™*™) satisfy
the following standard assumptions.

Assumption 3. The matric W € R™ ™ belongs
to the class W = Py (W), for some M € Ny, and
W € R™, where Py; is a polynomial with degree
at most M with Py (1) = 1, and W satisfies the
following conditions:

(i) W is compliant with G, that is its (i, j)-entries
w;j satisfies: w;; > 0, for all i € [m]; w;; > 0,
if (4,5) € £; and w;; = 0 otherwise;

(ii) 1TW =17 and W1 =1 (doubly stochasticity).

Define p & HW— 11T/m|| <1.

The above class of weight matrices captures single
(M = 1) and multiple (M > 1) rounds of communi-
cations per optimization step (notice that Pys(1) =1
is to ensure the doubly stochasticity of W when W
is s0). Several rules have been proposed in the liter-
ature fulfilling Assumption [3} including the Lapla-
cian, the Metropolis-Hasting, and the maximum-
degree weights rules as well as Chebyshev (Wien)
2011} [Scaman et al., 2017)) or Jacobi (Berthier et al.|
2020)) polynomials-based accelerations.

2.1 Lower Complexity Bounds over Mesh
Networks under Similarity

We informally state here lower communication com-
plexity bounds over mesh networks for the class of
problems satisfying Assumptions |1| and [3) and
certain distributed gossip algorithms of interest (see
Definition |§| in Appendix :

Q( /fiup 10g<u||f§*ll )) -

The formal statement of this result can be found
in the supplementary material (cf. Theorem (7} Ap-
pendix |A]). The next section is devoted to the design
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of the first distributed algorithm matching such a
lower complexity bound (up to poly-log factors). As
anticipated, our scheme hinges on the SONATA algo-
rithm (Sun et al., [2022), which we recall next.

2.2 A Building Block: SONATA Algorithm

The instance of SONATA used in this work is summa-
rized in Algorithm I (assumed to be applied to (P))).
Each agent i owns local copies x; of the shared op-
timization variable x along with the auxiliary vari-
able y; that is a local proxy of Vf, which is not
available at the agents’ sides. In parallel and iter-
atively, agents update their z-variables, ﬁrst solv-
ing in (S.1) a local approxunatlon of (P|) wherein
fi(z; x’“) is a surrogate of f; at aF and the linear
term y¥ — V fi(x¥) is an estimate of > Vi zk).
This is followed by a communication step, (S.2), in-
strumental to enforce asymptotic consensus among
the z-variables and track V f via the y-ones.

Several surrogate functions are feasible, see [Sun
et al.| (2022)). Here, we focus on the following two:

Fiwsa) = filw) + 2 o — b1 (4)

filwsal) = fi(a®) + (Vfi(ah), o —aF) +

*Ilfc - ||,
()

Note that the use of the linearization corresponds
to perform at each agent’s side a proximal gradient
step; this is the typical update of the majority of ex-
isting distributed algorithms (as those in Table .
Such a choice does not permit to take advantage of
function similarity, if any. In fact, when is em-
ployed and a weight matrix W satisfying Assump-
tion [3] is used for the consensus and tracking steps,
SONATA applied to achieves an e-solution (in
terms of objective value) in O(k 1= log 1/¢) num-
ber of communications. Communication saving un-
der function similarity is provably achievable instead
using surrogate (|4)), resulting in a communication
complexity of (’)( log1/ 5) This motivated us
to use SONATA as bulld;ng block of our accelerated
method aiming at exploiting function similarity.

3 ACCELERATED SONATA

We are ready to introduce our main algorithm, Algo-
rithm[2] At high level, the scheme can be interpreted
as a successive application of SONATA for the inexact
minimization of the function

LS @), ©
i=1

Algorithm 1 SONATA({fl}
Input: {fi(z)};cp» 7(

[cf. ( .],

J:O = (2))iem] [init. points],
y° = (4)icm) [grad.-tracking init.],

T > 0 [# iterations];

Output: z* = (sz)z'e[m]’ Y
for k=0,1,2,...,T—1do
(8.1) Local computations: for all i € [m],
LRH1/2

= m] 9 xO’ 907 T)

'ﬂ\/|

= (le) i€[m)] ;

= argmin f;(x; z¥)
z€R4

+ (= Vfilaf), z —af) +r(@);

(8.2) Communications: for all i € [m],

m
k41l _ k41/2
Ty = Zw”mj )

k+1 Zwu y] +Vfg( k+1) va(xf))

j=1

end for

with f¥(z) = fi(x) + (§/2)||z — 2¥||?, wherein the
z-variable in the quadratic term plays the role of
the extrapolation a la Nesterov, to gain acceleration.
The use of SONATA in the inner loop allows us to take
advantage of function similarity, if any, by choosing
surrogates as in and a suitable value for § > 0
(see Theorem. Notice the warm restart of SONATA
every T iterations, with in particular the gradient
tracking initialization unconventionally chosen, as
recommended by our convergence analysis.

Algorithm 2 Accelerated SONATA

w/(p+0);
=V fi(x})

Input: 5, 4, 6 >0, a =
mo—z?—zflz(), y?
Output: =% = (z5);c(m)

for k=0,1,2,..., K —1do
fE(@) = fi(z) +
(S.1) Inner loop via SONATA:

Set: k”

¢ |w — 2}

(xk+17 yk+1) _
SONATA( {ff}ie[m] N T N CARRE T);
(S.2) Extrapolation step:
1—
AL gkt TS gk gk e ).

¢ 1+«

end for

Algorithm rationale: The genesis of the algorith-
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mic design can be traced back to the idea of accelera-
tion of a centralized inexact proximal method (outer
loop) (see, e.g., |[d’Aspremont et al.| (2021)), whose
proximal subproblems are approximately solved in
a distributed fashion via the SONATA algorithm (in-
ner loop), satisfying a suitable notion of inexactness
(defined in this paper) for proximal operations. In
fact, assuming one can absorb consensus errors on
the agents’ variables z;’s and momentum vectors z;’s
into such a criterion of solution approximation, we
can approximate (S.1) and (S.2) as

m

1 1
—k A -k A
a:fmxk:—g z¥  and zf%zk:—g 2F,
m m

=1 =1

)
(s.1)": #F! ~ argminu(z) + 3 |z — 2

rER4
(S.Q)/: Ek—H — i,k-',—l + 1_70‘ (jk—&-l _ jk)
1+« ’
where we used the fact that the minimization of uy in
@ and that of the function in (S.1)’ have the same
solution. The dynamics above are a resemble of an

inexact proximal acceleration (d’Aspremont et al.|
2021; [Hongzhou et al., [2015] |2018]).

Challenges: Despite the above connection, exist-
ing convergence analyses of centralized accelerated
methods break down when applied to ACC-SONATA.
Specifically, (i) the notions of approximate solu-
tions for proximal problems as in|d’Aspremont et al.
(2021)); [Hongzhou et al.| (2018) cannot be satisfied
here, because of the aforementioned consensus er-
rors, let alone their practical verification in a dis-
tributed setting and in the presence of the nons-
mooth function r; and (ii) the potential functions
used therein are not adequate to certify linear con-
vergence of the outer loop of ACC-SONATA at the de-
sired accelerated rate, they do not capture unavoid-
able consensus and gradient tracking errors coming
out of the inexact, distributed minimization of uj in
@ via SONATA. Furthermore, the convergence proof
of SONATA as in [Sun et al.| (2022) is not directly ap-
plicable to study the inner loop, due to the uncon-
ventional restart of the gradient tracking variables.
Also, R-linear convergence of the objective-value
gap and consensus/tracking errors therein seems no
longer sufficient to provably obtain acceleration of
the outer loop. Our convergence analysis addresses
these challenges—we refer to Appendix[C|for the com-
plete proof (and Appendix for a sketch).

3.1 Convergence Analysis

Communication complexity of Acc-SONATA is estab-
lished in Theorem [4] and Theorem [5] below, pertain-
ing to the use in the inner algorithm SONATA of the

surrogates and 7 respectively. The explicit
expression of the constants hidden in the big-O no-
tation can be found in the supplementary material.

Theorem 4. Consider problem under Assump-
tion 1}, with optimal value function u* and B > p
w.lo.g.. Let {a* £ (2¥);c;m)} be the sequence gen-

erated by ACC-SONATA under Assumption[3, with

p<O ((1 + Hﬁ/;)Q) , (7)

and the following tuning:

and agents’ surrogate functions (4) in SONATA. De-
fine zk & 1 > x% and the optimality gap

—m

1 m 1 m 9
A(z") £ max ( w(af) —u, = ||lak — 2| ) .
T
(®)
Then, there holds

A(xk):o<(1—c\/m)k>,

where ¢ € (0,1) is some universal constant. There-
fore, A(x¥) <e,e>0, in

3 1
(’)(\/;-T-logE) (9)

total (inner plus outer loop) communication steps.

Note that @ states linear convergence with opti-
mal dependence on 3/u, up to the log-factor T' =
log(8/p). This is achieved under (7)), which re-
quires the network to be sufficiently connected. If
the network is not part of the design, might
not be satisfied by the topology under considera-
tion. Still, can be enforced by running multi-
ple communication rounds per iteration (computa-
tion steps) in the inner loop SONATA. Specifically,
let p = ||[W — 117 /m|| be the connectivity of the
graph associated with a given weight matrix W (sat-
isfying Assumption ; suppose we run M steps
of communications per iteration (computation) in
Step (S.2) of the SONATA algorithm, each time us-
ing the weight matrix W. This yields an effective
network with matrix W = W (Py(z) = oM)
and improved connectivity p = pM. One can
then choose M so that p™ satisfies , resulting
in M = O(log(1 + (x — 1)/(8/p))/log(1/p)) =
O(log(1 + (k= 1)/(B/w))/(1 — p)) rounds of com-
munications. The dependence on p can be improved
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leveraging Chebyshev polynomials of the gossip ma-
trix W (further assumed to be symmetric) of order
at most M, that is, W = Py (W), where Py, are
Chebyshev polynomials. At the agents’ side, the up-
dates Py(W) are implemented via a shift-register
gossip protocol, resulting in time-varying weights
wi;’s in (S.2) of the SONATA algorithm-see [Berthier
et al.| (2020) for details. It is not difficult to show
that M = O(log(1 + (k —1)/(8/u))/(vT=p)) suf-
fices to satisfy (7)), yielding an overall communica-
tion complexity

0 ({2 o (14552 o (2) )

(10)
This matches the lower complexity bound in (cf.
Theorem [7|in Appendix up to poly-log factors.

