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Multimarginal Optimal Transport by
Accelerated Alternating Minimization

Nazarii Tupitsa, Pavel Dvurechensky, Alexander Gasnikov, César A. Uribe

Abstract— We study multimarginal optimal transport (MOT)
problems, which include, as a particular case, the Wasser-
stein barycenter problem. In MOT problems, one has to find
an optimal coupling between m probability measures, which
amounts to finding a tensor of order m. We propose a method
based on accelerated alternating minimization and estimate the
complexity to find an approximate solution. We use entropic
regularization with a sufficiently small regularization parameter
and apply accelerated alternating minimization to the dual
problem. A novel primal-dual analysis is used to reconstruct the
approximately optimal coupling tensor. Our algorithm exhibits
a better computational complexity than the state-of-the-art
methods for some regimes of the problem parameters.

I. INTRODUCTION

Optimal transport (OT) has gained increasing interest in
recent years from its broad range of applications ranging
from medical image processing [1], machine learning [2],
graph-theory [3], control theory [4], among many others.
Fundamentally, many of these applications require the com-
parison and quantification of distances between probability
distributions [5]. In Kantorovich formulation, the OT problem
seeks to minimize

J‘ C(xlv"' ,.Tm)dﬂ'(l‘l,"' ,SC”L),
My XX My,

over the set II(py.- -+, py,) of positive joint measures 7 on
the product space M x - - - M,,, whose marginals are the py,’s,
where p1. - - -, Py, (marginals) is a set of probability measures
on smooth manifolds M;, ..., M,,, and ¢(z1, -+ , %) is a
cost function [6].
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Although the OT problem formulation is mathematically
precise, see, for example, the seminal monograph by Vil-
lani [7], and references therein, its translation to practical
applications heavily depends on the availability of computa-
tionally attractive methods. Many of the OT related problems
are computationally intense, and much effort has been put into
analyzing the underlying complexity of such problems [8]-
[11].
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Fig. 1. A visual representation of the multimarginal optimal transport
problem for m = 2 and m = 3. When m = 2, the transport plan defines the
optimal cost of moving p; into p2. For discrete distributions this corresponds
to a matrix with marginals p; and p2. When m = 3, in the discrete case
is, the transport plan is a three dimensional tensor, whose marginals are p1,
p2, and p3.

Classically, OT has been studied for quantifying distances
between two probability distributions (i.e., m = 2) for which
theory is fairly well understood [7], [12], [13]. However, for
m = 3, i.e., the multimarginal optimal transport (MOT)
problem, much less is known, even though such regime
has been recently shown useful for many applications, like
tomographic image reconstruction [14], generative adversar-
ial networks [15], economics [16], and density functional
theory [17]. Figure [I] shows a visual representation of the
MOT problem for m = 3. See [6] for a recent survey of
fundamental theoretical formulations and applications of the
MOT problem.

Computational aspects of the MOT problem were studied
in [18], where an Iterative Bregman Projections algorithm was
proposed for this problem, yet without complexity analysis.
It was also pointed out that the MOT problem can be applied
to calculate the barycenter of m measures without fixing the
barycenter’s support. In [19], the authors propose and analyze
the complexity of two algorithms for the MOT problem. We
follow [19] by using the entropy regularization approach as
well [20].

In this paper, we develop an algorithm for the computa-
tion of approximate solutions for the MOT problem using
recently developed methods of alternating minimization. Our
contributions are three-fold:

« We develop a novel algorithm for the approximate com-
putation of MOT maps based on accelerated alternating



minimization algorithm.

o We formally prove the computational complexity of
the proposed algorithm. We show that the proposed
algorithm has an iteration complexity O (m?n'/2/e),
and a computational complexity of O (m>n™+/2/e)
arithmetic operations. Our result indicates an upper ex-
ponential bound for the Wasserstein barycenter problem’s
complexity with free support, which is known to be a
non-convex optimization problem.

« We show that in some regimes of the MOT problem
parameters m (number of distributions), n (dimension of
the distributions), and ¢ (desired accuracy), the proposed
algorithm has better iteration complexity in comparison
with existing methods.

This paper is organized as follows. Section LI presents the
problem formulation and the dual aspects of the OT problem.
Section [[II| contains the algorithm design methodology and
the theoretical primal-dual analysis required for the establish-
ment of the algorithmic complexity. Section [V] shows some
preliminary experiments. Section discusses the specific
computational complexity results. Finally. Section [VI| presents
the conclusions and future work.