Consistently with the behaviour of SONATA, if surro-
gates in the form are used by the agents, acceler-
ation is still achieved, but with a linear rate scaling
with y/k rather than /3/p. This is formalized next.

Theorem 5. Consider problem under Assump-
tion 1, with optimal value function u* and k > 1
w.l.o.g.. Let {z* £ (zF);cm)} be the sequence gen-
erated by ACC-SONATA under Assumption[3, with

p§0<<2+ﬂ/l};€1>2>7 (11)

and the following tuning:

d=L—-—pu, T=0(ogk),

and agents’ surrogate functions in SONATA.
Then, there holds

Az®) =0 ((1 - CX}E)]) , (12)

where ¢ € (0,1) is some universal constant. There-
fore, A(z¥) <e,e>0, in

0 (\/ETlog i) (13)

total (inner plus outer loop) communication steps.

Enforcing via multiple rounds of communica-
tions based on Chebyshev polynomials (applied to a
symmetric matrix W, with p = ||[IW — 117 /m||), the
communication complexity in Theorem [5| becomes

16) ( l’ip log <2+ 6/’;_1> log (k) logi> .
(14)

Comparing with (14) shows that, if properly
exploited, function similarity provably leads to com-
munication saving. This calls for the use of the sur-
rogate over ; and thus it comes generally at
the cost of solving computationally more demand-
ing subproblems at agents’ sides. This is common
to all the methods (including centralized) exploiting
similarity and discussed in Sec. and seems an
unavoidable tradeoff. These methods are in fact de-
signed with the goal of saving communications, at
the cost of more computations.

Inexact ACC-SONATA: To alleviate the computation
cost of solving agent’s subproblems with surrogate
when a closed form solution is not available, in
Appendix [E] we discuss how to modify ACC-SONATA
to accommodate inexact solutions of agents’ sub-
problems in Step (S.1) of SONATA. We defer to the
appendix for details; here we only point out that,
by carefully choosing the inexact criterion for solv-
ing approximately the local optimization subprob-
lems, the communication complexity of the resulting
inexact ACC-SONATA, termed Inexact ACC-SONATA
(Algorithm [5)), matches that of ACC-SONATA as in
(9) (see Theorem [12)). We also study the computa-
tional complexity of Inexact-ACC-SONATA (see The-
orem . For instance, if each agent’s subprob-
lem with surrogate is solved (up to a suitably
chosen accuracy) via accelerated proximal gradient,
Inexact ACC-SONATA reaches an e-solution of (P)

after
. (log i) 2) (15)

total gradient evaluations/agent, where O hides log-
factors. On the other hand, if surrogates (5] are used
in the agents’ subproblem, the total computation
complexity of Inexact ACC-SONATA is still given by
Theorem |5 and thus reads O(y/klog(1/¢)), which
might be more favorable than .

Quite interestingly, the proposed accelerated frame-
work offers the flexibility, within the same algorithm,
to privilege computation or communication savings,
based upon the choice of the right surrogate func-
tion, achieving (up to poly-log factors) either opti-
mal computation or communication complexity (un-
der similarity).

ACC-SONATA on star-networks: Although ACC-
SONATA has been designed specifically for mesh net-
works, it readily applies to master/workers archi-
tectures; details can be found in the supplementary
material. Here we only remark that a direct appli-
cation of Theorem [l and Theorem [ leads to the fol-



Acceleration in Distributed Optimization under Similarity

lowing communication complexity to solve (P]) over
master/workers architectures

0 (/2108 (2) e ) ana o (v s ).

respectively. Quite interestingly, these rates com-
pare favorably with those of the centralized methods
discussed in Sec. [.2]

4 NUMERICAL RESULTS

We present numerical results on synthetic and real
data, corroborating our complexity analysis (Theo-
rems [4| and . Additional experiments on different
problem classes and data sets as well as including
more algorithms are reported in the supplementary
material.

1) Ridge regression: Our first experiment con-
cerns a ridge regression problem over a network of
agents, modeled as a Erdos-Renyi graph with m =
30 nodes and edge probability p = 0.5. The prob-
lem is an instance of (P)) with f;(z) = 1/(2n)||4;z —
bi||2+ \||z||? [agent i owns data A; € R"*4 b, € R"]
and r = 0. Data are generated as follows (Sun
et all 2022): Each row of A; is i.i.d, drawn from
N(0,X), where ¥ = ijl Ajuju; . The \;’s are
uniformly distributed in [u0, Lo], with po = 1 and
Lo = 1000, and uy,...,uy are obtained via the QR
decomposition of a d X d random matrix with stan-
dard Gaussian i.i.d elements. We set b; = A;z* +w;,
where z* ~ N(5 - 14,1) is the ground truth and
w; ~ N(0,0.1- 1) is the additive noise (14 is the
d-dimensional vector of all ones).

Algorithms: We simulated two instances of ACC-
SONATA, corresponding to the choices of the sur-
rogates and in SONATA (inner-loop); we
termed them as ACC-SONATA-F and ACC-SONATA-L,
respectively (F stands for “full local function”
while L for “linearization”). The solution of the
agents’ subproblems solved in ACC-SONATA-F and
ACC-SONATA-L is computed in closed form. Ac-
cording to Theorems [] and [f] ACC-SONATA-F is
expected to outperform first-order methods, in-
cluding ACC-SONATA-L, whenever 1 + /u < k,
while ACC-SONATA-L should be competitive other-
wise. The free parameters of these two instances
are tuned as suggested by the theory, with T =
[log(8/p)] for ACC-SONATA-F and T = [log(k)]
for ACC-SONATA-L, where L and p are estimated
by the data (quadratic function) and so [ using
Definition The weight matrix W according to
the Metropolis-Hasting rule. We compare our algo-
rithms with the following, widely tested in the lit-

erature (Table : APM-C, Mudag, and ACC-EXTRA.
The tuning of these schemes follows the recommen-
dations as in their respective papers. In particular,
Mudag and APM-C require the gossip matrix to be
positive definite, so we set (W +1)/2, with W being
the matrix used in the other algorithms.

In Fig. 2left-panel), we fix 8/ < x, and plot the
optimality gap = > 7", |lzF — 2.4* versus the to-
tal number of communications, for each of the algo-
rithms, where z,, is the solution of the ridge re-
gression problem (computed in closed form). All
the schemes achieve linear convergence. As pre-
dicted, ACC-SONATA-F outperforms the other accel-
erate methods that do not take advantage of func-
tion similarity. Quite interestingly, ACC-SONATA-L
compares quite favorably also with directed accel-
eration methods, such as Mudag and AMP-C, while
sharing similar computational costs.

To investigate the impact of x and 8/u on the con-
vergence rate of the algorithms, in the next experi-
ment we consider the following two scenarios:

(i) Changing (/u with (almost) fixed x: We
generate instances of ridge regression with decreas-
ing # and (almost) fixed s, setting A = 0 and in-
creasing the local sample size n (20 values) within
[100, 40000]; the empirical k£ remains approximately
constant close to the nominal value Lg/pg = 1000.
Fig. [2mid-panel) captures this scenario, we plot
the number of communications to drive the optimal-
ity gap below 10~ versus 3/u, and x =~ 930.

(ii) Changing s with fixed 8/u: We generate a
sequence of instances of ridge regression with vary-
ing k (acting on \) while keeping (8/u constant by
changing the local sample size n to compensate for
the variations of 4 (due to A). Fig. Pright-panel)
plots the number of communications to drive the op-
timality gap below 10~% versus &, for 3/u ~ 232.

The following comments are in order. First, the
mid-panel confirms what predicted by Theorem
the number of communications of ACC-SONATA-F
scales roughly with /8/u while that of first-order
distributed schemes is fairly invariant with g/pu.
This is because methods using only gradient in-
formation (including ACC-SONATA-L) cannot bene-
fit from statistical similarity. On the other hand,
the right-panel shows that communication com-
plexity of accelerated first-order methods (including
ACC-SONATA-L, as stated in Theorem deteriorates
when £ grows whereas that of ACC-SONATA-F is (al-
most) invariant. It is interesting to remark that
ACC-SONATA-F remains competitive, outperforming
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x =919.8747, p/p =273.5258 K ~ 929.6223 Blp ~ 231.8883
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Figure 1: Comparison of distributed accelerated algorithms on ridge regression (synthetic data).

(left panel):

optimality gap versus total number of communications, for given 8/ and k; (mid panel): number of communications
to reach a precision of 10™* versus 8/pu, for fixed &; (right panel): same quantity versus &, for fixed 3/p.

N = 9000 A= 0.01
—APM-C
o —Mudag
10 ACC-EXTRA
—ACC-SONATA-L
3 ACC-SONATA-F
(@]
2
©
£1072
j=%
o
107

0 600 1200 1800 2400 3000
Number of communications

Number of communications
o
w

A= 0.01

-
o
(S

—APM-C

—Mudag
ACC-EXTRA

—ACC-SONATA-L
ACC-SONATA-F

-
o
[N

o

5 10 15
Total data size «10%

Figure 2: Comparison of distributed accelerated algorithms on hinge loss minimization (COV1 dataset). (left panel):
optimality gap versus total number of communications; (right panel): number of communications to reach a precision

of 107 versus (total) sample.

the other schemes, even when 3/u ~ k.

2) Hinge loss minimization on real
data: We consider the minimization problem
min,epa & Zf\il Uyi(z, ) + 5 |||* over the same
network of agents considered in the previous exam-
ple, where ¢ is the smooth hinge loss as in [Shamir
et al.| (2014). We experimented on the data set
COV1 (see, e.g., [Shalev-Shwartz and Zhang) (2013])).
The tuning of the algorithm is the same a described
in the previous experiment, based upon estimation
of the quantities u, L, Ly, fbmn, and B from the
data—see supplementary material for details. We
notice that p =~ pmn ~ M. The solution of the
agents’ subproblems in ACC-SONATA-F is estimated
up to the accuracy 107! by running the gradient
algorithm with step-size equal to 0.03.

Fig. (left-panel) plots the optimality gap
LS a2k —2op|? versus the total number of com-
munications, for each of the algorithms, where z
is an estimate of the solution of the problem (ob-
tained running the centralized gradient algorithm).
The results show that the proposed methods are

competitive also on real data, with ACC-SONATA-F

outperforming the others, when enough samples are
present at the agents’ sides. The right-panel plots
the number of communications to reach an accuracy
of 10~* versus the total sample size (since m is fixed,
the local samples size varies). This corresponds to
decrease  while keeping p (roughly) constant. As
predicted, we observe that the communication sav-
ing experienced by ACC-SONATA-F improves with the
local sample size, as the method takes advantage of
the local function structure, a feature that first-order
methods are lacking.
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Supplementary Material:
Acceleration in Distributed Optimization under Similarity

This document serves as supplementary material of the paper entitled “Acceleration in Distributed Opti-
mization under Similarity”. It contains additional theoretical and numerical results, along with all the proofs
of the theorems presented in the main paper. Specifically

Sec. [A] contains the lower complexity bounds for the class of problems and oracle algorithms of interest;
Sec. |B|presents additional numerical results for different classes of problems on synthetic and real data;
Sec. [C] provides the proof of Theorem [4] and Theorem

Sec. @] customizes ACC-SONATA to star-topologies (master/workers architectures);

Sec. [El discusses Inexact SONATA and Inexact Accelerated SONATA.

A LOWER COMPLEXITY BOUNDS OVER MESH NETWORKS UNDER
SIMILARITY

Given over a mesh network G, we consider the following general class of distributed algorithms, which
generalize the oracle model (Arjevani and Shamir 2015) for centralized schemes (star architectures) and
smooth (r = 0) instances of (P).

Definition 6 (Distributed oracle). Fach agent i has its own local memory M; = {0}, updated as follows:

e Local computation: Between communication rounds, each agent i iteratively computes and adds to M,
some finite number of points x, each satisfying

T &+ 1Vfi(x)+ 19 € Spaﬂ{m/, Vi), (V2 fi(a') + D)a" (V2 f;(a") + D)_1$"}7

for given z’ & € My, g € Or(x), 11,72,73 > 0 such that 71 + 179 + 73 > 0; and D is a diagonal matriz such
that the inverse matrices above exist;

e Communications: After every communication round, each agent i updates M; according to
M; = span U M;s;
i P {(_ ce j}

o Output: x; € M,, for all i € [m].

The above procedure models a fairly general class of distributed algorithms over graphs. Computations at
each node are based on linear operations involving current or past iterates, local gradients, and vector
products with local Hessians and their inverses; exact optimization of local subproblem involving such
quantities or proximal solutions are also incorporated. During communications, the agents can share with
their neighbors any of the vectors they have computed up until that time.

The following result provides lower complexity bounds for solving Problem @ by any distributed algorithm
in A-this is an extension of (Arjevani and Shamirl [2015, Th. 1) to the decentralized setting.

Theorem 7. For any p € [0,1), 8 € (0,1), and p € [0, 1), there exist (i) an instance of (with sufficiently
large d and solution x*) satisfying Assumption with r = 0, f;’s being B-similar and f(z) = LY fi(z)

T m
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being 1-smooth and p-strongly convex; and (i) a gossip matriz W satisfying Assumption@ over the graph G
with parameter p such that for any distributed algorithm in A using the matriz W in the communications,
the number of communication rounds N required for obtaining the solution xz;’s such that u(x;) —u(z*) <e,

for all i € [m], is
N:Q( [ B o (ulx*||2>> .
1—p €

Proof. The case of fully connected networks (p = 0) has been already studied in (Arjevani and Shamir} 2015|
Th. 1). Therefore, here we assumed p > 0. Our proof is inspired by (Scaman et al., 2017, Th. 2), with some
key differences due to the different setting of our problem.

We first introduce the local cost functions of agents numbered as 1,2,...,m. With { = 3%, define the
following two subsets of agents:

Ai={i|1<i<[¢tm]} and A, ={i|[(1-Qm]+1<i<m}.
We then define for each agent i the cost function f; : £2 — R as

B mp T Ay — BOZ8) me o Ty |2 1< < [Cm)]

8 Teml 1T Tem]
filz) = < 5 1=, [Cm]+1<i<[(1-C)m]
B0 o A + 4 ||z, [(1—=¢m]+1<i<m
with
1 0 0 0 0 1 -1 0 0 O
0 1 -1 0 0 -1 1 0 0 0
L0 -1 1 0 o0 - L0 0 1 —-10
A= , A =
0 O 0 1 -1 0 0O -1 1 0
0 0 0o -1 1 0 0 0 0 1

We define the distance between the two subsets A; and A, as d.. It follows that, to have at least one non-zero
element in the kth entry of the local copies of agents in both of the above two subsets, one must perform at
least k local computation steps and (k — 1)d. communication steps. The number of communication rounds
required to obtain f(2) — f(z*) < € is thus

fofon(e2)

We then describe the communication graph for the given p. For m > 2, we define

p n 2 T
m = — cos —.
P 24p 2+4p
Since p2 = 52~ < p and limg_,o pr = 1, we know that there exist m such that p, < p < pma1. We discuss

2+p
the cases of m > 3 and m = 2 separately:

i) m > 3. We begin defining a Laplacian matrix L, , for a line graph composed of m nodes; specifically:

Lypo=0L! Linal=0, and L, .(i,i+1)=al{i=1}—1,
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with a € [0,1), where 1{e} is the indicator function. We then define

1
|/‘/ = I —_—
m,a 2+ P

m,a-

It is not difficult to check that W, , satisfies Assumption with HWm,O —-117/ m|| = pm. Furthermore, since
||Wm71 -1 1T/m|| = 1, by continuity, we know that there exists an a € (0,1) such that ||Wm7a -1 1T/m|| =
p. In addition, we have

1
(m+1)*

A
IVx

2 T 2 T 8
1—-p>1—-ppt1=-——|1—cos > —(1—cos —
24p m+1 3 m+1 3

Note that (x) is due to that cos% <1- % for n > 4. Equivalently,

The distance between the two subsets is thus

15 15 8 Q! 1

Note that (+) is due to that p > p3 > 1.

ii) m = 2. In this case, we have p < p3 = éi—z and equivalently, p € (0, @] We define the Laplacian
matrix for a complete graph of 3 nodes as: L, = L], L, 1 =0, and fori < j, Ly(i,j) =al{i =1, j =2} —1.
We then set W, = I — %La. Due to HWl — 11T/3|| = % > @ and HWO -1 lT/3H = 0, there exists an

a € (0,1) such that HWa -1 lT/3H = p. In this case, we have

3-v5 1
2 JI—p

de=12>

Therefore, for any p € (0,1), there exists a communication matrix W satisfying Assumption with
W -1 1T/mH = p, such that the number of communication rounds required to obtain f(Z) — f(z*) < e is

B s
o s (M) )

B ADDITIONAL NUMERICAL RESULTS

This section complements Sec. [4] of the main paper, providing additional numerical results and details on
the experiments presented therein. Specifically, we consider the following problems and data sets:

e Sec. studies hinge-loss minimization on MNIST (Deng] 2012) and HIGGS (Chang and Lin, 2011} from
LIBSVM) datasets;

o Sec. considers logistic regression problems on the SUSY dataset (Chang and Lin, [2011} from LIBSVM).



Ye Tian*, Gesualdo Scutari*, Tianyu Cao*, Alexander Gasnikov'

B.1 Setting and Algorithm Tuning

The setting of the experiments is the same as the one described in Sec. [d] expect of course for the instance
of (]ED

The tuning of the simulated algorithms follows the instructions as in the associated papers. To set the free
parameters, an estimate of the smoothness constants L;’s and strong-convexity constants p;’s is needed. We
use the following bounds for the hinge and logistic losses. In both cases, the local losses have the following

structure:
1 ) ) A N
NIRRT
j=1

where a{ € R? are the feature vectors and bg € {—1,1} are the associated labels. The Hessian matrix of f; is
1 <& ) .
2 " 2
@) = = S0 (8] (w,al)) (0% A,
V) = 5 3 (o () 01 el +

where ¢ denotes the second derivative of the loss £ : R — R. Under the assumption that ¢ < C,,
1 n
M <V =Y Co(b])?al( M £
o) % 5 Y CPal el +

In particular, Cy = 1 for the smooth hinge loss and Cy = 1/4 for the logistic loss.

Based on H; above, we use \ as estimate of y; and the largest eigenvalue of H; as that of L;. Furthermore,
for the smooth constant L of the average loss f we use the overestimate L £ % Zz";l L; > L; and for 8 we

use B £ maxie[m] ||I_IZ m Zz 1 H H

The other tuning of the algorithms is as follows:

e ACC-SONATA-F: The inner iterations 7" of SONATA-F and SONATA-L are set to % -log ﬁ—‘ and {log g—‘,

respectively;
Limnx W :
m 3

- . ; ; Lmx |.
e ACC-EXTRA: the number inner loops is set to [ 50=7) log #(17;;)—"

Er/ 1t/ Linx

e APM-C: the number of inner loops is set to T} = {100(\/1?#)-‘ ;

e Mudag: the number of inner loops is set to [5\/%

e QOPAPC: This is a single-loop distributed algorithm and all parameters are set according to the instructions
in [Kovalev et al.| (2020)).

Whenever the subproblems of the agents do not have a closed form solution, the gradient algorithm is
employed, and terminated when an accuracy of 10710 is reached on the Euclidean distance between variables
of two consecutive iterations.