II. THE ENTROPY REGULARIZED MOT PROBLEM
In what follows, A"™ denotes the probability sim-

plex in R}: A" = {u e RY} 1Ju = 1}. For
a tensor A = (A4;, .. ,) € RMXX"m  we write
|Alle = maxi<, <n; vkef1,...m} [Air,...in| and [A]1 =
L <ip<ny Vhell,....m} |A;, ...i.. |, and denote by py(A) € R"*
its k-th marginal for k € {1,..., m} where each component
is defined as
[pe(A)]; = D A i

1<i; <ng,Vi#k

For two tensors of the same dimension, we denote the
Frobenius inner product of A and B by

(A,B) = 2 Air i Bi i,

1<ip<ng,Vke{l,...,m}

The MOT problem between m > 2 discrete probability
distributions with n support pointsﬂ has the following form:

(C,X), )

min
X(E]RKX”'X”7 pi(X)=pr, Vke{l,...,m}
where X denotes a multimarginal transportation plan and
C e R**™ is a cost tensor. For all k € {1,...,m}, a
vector py = (pk;) is given as a probability vector in A™.

The MOT problem is a linear program with mn equality
constraints, and n”" variables and inequality constraints. When
m = 2, the MOT problem reduces to the classical OT
problem [7].

In the general case of m measures, one of the applications
of MOT is grid-free Wasserstein barycenter computation [18].
Despite the linear programming (LP) formulation being in its
standard form, the problem’s dimension, which is exponential

!For simplicity we consider same cardinality of the support set for each
distribution. This can be extended for general case.

in m, does not allow the use of standard LP solvers such
as interior-point methods [21], [22]. Next, we describe how
to apply the entropic regularization approach so ameliorate
such computational requirements.

Following [18], [20] , we consider a regularized version
of (1), in which we add an entropic penalty to the multi-
marginal transportation plan. The resulting problem has the
following form:

min F(X):={(C,X)—~vH(X),
XeRiX,.,Xn,
pi(X)=pr, Vke{l,...,m}
i Ni1snim =1 1SS0

2)
where v > 0 is the regularization parameter, and H(X) is
the entropic regularization term: H(X) = —{(X,log(X)).
Here logarithm of a tensor should be understood as
component-wise. We underline that we add a constraint
that X belongs to probability simplex of the size n™. This
constraint is a corollary of the fact that all the vectors py,
k =1,...,m belong to A™. Adding this constraint does not
change the problem’s solution, but it is crucial to obtain a
dual optimization problem to have a Lipschitz-continuous
gradient. The reason for the latter is that entropy is strongly
convex on the probability simplex w.r.t. the 1-norm.

The next lemma shows that the entropy regularized MOT
problem has a closed-form dual representation that we can
exploit for developing computationally efficient approaches.

Lemma 1. The dual problem formulation of the entropy
regularized MOT problem @) is defined as maxy ¢(A), where

d(A) :=
% A 7 Cz %
_”lln 5 exp{_z[k]k 1}
i1,eeeyim =1 v
1<ij<n
1<jsm

1 m
+14+- > A{pk]. 3)
’yk:=1

Moreover, the primal variable can computed as

m
[Me]iy, Ciy..im
exp (_ Z Tk - 1#
Xiy i () = — )
Loetm & [Meliy, Ciy. ip
2oexpy— > k- =
i1sivim h=1
1<js<m

— Ak % the dual

Finally, with the change of variable uj, = >

problem becomes

ml}n o(U) = d(ur, ..., up). 4)
where U = (uf'| ... ul)T e R™",

All the proofs of this paper can be found in [23].

Proof. We introduce dual variables A; € R"™ for 7 €
{1,...,m} and define the Lagrangian function as follows:



L(X>A’M) = <07X>+7<Xa10g<X)>

+ D0 AL (i(X)
k=1

- pk) + Z Xi1mim - M, (6)

ilv---aiWL
1<ij<n
1<jsm
where A = (AT, A1) e R™™,

unconstrained problem

and formulate the dual

max max min L(X, A, p).
AeR™™ peR XER”

Taking the derivative with respect to X;, ;.
it to zero yields
oL
0Xi, i

and setting

(X A p)=Ciy i, + v+ ylog(Xi, i,,)

Z Ailiy + 1 =0. (7)
the solution of the above problem is
Xil...im (A,/,L) = exp ( Zk:l[ k] k

Therefore, we have

—Ciy iy — Y — N)
~

m

Z Nepk — i

By taking a derivative w.r.t © and setting it to zero we

have
S Xy (A p(A) —1=0.
11,-ylm
1S’L‘j§’ﬂ
1<jsm

From where we can express j(A) as

< Akip  Ciyi
exp{—'u} Z exp _Eﬂ_ﬂ_l =1,
,7 i1 yim k=1 ,7 7
1<71 2] <n
1<j<m
yielding the theorem’s statements.

As it is known [24], the objective in (3) has Lipschitz
continuous gradient. This follows from the fact that entropy
is strongly convex on the probability simplex. Since the
dual objective has Lipschitz gradient, we can use gradient-
type of methods to solve the dual problem and obtain the
corresponding complexity.

Finally, with the change of variable u; =
dual objective becomes

—2 L the
¥ m

d)(U) = ¢(U1, s ,’Z,Lm) =
m i m
vlln > eXp{Z[uk]ik - 1"} - UEpk],
L1 yeeeslm k=1 v k=1
léi]‘S’n
1<j<m

®)
where U = (uf,... ul)T e R™.
O

IIT. ALGORITHM DESIGN BASED ON THE ALTERNATING
MINIMIZATION APPROACH

In this section, we describe the proposed approach for
designing an algorithm to approximately solve the MOT
problem, based on an alternating minimization approach.

First, we introduce the tensor B(U) € R™" with elements

given as
Bi17~~~gim(u17"'7um) = exp Z[uk]%k —tutm )
k=1 v

and element-wise sum given as

E(U) = Z Bil _____ Z-m(ul,...

U1yt
1<ij<n,1<jsm

Moreover, it follows that the partial derivatives of the dual
function ¢ are

Cii
exXp {Z’]:;nzl[uk]ik _ %

1[ oo
5 [aug] ey S(U) ~lpely
1=m
_ [pi(z?(%))]n _ [pé]n~ )

Therefore, as shown in the next lemma, we obtain a
closed-form solution for alternating minimization of the dual
problem.

Lemma 2. The iterations
?Ll € argmin¢(utla e ,UZ,DU,U};JFD e 7’u’?m)a
ueR”
can be written explicitly as
ubtt = uf + Inpy — Inpr(BUY)),
or entry-wise as
[Uzﬂ]n = [Ui:]n + Infpe],; — ln[pk(B(Ut))]n. (10)

Proof. Consider the following tensor

1
Bl-ly___yim(uﬁ,.. ug 1,u2+ ugH,...,ufn)
exp{ t+1 15 + Z Zm}
k#E U
C

eXP[“?—l]” { ! .
= exp < [uglic + Z [uklin —
expluttl];
_ ol ic gty
explug]ic



and plug in the expression (I0) from the lemma statement

it t t41 t
Z Biy i (WD U U U gy Ugy)

i1a<.~~77;m
1<ij<n
1<j<m

_ t t t+1 t t
_Z Z Bil,-~~7im,(u17"'7uf—1au£ au§+17"'5um)

N 1yeylm
1<ij <n
1§,j<m
=N
t+1
eXP[“g In

exp [Ug] n

[Pely t _
2 By, P B =

[pe(B(U"))]

I
g =M

Next, we plug (10) in the optimality conditions 0[3(3] =0
n
and show that the conditions are satisfied

[pf]n =
Cii. . im
exp([ug 1) Y, 05 { Shpeluily, — “ |
LN
1<j]$m
_ ig=n
Zil,-;~7im Bil,‘..,im (uli, - 7u2717 uz_+17 u2+17 RN ufn)
1<ij<n
1<js<m
t+1 t C’il...im
= exp([ug ]y) Z exp Z [uf)in — o
< hEe
1<js<m
ig="n
[ut+1]7]
et (T0p [pely t
= B(U") = ——=—[pe(B(U"))],.
ATAY [pe(BO)], " !

ig';n
O

Lemma 2] implies that the dual objective ¢ can be explicitly
minimized in each of the m blocks of variables uy, k =
1, ...,m, suggesting to use alternating minimization algorithms
for the dual problem. Note that the nature of the Iterative
Bregman Projections algorithm [18] is different since it is an
alternating projection algorithm for the primal problem.