We are now ready to describe our experiments.

B.2 Hinge Loss Minimization

Consider the following instance of (]ED:

we@dézii@s@?@a}) f|| 17,
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where /£, is the smooth hinge loss, defined as:

0 t> 1,
1 2

s(t) = 5(75— 1)* tel0,1],
1
- —1 t .
5 <0

We consider two datasets for the above problem, namely the MNIST and the HIGGS. We use the label 1 for
images of digit 4 and —1 for the others. Results are summarized in Fig. [3| (MNIST) and Fig. 4| (HIGGS).

Specifically, Fig. 3| (resp. Fig. —left-panel plots the optimality gap % S ok — 2op||? versus the total
number of communications, achieved by the different algorithms, where x;, is the optimal solution of the
problem (estimated running the gradient algorithm up to a precision of 1078 on the norm gradient). In the
mid-panel, we plot the number of communications to drive the optimality gap below 10~ versus the total
sample size; we consider four sizes, namely: 1.8 x 104, 3 x 10, 4.8 x 10 and 6 x 10* for the MNIST dataset
and 1.2 x 10°, 2.4 x 10°, 4.8 x 10° and 9 x 10° for the HIGGS dataset. The righ-panel shows the same results
for ACC-SONATA and OPAPC on a re-scaled y-axes, to highlight the decreasing number of communications with
the local sample size. These results confirm that ACC-SONATA-F and OPAPC consistently outperform the other
methods. Notice that, differently ACC-SONATA, OPAPC is applicable only to smooth, unconstrained instances
of (P) (i.e., with r = 0).

N =18000 \=0.1 x10% A=0.1 A=0.1
0 o 2 o 500
10 * OPAPC 2] 2] * OPAPC
—APMC S S ACC-SONATA-F
—Mudag IS ® 450
a —AccEXTRA 1.5 Q
s, —Acc-SONATA-L S S
- Acc-SONATA-F c —_— £ 400
= IS IS
g10) 8 8
£ = + 350
5 2 5
[ (5]
2 0.5 2200
1S 1S
2 2 ¢ ° ° ¢
104 0 < £ < = 250
0 1000 2000 3000 2 3 4 5 6 2 3 4 5 6
Communication cost Total data size < 10* Total data size x10%

Figure 3: Hinge loss minimization, MNIST dataset. (left panel): optimality gap versus total number of communica-
tions; (mid panel): number of communications to reach a precision of 10™* versus (total) sample; (right panel):
the mid panel on a different scale of the y-axes.

N =120000 \=0.05 A= 0.05 A=0.05
1 T OPAPG 10000 o 90
2 2
—APMC o 230
107" —Mudag ‘T 8000 S
o — AcCEXTRA ks} 2
g —Acc-SONATA-L S S 70
= - Acc-SONATA-F £ 6000 £
=10 g £ 60
< 8 8
£ = 4000 =
o 50
SRT 3 8
1S 2000 £ 40
= ¢ Ld L2 L4 >
= =
104 \ O —— . 30
0 1000 2000 3000 0 2 4 6 8 10 0 2 4 6 8 10
Communication cost Total data size x10° Total data size  «10°

Figure 4: Hinge loss minimization, HIGGS dataset. (left panel): optimality gap versus total number of communica-
tions; (mid panel): number of communications to reach a precision of 10™* versus (total) sample; (right panel):
the mid panel on a different scale of the y-axes.
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N =90000 X=0.01 A= 0.01 A=0.01
«» 12000 » 200
5 5
10° = 10000 = o ° ¢ M
o Q .© 150
g S 8000 s
= £ £
E , g 6000 % 100
=107 OPAPC — —
Q ;AF’MC 8 4000 S
o —Mudag 2 8 50
AccEXTRA £ 2000 IS
— Acc-SONATA-L S S * OPAPC
104 Acc-SONATA-F =z ol—e o . o Z  lzaccsonatar
(o] 1000 2000 3000 0 2 4 6 0 2 4 6
Communication cost Total data size «10° Total data size x10°

Figure 5: Logistic regression, SUSY dataset. (left panel): optimality gap versus total number of communications;
(mid panel): number of communications to reach a precision of 10™* versus (total) sample; (right panel): the mid
panel on a different scale of the y-axes.

B.3 Logistic Regression

We consider here a logistic regression problem on SUSY dataset:

m

s A5 IS 0 () St o

where £, = log(1 + e7%).

Fig. [5|(left-panel) is a plot of optimality gap = > 7", [l&¥ — zp|* versus total number of communications.
In the mid-panel, we plot the number of communications to obtain optimality gap 10~* versus the size of
total data samples, namely: 9 x 10%, 1.5 x 10°, 2.4 x 10° and 6 x 10°. The righ-panel shows the same results
for ACC-SONATA and OPAPC on a re-scaled y-axes. Consistently with the other results, also for this class of
(nonquadratic) problems, ACC-SONATA and OPAPC exhibit favorable performance.

C PROOF OF THEOREM {4 AND THEOREM [l

C.1 Sketch of the Proof

As discussed in Sec. [3| [see (S.1)" and (S.2)’], ACC-SONATA can be interpreted as an accelerated version of
the inexact proximal point algorithm. The challenge here is finding a suitable notion of inexactness for
proximal operations that captures all consensus errors (on x,y, z-variables) while being implementable in
the distributed setting and, at the same time, retains (for the outer loop) the convergence rate, a, of the
exact accelerated proximal method. Our path towards this goal consists in the following two steps:

o Step 1 (inexactness and outer-loop convergence): We introduce an inner termination condition
for the SONATA algorithm [see , Sec. , serving as inexact notion of approximate proximal solution.
This criterion hinges on a proper potential function controlling the decrease of the optimality gap up to
consensus/tracking errors. Roughly speaking, this quantifies the amount of errors in the minimization
of uy [see @] that can be tolerated to preserve the convergence of the outer loop at the desired rate

o= ﬁ. Convergence of the outer loop at such a rate is established by introducing a proper potential

function [see , Sec.|C.2]. Such a potential function certifies linear convergence of the optimality gap

1 & 1 & 2
A(xk) = max (m ;u(xf) —u*, - ; fo — ackH >

at rate . In the setting of Theorem [ (i.e., 6 = 8 — ) and Theorem [5| (i.e., 6 = L — p1), o reads

a:\/g and a= %, (17)



Acceleration in Distributed Optimization under Similarity

respectively.

o Step 2 (inner-loop convergence): We introduce a refined analysis of the SONATA algorithm based
on a new potential function certifying that the inner termination criterion defined in Step 1 is met in
T = O(1) number of iterations.

Combining Step 1 and Step 2, we can then conclude that ACC-SONATA achieves an e-solution of Problem

in
. ) ) ) (5( ﬂlogl), if § = 8 — p (Theorem [M),
_ V 5
O(Tlogg)—(’)( log )- H
a _
O <\/E log 1> , if 6 = L — p (Theorem [l),
€

total number of communications. The formal proof of Step 1 and Step 2 is given in Sec. [C.2] and Sec. [C.3]
respectively.

(67 3

Notation: Before detailing the two steps, we introduce some notation used throughout the proofs. For each
i € [m], we denote by :Cf’t and yf " the decision variable and tracking variable of agent i after t =0,...,T—1
inner iterations in the k-th outer iteration, respectively. Clearly, it must be

kO _ _k k0 _ Kk k—1 k kT _ | k+1 kT _ . k+1
T, =Ty, Y —yi—i—é(zi —zi), x, =x;", and Yy =y

Furthermore, we define

A . . .
z* 2 argminu(z), " =argminug(z), wf = min u(z).
z€R z€R? zER?
For any vector z = [z{,...,z,.]T, we use T to denote the average of its d-dimensional blocks z;’s, that is,

r—= LS o
T =5 e Tie
. . . . kit ket
Consensus and tracking errors associated with the iterates z;* and y; " are defined as

2 1 2 1
:m%%\ =

i€[m)]

2 2
ket kit kit kit kit oyt
le - H and ‘yL Y, — % H , (18)

respectively.

C.2 Step 1: Inexactness and Outer Loop Convergence

Our inexact notion of approximate proximal solution of the minimization of uy [see @] is defined in terms
of the (average) optimality gap,

1
k.t A j: k,t *
’ —_ -) k—ol-.- t—o ..-T 19
g (uk(ml )—uk), s 1y , y gLy ( )

i=1
and the consensus and tracking errors , captured by

k.t

k.t A 2 k,t 2
ot 2 e |lzh H +ey ||yt H . k=0,1,...,t=0,....T, (20)

where ¢, c, > 0 are suitably defined universal constants. Specifically, under the following event
gPT 4T <FH1 p=0,1,..., (21)

with {€*} being a suitably defined geometrically-vanishing positive sequence, we establish linear decay of the
following potential function along the outer-loop iterates of ACC-SONATA:

Pk 2 liq:(u(:ck)—u*) —I—li
m J m e~

j=1

2
1

k— k— -

R T I S R IR =)

=
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1,7

where we set e” ' = ¢, ||y(j_||2 and m;l =0, Vi.

In Step 2 we will show that can be met by running SONATA for 7' = O(1) iterations.

Proposition 8. Consider problem (P|) under Assumption | with optimal objective value uw*. Let
{(acf,z:Z )icim]} be the sequence generated by ACC-SONATA under , with error sequence € = PY (1 — ca)k,
k=1,..., where c is any given constant in (0,1). Then, the potentzal function P* in (@) satisfies:

PF < P°(1—c-a)F, (23)
with
2+ /c1)? 6§ 3(1—ca)?+5—-4
Cy = 2+ 612) and 01:1_’_72( ca) co (24)
l—c o Cy (1 — COL)2
( lca _ 1) (1-a)
Therefore,

(;Z *»;Zﬂwf—w’“HQ)=0(<1—c-a>‘“).
=1 i=1

Proof. We provide a constructive proof for the choice of the error sequence €* in (21)) and potential function

, yielding .