A. General Primal-Dual Accelerated Alternating Minimiza-
tion

In order to analyze the proposed algorithm, first we develop
a general framework for primal-dual accelerated alternating
minimization. We consider a general minimization problem

(P1) L oin, {f(z): Az = b},

where F is a finite-dimensional real vector space, () is a
simple closed convex set, A is a given linear operator from E
to some finite-dimensional real vector space H, b € H is given.
This problem template, in particular, covers Problem (2). The
Lagrange dual problem to Problem (P;) is

) -0+ (70 + AN )}

Here, we define A = H*. Note also that Problem (E])
is a particular case of this general dual template. It is
convenient to rewrite Problem (D7) in the equivalent form
of a minimization problem

() pin {o(N) = ) + mae (~1(0) — ATAD) |

Since f is convex, ¢(\) is a convex function. Thus, by
Danskin’s theorem (see e.g. [24]), its subgradient is

Veo(A) =b— Az(N), (11)
where z(\) is some solution of the convex problem
max (—f(x) = (ATA, 2)) . (12)
xTe

In what follows, we assume that ¢()\) is L-smooth and that
the dual problem (D) has a solution A* and there exist some
R > 0 such that |A*||s < R. We underline that the quantity
R will be used only in the convergence analysis, but not in
the algorithm itself.

To describe our algorithm we also need the following
notation. The set {1,..., N} of indices of the orthonormal
basis vectors {e;}Y, is divided into m disjoint subsets
(blocks) Iy, k € {1,...,m}. Let Sg(z) = = + span{e; :
1 € I}, ie. the affine subspace containing z and all the
points differing from x only over the block k.

The idea of the Algorithm [1]is to use greedy alternating
minimization steps in the dual and combine them with
momentum, as in Nesterov’s accelerated methods. This allows
us to obtain an accelerated convergence rate for the dual
problem. Further, we add a step which updates the primal
variable, which is our actual objective, since it corresponds
to the multimarginal transportation tensor.

Algorithm 1 Primal-Dual Accelerated Alternating Minimiza-
tion (PD-AAM)

1 Ag=ag=0,7"=¢"=6°=0,,,

2: for t > 0 do

3. Set B; = argmin p (p* + B(¢t — 1))

Be[0,1]
4 Setd' =n'+ B¢ —n)
5. Choose i; = argmax ||V;¢(0%)|3

ie{l,...,n}
6:  Set n'Tt = argmin ¢(n)
neSi, (6*)
7. Find largest a;y; from the quadratic equation
P0) — 5 L V()3 — (')
Z(Af + at+1) 2

Set At+1 = At + a¢41
Set (**1 = ¢t — apy1 Vi (61)

10 Set Tt = W, where z(6?) is the primal
variable reconstruction (Eq. in the case of MOT)

11: end for

Output: The points 21+1, ni+1,

The key result for this method is that it guarantees
convergence in terms of the constraints and the duality gap



for the primal problem, provided that the dual is smooth, in
the spirit of [25]-[30].

Theorem 3 ( [31], Theorem 3). Let the objective ¢ in the
problem (Py) be L-smooth and the solution of this problem be
bounded, i.e. | \*|2 < R. Then, for the sequences Ti41, Nt+1,
t = 0, generated by Algorithm [I} we have

2mLR?

F@) = f* < @) + o) < T, (3
8mLR

| A& — b5 < % (14)

To apply this result we need to estimate the Lipschitz
constant I of the gradient of the dual objective and provide
a bound R for an optimal solution.

Later, we will see the application of Theorem [3| to the
MOT problem based on the following change of variables.

r=X, [f@)=FX), ¢A)=0U)= )
{g: Az =b} = {X :pp(X) =pi, Vke{l,...,m}}
Q={XeRpy>": Y X, . =1 1<i;<n}

The primal variable X is reconstructed from the dual variable
U or A using ().

B. Bound for L

We endow the space of transportation tensors with 1-
norm, which leads to the primal objective in () being
strongly convex on the feasible set of this problem with
parameter ~y. Further, we use the 2-norm for the dual space
of Lagrange multipliers A in (3). Hence, the dual objective
in (@) is L-smooth with the parameter L < ||A|?_,/y [24].
Here A : R*" — R™" is the linear operator defining the
linear constraints of the problem, which, in the case of
the multimarginal optimal transport problem, is defined by
Avec(X) = (p1(X)T, ..., pm(X)T)T. Thus, each column
of the matrix A contains no more than m non-zero elements,
which are equal to one. Hence, since |.A|1_2 is equal to
maximum 2-norm of the column of this matrix, we have that
|12 = +/m. Finally, we have that L < 2.

C. Bound for R

We return to the particular dual problem () for the MOT
problem to estimate the norm of an optimal dual solution in
this particular case.

Lemma 4. For every uf entry of U* = ([uf]®, ..., [u¥]5)T

the following holds
max[u |,
n

— min[uf], < —Invmin[pe],.
7 7

Proof. By the optimality condition (9)

_ 9 _
a luely [Pel

Ci, i
1+0:lm
2, eXP{Z[Uk]n ’
it sermsim oy v
1§’i]’<n

1<jsm

ig=7

EXP([U ]n)
TR0

where v = exp _Hw& Since p¢ € A,,, we obtain the bound
for the the solution of the above optimality conditions

= [pely
ex ([U*]n) % Ciy iy
= g( 5) Z exp{E[uk]ik _”y}

D1y0es0m k#E
1<ij <n
o<jsm

1527]

1§’L—_7’STL
0<jsm
ig=1
= vexp([uf],)% -1 Z(l e“k> (15)
lﬁéf
From the above inequality we have
[uf]ly, < E(U*) —Inv —In Z(l,e“Lk} (16)
=

On the other hand,

exp([uz]y) Ci
Pely =~/ exp [uili, — ——=
¢ = T 1Zm ,;5 i R
1Sij<n
0<j<m

i5=7]

< exp([uf],)2(U*) ™

Z exp { Z [ui]i

k}, a7

i17"~;i7n k¢€
0<j<m
te=1
leads to
[uf], = In[pe], + InB(U*) ln2<1 e (18)
k#&
Combining (I8) and (I6) we have, for all { = 1,...,m
max[u¥], — min[u}], < —Invymin )
p [ g]n . [ g]n . [pﬁ]n
O

Lemma 5. Defining A° = — 1y, there exists a solution
A* of the dual problem (3) such that

mn .
R 1A% = A% < Y7 (101 - Jmminilpi;}).
Proof. We begin by deriving an upper bound on

[(u¥T, ..., u*T)T|,. Using the results of the previous lemma,
it remains to notice that the objective ¢(U) is invariant under
transformations w; — u; + t;1, t; € R for i € {1,...,m},
so there must exist some solution with max,[uf], =
—miny[uf]y = ||, s

1 .
Jufloe < ~5 v minfpi,.



As a consequence,

¥l < VAIU* o <
< Yy min((p],)
,]
Vi (ICle 1,
<V (- i} ) -
5 ) 5 I min{[pi];}
and
C 1 .
0l = | e < Y5 (1 - S mmintin )

By definition, u; = —1 /\ — il so we have the inverse

transformation \; = ffyul 1 Flnally, with AC = *ilmn
= [A* =A%)y =
Y Y
==t = L, =y - L
Y Y
s SEPRRE S O I O RO )

2 (161 - Jmmin(ind;}).

O

= [Tz <

D. Projection on the feasible set

The Algorithm |[1| may return a point in the primal space
which does not satisfy the equality constraints. In this
subsection, we provide a procedure to project approximate
transport tensor to obtain a feasible point for the primal
problem, i.e. find such X ~ X* that p;(X) = p;. To do
this we formulate Algorithm [2| which is a generalization of
rounding procedure in [32], see also [19].

Algorithm 2 Multimarginal Rounding

. Vi=U
2forr=1,---,m—1do
s (X = min{{pJi/[p, (V)]s 1)
4 X, = DiagTensor(z,)
5. V.41 = ProdTensor,(V,, X,.)
6: end for
7. forr=1,--- ,;m do
8 ety =pr —pr(Vin)
9: end for
Output: V = V,,, + ®", err,/|erry, |7~

Note that in Algorithm [2f the function DiagTensor(-) takes
a vector as input and outputs a m-dimensional tensor with
the input as its diagonal. Moreover, ProdTensor,.(A, B) takes
two m-dimensional tensors as input, and multiplies them in
the direction r. We use (X) to denote the tensor product of
the input factors. The next lemma shows that the output of
Algorithm [2] is in the desired space with the corresponding
marginals, and bounds the error induced by the projection.

Lemma 6. Ler {py};", € A,, and U € R}™"*", then
Algorithm 2| outputs a matrix I with marginals {py}j’,,
satisfying |U =V <232, [pr = pr(U)]1-

Algorithm 3 Approximate MOT by PD-AAM
Input: Accuracy e.
1: Set v =

g =

g g

2mlnn’ 8[Cleo -

2: Define pj, = (1 — £ ) pp + 5o Loy k= 1,.,m

3: Apply PD-AAM to the dual problem (3) with
marginals pg, k = 1,...,m until the stopping criterion

230 [pe(XY) = Brl + F(X') + o(nf) < /2.