Using the definition of uy, we have: for all z; € domr,

1 & k+1 1 & k+1 k41 k|2 ey | k1l kT J k+1 k2
E;u(xj ):E;uk“ 2m2z||x " S ke e _W;ij -7 ||
1 & T 2 1 2
< E; <Uk($y) T o ||:EJ —ka’*H > et BT w; ||az:§+1 —zzkH
1 — 1 pu+4 LRI 18N u+6
- ;;%(%) T e S e - S et
BT 3 i
1 « 1 +6 1 +6
ZEZ“(%HmZgH%—Z,‘“HQ ZM oy — 51| + mZ“ |l — 241
j=1 ij gt J=1
I & p+6 2 ] 2
ey T S ek |

1 ¢ e 2, 0 N~ [ 1 k(|2 TR S TSR ROt
== ulw) =5 o=+ o= (=D Ml = = ey — 2T Y[ - A
j=1 Jj=1 =1 =1

D I R B D N A

m 4 2
Jj=1
1 & m i
< Y ule) = g 3l -+ Z<x3 b1 g k)
Jj=1 j=1

1 m
- 7Z(N+ 5) <Ij o I?+1’x§+l - xk+1,*> +€k+1 . Bk’T.
m
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Setting z; = x*, j € [m], leads to

1 - 2k R 12, 90 k1 ok P
o) 1 1 1_ =
—> ulay” *—fmZ —ay T D (e et = 2
Jj=1 - Jj=1 Jj=1 (25)
%Z (1 +6) a:?“, ;c+1 k+1,*> Lokt kT
Similarly, setting z; = x;“ , we have
IS 2k 1 ¢ RS 12, 0 N k k
o) 1 k 1 1k
— > uley ™) <> Sl *Tnz —ay T Y (e e = 2
Jj=1 Jj=1 j=1 j=1

m (26)
1
-— Z(“ + ) <xf _ w§+1 §+1 k+1,*> 4+ bt kT

Define the optimality gap at the beginning of the k-th outer iteration, pertaining to the minimization of the
original objective function u(z) as:
1 m
kA k
= — u(xy) —
prE ;ﬂ (z)

Then, multiplying by a and by (1 — «), and suming the obtained equations, yields

2 (1 —a)u = 2
PGS et O St
j=1

5 — _
+ 23 (" + (1 - a)af — okt gkt - 2F)

J
5 m
_pt Z <ax . a)xf xf“, §+1 k+17*> PSS BN &

(27)

ol — 2 1—a)p & 2 0 2
R P G 2 o -9 Il [l
j=1 j=1

+ %Z@zx* +(1 —a)x? -z f“ 2k>

j=1
m
p+o ko gkl gkl kel k+1 kT
_TZ@M + (1 —a)zj — 2", 2] )+t — et
j=1

The above is an approximate descent on p*, up to the error term e*t! — e*7 and the two inner-product

terms. We proceed working first on the term (az* + (1 — a)x? - z*, x?“ — z"). Define
1
vf L gkl a(ajk —zhh.
We have

1 1 1 1
k+ k k+ k k k k+ k
v, 1—xj+f(mj 1—xj)—<1—>mj+zj+(xj 1—zj)

14+« 1

_ ok k k+1 _ _k

=azj + 5 (2 — j) (1+a)z +21: + = ( - 2;)
1+ _ 1

= az} +T(Zj —x?)—&—(l—a)x? 1+a(x§+1—zf)

1 1
=azf + (1 —a)v) + a(x?“ —2f) = a4+ (1 - a)of + (oz - a) (2t =2k,
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As byproduct of the above derivation, we also have

asf + (1= o = = (& - (1— a)a})

.

Therefore,

K 112 s pu(1 2 )
5 ||U;,C+1 —x H Ha(EkJrl + (]_ — a)v;? _ x*H + 5 (a _ O[) ka+1 k”

1
+u ( - a) <OzIk+1 +(1- Oz)’t);c — " xk'H ’.“>

K 2 u (1l 2 1 )
=5 |azh ™ + (1 — )} — | + 5 (a —a> [ k“ Y < —a) o [|h = 25|

1
+ p ( —a) (azh + (1 — )k — a*, a1 — 2k)

(1-—a)u au 2 5+2ﬂ5 9
< e =t S e - g e - A

1
+£ ( —a) <zf—(1—a)xf—aac* bt — 2k

o\« ] J
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Combining and , we obtain the decay of the potential function P* defined in :

1 o= pt 2
Pkl :pk:+1 + EZE Hv;cﬂ 71,*” 4 kT

j=1
<(1-a) (pk+;zg|\vf—x*r|2) e (R R A D)
ptd 2 1 — 2
+<” 2 M+5)m2| AR k”
j=1
<0

+ %Z (<z;C - Zk,xfﬂ — Y+ (1-a) <zf - zk,xf — ) — Hz]k - 2k|‘2)

J
5 m
s Z <ax* (- a)xf _ x;;Jrl) §+1 k+1,*> 4kt

<(1-a) pk+%zg”v§“ xH)-i—j%Z (1-a) z —zk,x? ik>—<z§“—2k,x§+1—ik+l>)
j=1

=1
_uto N {az* — avf“,xfﬂ - xk+1’*> + ek tt
m
1 & U 2 5a
<(1-a) p’“+EZ§|Iv§“—x*H + et ok 2L
=1

—Ppk

B S L AT
<) Pt 1 L (et 4 () o) @ ek + (- )

+a mJ zux*—vf*ﬂ;Zumfﬂ—xkﬂ’*uﬁekﬂ
j=1

<m0 P (G et (§ e ) o+ = o)

m

R J 3 ot~ VT

We proceed now to bound g7 and the consensus error terms by ¢**!. For the former we readily have
gt T < e+l due to (21)). For the latter, we choose {€*} as

ekJrléek“‘(l—coz)7 k=0,1,..., (29)

where ¢ is any constant in (0,1) and € is to be determined; and use e®7 < e¥*! for any k = 0,1... (still

due to (21))). We can write

P+l <(1- a)Pk + \/@$ %Z Hx* _ v}““HQ -V ek+1 _|_Cl€k+1

j=1
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where 3( )2

0 25(1—ca)*+5—4dca
=1+ —2

“ +cz (1—ca)?

Define \* £ (1 — a)*; we have

Pk+1 1 m ) ,7€/€+1 Ek-‘rl
N = /\k + vor m Zl Hx* - v;ﬁl” L tc 1N+
=

BHL o kel T,ue L 5
<P0+C Zﬁ—i_z %ZH.’I?*—U?JFIH.
=1

Introducing the following quantities:

~k A 14 1 & . 2 ks ek 4 ke po k ot
vt = INF EZH%‘_‘T || , a4 = NE an £ +612§7
Jj=1 -

(30) can be rewritten as

Using we can invoke (Hongzhou et all|2015, Lemma A.10) and conclude

k k
Sk—l—Zat@t < (vSk—l—Zat)
=1 =1

2

This, together with 7 yields

k 2
Pr <y <@+Zat> D <W+ (o4 ven Z\K)

Choosing € = P?, resulting in ¥ = P (1 — ¢ a)* [cf. (29)], leads to the desired result:
P¥ <y PP (1 —c- )kt

with

(2+\/c7)2

W) 00

Cy =

C.3 Step 2: SONATA and Inner-Loop Convergence

(30)

(31)

(33)

Given Proposition [§ to complete the proof of Theorem [] and Theorem [5, we need to show that the error
condition is satisfied if SONATA runs for T = O(1) iterations; the explicit expression of T depends on
the specific setting considered for the algorithm, and it is different for the one specified in Theorem [ and in

Theorem [5} the two cases are studied separately in Sec. and Sec. respectively.

To control the number of calls of SONATA we need to bound g*© 4 e*:0

, which is done in the following lemma.

Lemma 9. Instate the setting of Proposition@. Fork > 1, if g* VT 4 eF~LT < €8 then the following holds:

g™+ < PO (201 —c-a)f + max L,Qcy 72—5202(1—0(1)’“_1 .
B pto 7)) p

(34)
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Proof. Since
m 2

1 2

k,0 k0 _ k k,0 k,0

g0 +e —7%§£@A%)—%)+% 0|+ o)
=

b

we begin bounding % iy (uk(xf) — uz) Postponing the proof to the end of this section, we show that
the following holds

52

_ & —k—1112
—Zl ) ) — uf < 2P — 2eF 1’T—|—m”zk—zk T (35)

Therefore, we can write

000 @ oo g T P ke, [ 20, (0 -
1 2
< 26" 4+ max ( 2cy> Z Hz ’?71”
'u+ ze[m]
k 1 7252 P*
SQE +maX (M,2cy> Tm

1 7262
=P (21 —c-a)* — . 2¢, | — (1 —c- ’H).
(( c-a) —&—max(lu+6 cy> . ca(l—c-a)

It remains to show that holds. We prove it following similar ideas as in (Hongzhou et al., [2015|
Lemma B.1), with differences due to the distributed setting. Writing

5 m
k(&) = 1 0) = (a2) = s () = 5= 3 (o = 27 = o = 7 = o = 42— )
i=1

:(5< k_1—2k7x—z>,

we have
ug(f) — ug (zH)
= up_1 (o)) —up_ () 40 (2 = 2R 2l — 2R
_ Uk—1($§) _ uk_l(xk,*) + uk—l(xk’*) _ uk_l(xk+l,*) + 5<5k_1 _ Zk,]}f _ Z‘k+1’*>
+46 2 p _
< ukq(xf) . ukq(frk’*) _H . ka,* _xk-i-l,*H +5<Zk 1 zk7x§ . mk+1,*>'
Therefore,

LS (e — (@)

mi3 (36)
< b kLT _ p+o ka,* . mk+1,*H2 + 6 (Fk1 — gk gk — gkt
— b .

At the same time, it holds

2
§(2F1 = gk ghor _ ghtixy < lH' g Hx B xk+1,*||2 LA 0 ||Z Ek‘ 2’
2(p+9) (37)
u+5 2 52
5<Zk71 o 2]673—,;16 o > || =k k,*” 4 H—k 1 —kH

2(p+9)
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Combining and , leads to

- 2
771112_; (uk(xf) — uk(karl,*)) < b kLT 4 M(:_(S szq - Ek||2 i pto ij _ xk’*||2

m

8 el - 1
< —eFLT P sz - zkHz + — Z (kal(xf) — Uk—l(l'k’*))

i=1

2
< 2e" —2eFHT 4 L FF|T, fork > 1

52
el

C.3.1 Proof of Theorem [4]

We begin proving convergence of SONATA in the setting of Theorem [d}-we refer to such an instance of SONATA
as SONATA-F. Note that convergence established in [Sun et al.| (2022) is not directly applicable here. First,
there is a mismatch between the gradient tracking initialization therein and the one used in our setting.
Second, R-linear convergence of the optimality gap as in [Sun et al.| (2022) is not enough to certify that the
termination criterion is satisfied after a finite number of iterations T' = O(1). Our refined convergence
analysis of SONATA-F is stated in Lemma [I0] below.

Notice that, with § = 8 — p, we have that: (i) the objective function ug(z) is py, = S-similar and S-strongly
convex; and (ii) every fF(z) is Lyux = L + 28 — p smooth. By using the surrogates , SONATA-F takes
advantage of similarity and achieves linear convergence rate, scaling with O(5/py,) = O(1).

Lemma 10. Consider the minimization of uy(x) wherein 6 =  — u, running SONATA-F (initialized as in
ACC-SONATA). With

8(L+28 — )2 4
Cop = ———— Cy = 7
g 5
and the network connectivity p satisfying
1 26 —
)< B(28 — ) , (38)
4v/1785 (L + 28 — p)(L + 48 — p)
SONATA-F converges Q-linearly, that is,
Ritl | kit o 99 0 ki kit
gt et < (gP e (39)

34

Proof. The proof builds on some intermediate results in [Sun et al.| (2022); when recalled here, we use the
same notation as defined therein.

Consider (Sun et al., 2022, Proposition 3.4), and set therein €, = %(2,8 — p); we get

16 18
1) < — d 1 —.
o)< 7 ad (1) < 5o
Therefore,
16
kt+l o 20 kit kit
S TR T (40)

According to (Sun et all 2022, Proposition 3.5), we have
2 2 1 9
e o e

2 2 2 1
e T T R ] e
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which leads to

2 k,t
4me Ty

2 1
6” k.t 1
+ 60y m

2 2
S (RS M A

RIS Hd’“t”z) . (41)

(Sun et al.l [2022] Proposition 3.6) becomes

1 2 6 (48— p)* +4L2 3 kot |2
+ dk’t <= mx gk,t + ‘ Yy 42
w11 55— 27— w2 I 2
Combining , and leads to
gk,t+1 4 ekttt < (16 + pz 168L212nx (48 — N)2 + Z;L?nx) k.t
17 B (26 — )
9 2 L3 k,t
J— 21$ ot
NS )
It is not difficult to check that contraction of g®t + e** as in holds when p satisfies
15 15 2 26 — u)?
psmin| o 2122, \/571§L2 (45 (—i)Z i)4L2
34 <3 —+ (2ﬂ—u)2> mx mx
A sufficient condition for that is . O

Invoking Lemma [9] the number of inner iterations needed for to hold, for any k = 1,2,..., can be
bounded as

[ g"0+ €07 B9 Po (2(1 —c-a)lf+ WQ (1—c- a)kﬂ)
s Ekﬂ—‘ = |3l PO(1—c-a)ktl
i 2(1*C'O‘)+W02
= |34 log 1—c o)
i 2
24 14 B-mB 3(1—c\/1/B)2+5—4c\/1u/B
= |34 log 2 576(8 — m)* S(L+25-p)” (1—c\/u/B)”

+ 2 2
L—c-\/u/B  pB(l—c-/u/B) (W_l> (1= /u/B)

=0 (logﬁ) .
I

For k = 0, due to ¢*° + %% < P° we have T = [34 log ﬁ—‘, which is smaller than the RHS in .

(43)

This, together with Proposition [§] completes the proof of Theorem [ O

C.3.2 Proof of Theorem [

We study now convergence of SONATA in the setting of Theorem [5}-we refer to such an instance as SONATA-L.

We begin noticing that, with § = L — i, we have the following properties for ux(x) and fF(z)’s: (i) ug(z) is
(2L — p)-smooth, S-similar and L-strongly convex; and (ii) every f¥(x) is Ly = 2L + 3 — j smooth. Hence,
when using the linearization surrogates (5]), SONATA-L achieves linear rate, scaling as O((2L —p)/L) = O(1).
We establish such a result below, following the same path as in the proof of Lemma [I0}
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Lemma 11. Consider the minimization of uy(x) wherein § = L — u, running SONATA-L (initialized as in
ACC-SONATA). With

o _O6QRL+B-p? 28
T L 9 Yy L 9
and the network connectivity p satisfying
L2
< , 44
P = 20V15 (2L — i+ B)? “
SONATA-L converges Q-linearly, that is,
gPtT Rt < 9 (gk,t +ek,t) .
10
Proof. We set €y in (Sun et all 2022, Proposition 3.4 ) as ey = Z; one gets therein o(1) < 3 and
n(1) < L. Therefore,
gk,t+1 < égk,t + lek,t. (45)
5 2
In addition, (Sun et al 2022, Proposition 3.6) becomes
1 2 6 (9 412 3 1|2
- dk,t < (2 mx k.t H k,t” ] 46
o 141 _L<4+(2L—u)2>g cTAmmel A (46)

Combining , and , leads to

4 L2 (9 412 1 L?
k,t+1 k,t+1 < = 1176 2 “mx e mx k,t = 2 8 3 21 mx k,t
g +e _(5+ P73 4+(2L*M)2 g+ 2—|-p max | 8, 3+ 7/1)2 e

A contraction on gt + ¥ is ensured choosing

< 1 2 1 1
p = mimn ) 2 ’ 9 2 2
s 28 Lis (9 4L3,,
2V5 A\l 5 (3 21 (2L_M)2) 1555 (1 n (QL_W)
The above is satisfied if p satisfies (44]). O

We can conclude the proof of Theorem[4] using Lemma [0 to determine the number of inner iterations needed
for to hold: for any £k =1,2,..., we have

kO o k0 21 —c- a) 4 0320L=p?
T< {10 loggel:_f-‘ < [10log ( (1)—0-04);# = O (logk). (47)

For k = 0, due to g*0 4 %0 < PV we have T = [10 log ﬁ—‘, which is smaller than the value of T in
for k > 1.

D ACC-SONATA OVER STAR-NETWORKS

In this section we customize ACC-SSONATA to the special setting of master /workers architectures. Specifically,
consider Problem (]ED over a star (unidirected) graph with m nodes, where one of them (the master node)
connects with all the others (workers). The workers still own only one function f; of the sum-cost f in (]ED
The application of ACC-SSONATA to such a setting boils down to customize the inner algorithm SONATA-we
use the instance in (Sun et al. [2022, Algorithm 3), which is reported in Algorithm [3| below (applied to
(]ED) for convenience. Note that the consensus step is now replaced by the exact average performed by
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the master node (see (S.4)), based upon reception of the local optimization variables from the workers.
Also, there is no need of the gradient-tracking mechanism, as the master node can directly broadcast to the
workers the aggregate gradient V f(2*). Notice that SONATA-star can be interpreted as a special instance
of SONATA described in Algorithm |1] (up to a proper initialization) if the weight matrix W therein is set to
W = [1,0m.m—1][1/m,0m m_1] T, whose associated p = |[W — 11T /m|| = 0.

Equipped with SONATA-star, ACC-SONATA-star reduces to Algorithm 4] below. Convergence as discussed
in the main text is a consequence of Theorem [4] and Theorem [5} Note that the condition of p is trivially
satisfied as p = 0.

Algorithm 3 SONATA-star({f;};c(n + (27)iem], T)
Input: {f’i(x)}ie[m]v r(x) [cf. ];

(22)ie[m) [initialization points],
T > 0 [# iterations];

Output: z7;

for k=0,1,2,....T —1 do

(8.1): Each worker i evaluates V f;(z¥) and sends it to the master node;
(S.2): The master broadcasts Vf(z*) = 1/m 3" | Vf;(2*) to the workers;
(S.3): Each worker ¢ computes
o2 L argmin fi(ws;ab) + (V%) = Vi) (e — o)+ r(),
ziERd

k+1/2

and sends z; to the master;

(S.4): The master computes the average

and sends it back to the workers.
end for

Algorithm 4 Accelerated SONATA-star

Input: 3, y1, 0 >0, a = \/p/(p + 9);
20 =20 = 0;

Output: =€

for k=0,1,2,..., K —1do

2

set:  fE@) = file) + 3 o — 24,

(S.1) Inner loop via SONATA-star:
zFt = SONATA—star( {ff}ie[m] , ak, T);

(S.2) Extrapolation step:
k+1 Rl g l -« (z5+1 — 2b).

-7 1+«

end for
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E SOLVING AGENTS’ SUBPROBLEMS INEXACTLY

There are applications wherein the local optimization problems in the Algorithm [I]

1~ argmin (ai) + (o = V) = ab) 100,
xr

do not have a closed-form solution or cannot be solved efficiently to arbitrary precision, especially when the
surrogate function is adopted. In this section, we discuss how to modify ACC-SONATA-F (and by-product
ACC-SONATA-L) to accommodate computations of inexact solutions of agents’ subproblems. We prove that,
by carefully choosing the inexact criterion for solving approximately the local optimization subproblems,
the communication complexity of the resulting inexact ACC-SONATA-F, termed Inexact ACC-SONATA-F (Al-
gorithm , matches that of ACC-SONATA-F as in @ (see Theorem . We also study the computational
complexity of Inexact-ACC-SONATA-F (see Theorem [13).

We begin introducing the inexact instance of the SONATA algorithm, termed Inexact- SONATA and

described in Algorlthm Notice the presence therein of an additional input sequence {gk b—p =

(5;“ )ic[m] } k:O (to be properly chosen), determining the accuracy the solution of the agents’ subproblems
(48) in (8.1) is estimated.

Algorithm 5 Inexact—SONATA({fi}ie[m] 20,90, T, {&* Z:_ol)
Input: {ﬁ( VWiepmy» (@) [t @D

€
)icim [1n1t1a11zat10n points],

0)

0

— (g0
y° (y
T>0[# iterations]

T-1
&
Output: 27 = (a] ic = Wi )icpmp’
for k=0,1,2,. T—ldo
(S.1) Local computations: for all ¢ € [m],

; Ze[m] [gradient-tracking initialization],

= {(&F Ze[m]} K0 [mexactness parameters];

7% ~ argmin uf (2) 2 fi(wsaf) + (v = VSilah),z — 2F) + r(a),
zER4 (48)
s.t. uf(i‘f“ﬂ) — min uf(z) < &F;
rcRd

(8.2) Communications: for all i € [m],

k+1 Z L2
Ii+ ’lUlj 3

P = S w0 + V) - V().

j=1

end for

Equipped with Inexact-SONATA Algorithm, the inexact version of Acc-SONATA is presented in Algorithm [6]
where in the inner loop is now invoked Inexact-SONATA.

The next theorem studies convergence of Inexact ACC-SONATA; we focus on Inexact ACC-SONATA-F,i.e., the
instance of Inexact ACC-SONATA using (4) as surrogate functions in the step (S.1) of Inexact SONATA. With
a properly chosen accuracy sequence, we show that Inexact ACC-SONATA-F inherits the same communication
complexity of its exact counterpart, ACC-SONATA-F.

Theorem 12. Consider problem (]ED under Assumption with optimal value function u* and B > p w.l.o.g..
Let {zF & (xf)ie[m]} be the sequence generated by the Algorithm |0l under Assumption@ with

pgo(<l+f~ml)2), (19)
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Algorithm 6 Inexact Accelerated SONATA

Input: B,,u,5>0 a—\/ﬂ/,LLJr(S {f’”}
B = 20 = 1= 0, yP = Vi(a)

Output: ¥ (fiK)Ze[ ]

for k=0,1,2,..., K —1do

Set: fF(z) = filz)+ 2 Hz—zkH
(S.1) Inner loop via SONATA:

(gclc+17 yk+1) — Inexact—SONATA( {ff}ie[m] , xk’ yk +6 (Zk—l _ Zk) LT, {gk,t}tT:—Ol);
(S.2) Extrapolation step:

1-—a
k k k .
ZE = gh T o a(x-"'lfxf), Vi € [m].

end for

and the following tuning:
k
s=6-u T=0logp/), &' =0((1-cVifB) (o/n). vie (50)

and agents’ surrogate functions ([4]) in ITnexact-SONATA. Recall the optimality gap A(x*) defined in ; then,

there holds A(mk) o <(1 B C\/g)k> |

where ¢ € (0,1) is some universal constant. Therefore, A(z%) <e, >0, in

O <\/E~T~log i) (51)

total (inner plus outer) communication steps.
Proof. See Appendix [E.I} O

As anticipated, the above result shows that if the subproblems are solved with increasing accuracy, as
specified by the decay of {¢¥t} in , the total number of communication steps (as in ) for Inexact
ACC-SONATA-F to reach an e-solution of (P) matches that of ACC-SONATA-F, despite the presence of compu-
tation errors. We discuss next the computation complexity of Inexact ACC-SONATA-F.

Suppose we use a solution method M to solve the local optimization ; and let T%* be the number of
iterations required by M to solve within the precision £¥* (at the inner iteration ¢ of the outer step k
of Inexact ACC-SONATA-F). Then, in the setting of Theorem the total number of steps taken by M for
A(z¥) < ¢ reads kK;Ol tT 01 Tkt We provide next an explicit expression of such a number when M is a
linearly convergent method.

A

Theorem 13. Let {z% = (2F);c m]} be the sequence generated by the Algomthm@ under Assumptzon@ in
the same setting of Theorem[I3 Suppose that M is such that

TRt — © (/W log 1/@“) :

for some kp > 1. Then, to reach A(z%) < e, e > 0, the total number of iterations taken by M reads

2
@) (nM ﬁ logé <log 1> ) . (52)
T €
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Proof. See Appendix O

We can make a bit more explicit depending on the choice of M. Note that the condition number of
uf(z) in (based on the surrogate () is

L L
— =1+ +ﬁ.
Hmn Zﬁ_,u

Therefore, if M is the proximal gradient algorithm with stepsize 2/ (imx + fimn), we have

L+p
26—’

o ((1 + m> g (1og i>2> (53)

number of total gradient evaluations/agent, while for M being the accelerated proximal gradient (with

nominal tuning), (52)) reads
(|, s+B/u B ( 1)2
(@) 1+ ——"— - -=-(log— 54
( 28/p—1 n 5% (54

number of total gradient evaluations, where @ hides log-factors.

kpm =1+

and thus becomes

E.1 Proof of Theorem [12 and Theorem [13]
E.1.1 Sketch of the Proof

The proof for Theorem [12] and Theorem [13]is organized in the following three steps:

Step 1: We first establish convergence for Inexact-SONATA. Specifically, we prove the connections among
the optimality measures and the consensus/tracking error in , and , in the presence of the
inexactness parameter ff’s;

Step 2: we show that by carefully choosing the inexactness parameters for every inner iteration of every

outer loop, the number of inner iterations can still be a constant as T'= O (log %), and finally

Step 3: combines the results in Step 1 and Step 2 to determine the overall communication and computa-
tional complexity of Inexact ACC-SONATA-F.

Basic definitions and notation. We begin introducing some definitions and basic facts that will be used
throughout the proof.

We denote by fi; and L; the strong convexity and smoothness constants of the surrogate function f;(e; k),
respectively. We define:

1 . -
gk £ — E u(xk) —u”, df £ jf+l/2 - xkv Tik £ Vf(a:f) - yzl‘ca fmn £ m[in} fis  Lnx £ m[aX] Li, (55)
1elm 1e|lm

r'm m

(2022), we know that there exist {Df, D¥};¢|n) such that

T T
and the concatenation of local variables d* £ [d’fT, o dk T} L [TfT,~~ , Tk T] . By |Sun et al.

DT =< V2 fi(x;y) — V2f(x) < DT, Va,y € RL

We denote D; £ max {|Df|, |D|}, Dux = maX;c(, Di, and Df,, £ min e, Dy.
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We will leverage the following basic facts on subdifferential calculus; see, e.g., |[Rockafellar| (1970). The
e-subdifferential of a convex function f, whit € > 0, is defined as

) E{g| fly) = (fx)—€e)+g" (y—a), Vy eR}.

A direct consequence of this definition is the following fact about e-minimizers, z., of f (assumed to be

convex and proper), i.e.,

Te: f(xe)—arcn]lgréf( z)<e & 0€0f(ze). (56)

If, in addition, f is also L-smooth, we have the following.

Lemma 14. Let f : R — R be convex and L-smooth. Then,
2
0cf(@) € { V(@) + x| INI* <2Lef. (57)
E.1.2 Step 1: Convergence Results of Inexact-SONATA
we present the convergence results of Inexact-SONATA to solve a general convex optimization problem

min u(z) 2 f(z) +r(z), )& = Z fi(z (58)

zER4

with f(z) being Y-strongly convex and L£-smooth. We use single time index (e)* to denote any variable (e)
at the iteration k of the Algorithm [5| To facilitate the discussion, we denote the smooth part of u(z) in

(@) as )
si(x) 2 filw;af) + (yi = Vilzi), @ —af),

and thus write
u; (x) = s} (z) + r(x).

Our first step is to establish an inexact descent property of u at each & ~k+1/ 2, as stated in the following
lemma, which can be deemed as a counterpart of (Sun et al., 2022, Lemma 3.1), in the presence of inexact
computations of the solutions of the subproblems in (S.1).

Lemma 15. Let {x¥} be the sequence generated by the Algorithm @ there holds

- X 1, 2 1 2 L
w(@y ) S u(@l) = 5 (fimn + Dby — 1 — ) [|dF T+ o [|7F|7 + (222 +1) €. (59)
2 2¢; €2
€1, €2 with €1 + €2 < flmn + Dﬁm are parameters to be determined.

Proof. At step (S.1), xk+1/2 is a £F-optimal solution of ming g« u¥(x). Using (56)), this implies that xk+1/2
satisfies

0 € Oer uf (#%) C O sF (@Y%) + Bpr r (3L TH2), (60)
Using (60), and the fact that s¥(x) is Li-smooth, we infer that there exists a x* € R? with
2 ~
(™ < 2Lag?, (61)

such that,
hY 2 Vsk(@ kH/Q) +xFe Der 54 Mz k+1/2) and — hY € e r(ﬁsf“m).

Therefore, for any x € R?, we have

r@) =@ g = (o - @ ) = (3 e VEGTT ) 4k - VAGRD +xE) . (62)
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Using with z = z¥ leads to
r(ak) = r@ ) gk = (db, VE@EET )+ = V) ) = (b, of + HEE+3E) (63)
with HF 2 [1 V2 (0252 4 (1 — )z¥; 2¥)dd. Then, we get
f(*’-““”) @ F )+ (V@) ) + (HEE, dF) = F@b) + (7F,db) + (o, df) + (R, d)
< @)+ (b ) + (HEE ) 4 r(ab) = r(@EY) = (R ) = () + €
< JA) + () — 3 (D4 ) [+ ) — (EE12) — () b

1
Sf(xf)—§(Df;n+ﬂmn)deH2+T($i) r@ 43 (e )+ et )

1 2
5 (ea a1+ 5™ EIP) + €

where in (a) we used the Taylor s formula with H’C = fo (1—- 9)V2f(0£f+1/2 + (1 —0)2¥)do; in (b), we upper
bound (y¥,d) through (63); and in (c), Hk —1 (D, + fimn) I, obtained by setting v = 1 in

2022, (32)). We obtain using O

Recalling the definition of the optimality gap g* as in and using and the convexity of u, we get

1 ~ 2 1 2 -Z/mx 1 =
9" < 6" = g (i + Dion — &1 = e2) ||| + o= ||+ (62 + 1) ;;ﬁ (64)

As second step, we derive below the lower bound of Hdk , which is the counterpart of (]Sun et al.L |2022|,
Lemma 3.2) when inexact solutions are allowed in agents’ subproblems.

Lemma 16. The following lower bound holds for HdkHz:

T

2 2 1 4L
e G L A (e

Proof. Applying with x = z* leads to

) igﬁ . (63)

r@®) = r@ ) el = (FT - o VRETY k) ok - Ok 4 xE) (66)
By the Y-strongly convexity of f, we have

T 2
w(@®) > u(E k+1/2) For(a) — T(jiy+1/2) <Vf( k+1/2) 2 j§+1/2> n * ’i‘fﬂ/?H

2 u(az?“/2>+<x*—ﬁ“ﬁwc&f*”% VAT ah) <y 4 VA ) 4 o e - e

2 @™ - 2T [V v + Vi - v Dt ’“2—5*“

R - [ e L e Y A P A (R I
@

Summing the inequalities over 4, and using the convexity of u(x) lead to the conclusion.

Combining and to cancel out Hdk 2,

and noticing that

1
L < azz ot



Acceleration in Distributed Optimization under Similarity

we obtain
1 m
g < oogh + o (4L2 ok [P+ 2 [yt ) +m — Dk, (68)
j=1
with
A 2Dr2nx N 1 +ﬂmn+Dﬁln_€l_62
00_2D1?nx+T(ﬂmn+Dr€1n7€17€2), L Tel DanX | ( )
- 69
A Ly T (lamn + Dﬁln — €1 — 62) 4Lfnx
On the other hand, we recall the following result on the consensus and tracking error from :
L [ 2 < 2 (2t I 6 ot + B ). (o)

Equipped with and , we proceed to bound HdkH2 as a function of the optimality gap ¢* and the
consensus/tracking error to close the loop. To this end, we give the following result, which is the counterpart
of (Sun et all [2022, Proposition 3.6) in the presence of inexact solutions.

Proposition 17. The following upper bound hold for HdkHQ:
1 2 2 N3 e
— @ |1” < org" +me [yl +7;JZ_;€§, (71)

with

Proof. Applying with = #* and invoking the optimality condition of z*, we get

K2

r(@t) =@ ) = (@ e VRET Rl o - Ve 4 xE) + e 2 0,

(Vfa), @ oty 4 r@ ) = @) 2 0
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Combining the above two, we get

0 < (VA@") —yf + VHileh) = V@ 2al) - xb e, & - o) 4
S< ffZVf] )+ Vfilak) — VR@EY2 20, ~f+1/2x*>

A A 5:’?“/2 || |z4+2 -
< (V1) = V() + Vfila) = Vilats k) - vf(k+u;%) dﬁuz_xﬁ

—k k| ||z#k+1/2 =ht+1/2
+ 17" =i | || z,

ale

_ 7va]

1
([ (502 + 0 0)at) 92500+ (1 - ko) (0" -

~k+1/2

zf) do, :EfH/Q - a:*>

(VA ah) - VRET ), -x*> T [ e
+ (;ZLJ' fo — xf”) ‘ji_cﬂ/z k+1/2 |+ et
j=1
< D; Hx* jfﬂ/z —x* ‘ — [l j;fﬂ/z _* + Hy —y! H jf+1/2 o
1 m
+ EZLi Hajf —J;f“ ‘£§+1/2 k+1/2 2 +§1k
j=1
2
D; . )
§2q1 szf—x || + Hy —yZH + ( ZL ||x kH) +Tq4HX§H

_k+1/2
xi+/ —

S

1 -
+ <2 (Digr + G2 + q3 + qa) — Mz‘)

Setting ¢; = %, Q2 =q3 = qq = % in the above and plugging in the following inequalities,

2
R R e 1 L
2
waﬁfé¥wﬁ%mfm
o = b < 2§ = + 2t "
we get
k 8D7 16L ok —k _ k% L6L12nxm ka2 S k2, 4k
e < (24 S+ 2500 ) ot S0t ot e S -+ St e

Using and summing the above over i € [m], we get

1 en2 2 3212, 8 1 py2 [ 16Lmy
ol < 3 (2 Sy B ) gy (0

772
Hinn

8D

4\ 1 <= 4
)y

Jj=1
O

Now we are ready to combine , and to obtain the contraction results for the Inexact-SONATA.
Beforehand, we notice that when Inexact-SONATA is adopted inside Algorithm [6] with § = 8 — p, the
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aforementioned parameters can be set as
T=3, Dupn=0 Dux=20, fum=28-p, Lux=L+28—p Lux=L+35-p

In addition, we choose
28 —p
YR

2 2
One can then easily check in , oo < 4 17, Mo < 17ﬁ Multiplying (70) by 172[5 and by %, and
combining the obtained inequalities with . 68)) yield

€] — €2 =

ot 28 e L2
178 176
16 1008 L2, p? 144L% 2, 12
< (g BB, ) g o Ml (14 167) ok 4 2 (14 607+ 12m) [T ()
1008 L2, p* \ 1 <=
+ (771 + 17;’””3) Ezgjk
j=1
Thus, with
9 ) B 8
p <m1n<2016Lr2nX01, 17(3+7L12nx772))’ (73)
we have
288L 288L12nx 2 144
kel e H 1” 175 H 1H < ( kg 75 ||95]i|| + — 175 H )+774Z€jk, (74)
where . 1008 1.2, p?
N =m+ T’?B-

E.1.3 Step 2: Inexact-SONATA as an Inner Algorithm in Inexact ACC-SONATA-F

In this section, we use double time index (#)*! to denote any variable () of Inexact SONATA in the ¢-th
inner iteration of the k-th outer iteration of the Algorithm@ Recalling the definition of P* in , we define

PO 16\t
kit a 1% .
2 [1—c,/= — ), forVie|m]|, k>0,t>0. 75

To comply with the notations in , we define

2 288L2 144
kit & k,t k,t . A mx A
(& tﬁc l‘L H +CyHyL ‘ 5 with CwﬁW and Cyﬁﬁ (76)
According to the discussion in Section [C.2] if one can guarantee
gt ePT < k=0,1,..., (77)

with ¥ £ PO (1 —c- )", then P* = O ((1 - c~a)k). By (74), we have

33 " 16\
k,t4+1 kit+l o 29 ( kit k,t PO (1= = — k> t>0.
g +e _34(9 + ") + < c 5) (17> , VE>0,12>0
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In particular, for a fixed k, applying the above telescopically on ¢ yields
kT T—t t

33 m 33 16

BT 4 b T < kO 4 ok0y L po(q_ K 29 10

g7 te (34) (677 +e2%) + “\p ; 34 17

33\ " k0 | k0 0 K RN 33\ " k0, k0 0 K ’
= (= ) 04 pof1—¢,/E =) )< (= , 0433P (1—c,/5) |.
(34> (g + et + c 3 ; 33 S g +er + c\/;

Therefore, according to Lemma |§|, for k > 1, the number of inner loops needed for can be bounded as

k
g0 4 ek 4 33 PO (1 " \/g)

T < |34 log s
P (2(1—c-a)k+576(575_“)202(1—004)’“’1+33(1—c-a)k)
< |34 log

PO(1—c-a)kt!

35(1 — ¢+ a) + T 3
= |34 log i—c a); =0 (log M) .

For k = 0, due to g%% 4+ ¢%0 < PY we have T = [34 log %—‘, which is smaller than the RHS of the above.

E.1.4 Step 3: Complexity of Inexact ACC-SONATA-F

The total number of computation steps taken by M as in Theorem [L3|can be readily obtained as follows:

K—-1T-1 K—-1T-1 Q K—-1T-1 17
ZZT’” MZZlog kt < /{MZZ<10g(PO>+klog( >+t10g16>
k=0 t=0 k=0 t=0 k=0 t=0
< Kkm <KTlog(%)+TIq];)10g(li )—i—KT(TZ_l)logiS).
Since K = O (\/glog %) and T'=0 (logg) , we have
-17-1 2
" ,%MKQT):(’) KMélogé <log1> .
k=0 t=0 K H <

In addition, the total communication complexity is K - T = O <\/§ -T -log %) .



	1 INTRODUCTION
	1.1 Contributions
	1.2 Related Works

	2 SETUP AND BACKGROUND
	2.1 Lower Complexity Bounds over Mesh Networks under Similarity
	2.2 A Building Block: SONATA Algorithm

	3 ACCELERATED SONATA
	3.1 Convergence Analysis

	4 NUMERICAL RESULTS
	A LOWER COMPLEXITY BOUNDS OVER MESH NETWORKS UNDER SIMILARITY
	B ADDITIONAL NUMERICAL RESULTS
	B.1 Setting and Algorithm Tuning
	B.2  Hinge Loss Minimization
	B.3 Logistic Regression

	C PROOF OF THEOREM 4 AND THEOREM 5
	C.1 Sketch of the Proof
	C.2 Step 1: Inexactness and Outer Loop Convergence
	C.3 Step 2: SONATA and Inner-Loop Convergence
	C.3.1 Proof of Theorem 4
	C.3.2 Proof of Theorem 5


	D ACC-SONATA OVER STAR-NETWORKS
	E SOLVING AGENTS' SUBPROBLEMS INEXACTLY
	E.1 Proof of Theorem 12 and Theorem 13
	E.1.1 Sketch of the Proof
	E.1.2 Step 1: Convergence Results of Inexact-SONATA
	E.1.3 Step 2: Inexact-SONATA as an Inner Algorithm in Inexact ACC-SONATA-F
	E.1.4 Step 3: Complexity of Inexact ACC-SONATA-F