4: Find X as the projection of X! on {X €
R pp(X) = pe, Yk = 1,...,m} by the
Algorithm [2}

Output: X.
Proof. Initially, note that for all K = 1,...,m, we have

— pu(Vin) + (G ermy et [71)

r=1
= pr(Vin) + errg, = py.

pe(V)

Thus, the output of the U has the desired marginals. Now,
define I = |U|1 — ||Vinll1, thus,

=§§ P

Moreover, we have

r]')+

V—U|<T+]| ®errr|\/l\errm|\"' b=

T+ 1= |Vify =2I+1—|UlL =2 Z lpr = pr(U)]1,
r=1
where the last line follows the same arguments as the proof
of Lemma 7 in [32].
O

IV. COMPLEXITY OF MULTIMARGINAL OT

In this section, we prove the computational complexity of
finding a e-solution for the original non-regularized MOT
problem (I, i.e. we estimate the complexity to find X
satisfying all the constraints in (I) and also satisfying

(C,X)<{(C,X*) +¢, (19)

where X* is an optimal solution for (I)).The approximation
is produced by Algorithm [3| below.

To obtain its complexity, we combine all the above building
blocks, i.e., analysis of the PD-AAM algorithm and estimates
for R and L, and the rounding procedure.

To adapt Algorithm [I] to Problem (), one should replace

Step 4 with: Choose I = argmax %(Ht)’ , and Step 5
ie{1,...,m} * 2
with: Set
77t+1 _ { 0! +Inp;, —Inp;(B(6)), i=1
’ 9f ) otherwise.

Theorem 7. The output X of Algorithm 3| is an e-solution
for the original non-regularized MOT problem (1)), e.g.

(C, X)) <{(C,X*) +e. (20)



Proof. By Lemma @ X is a feasible point for Problem (T).

Let us estimate the objective residual. We have

(C,X) ={(C,X*)+{(C, X} — X*) +(C, X' = X¥)
+{C, X — X' <{C, X*) +ymInn + F(X?) + ¢(n')

42 i o (%

where X1 is the output of Algorithm |1 I Xisa projection
of X1 by Algorithm [2| on the feasible set, X* is a solution
to the non-regularized multimarginal OT problem (TJ), XX
is a solution to the entropy-regularized multimarginal OT
problem (2).To obtain the last inequality we used the fact
that the Entropy on the standard simplex in the dimension n™
belongs to the interval —H (X) € [—mInn, 0], and, hence,

— o 1Cle, 1)

(C, X% - X*)<0and
(C, X' — X*) = (C,X*) —yH(X"))
— ((C, X%y — yH(XF)) +~y(H(X') — H(X¥))
< F(X") 4+ o) + ymInn. (22)
Finally, by the Holder inequality and Lemma [6]
(C,X = X" < |CllolX = X'1 < 2|Cloo 2 Ipx (K1) = pi1-

k=1

This finishes the proof of inequality 21).
Further, we have
$: (s

m
Z Ipx(X
k=1 k=1

by the construction of py and the stopping criterion in step 3
of Algorithm [3} Combining this, (ZI)), the choice of v and &’
as well as the stopping criterion in step 3 of Algorithm
we obtain that holds. O

It remains to estimate the complexity of the algorithm. By
Theorem [3] we obtain that
8min2LR

kil Hp’“()?t) - 12

_smint m. 2mlnn.«/7mn (IC1e + gy In 2mmslClec )
T2 € 2
_ 8m'n|C|wnn (1 € 32mn|\CHw>
et? 4m||Cw Inn € ’
where the operator A is defined in Sect and we used
that by the choice of py, min{[p;];} > ;5. At the same
z)‘]

/

~pils < —pe| + e —peln) <<,

< Vmn|AX' — b2 <

4mn*
time,
2mLR>

PO + o) < 27

2m m-2mlan mn € 32mn||Cllw \°
S 5 ‘ 1€ + mlnnln €

_m4n|\cn§olnn - € 1 32mn]Cle 2

- t2e 4m|Clw Inn € '

Let us denote 6, = 1 + 4mHCﬁw = In 32m"5“CH°°. Since € is
small and m,n are large, we can think of this quantity as

d = O(1). Then, to satisfy the stopping criterion in step 3
2C)

of Algorithm [3] we need to take
4 2 ~ [m?2
£ \/128m nHC2’HOC<5€lnn _5 <m n Oo> and
5 5

4 2 ¢2 - 2.,1/2
. \/4m nHC’Hdealnn _ O(mn |C’|Oo).
g g

Since in each iteration we need to calculate the full gradient of
the dual objective, which amounts to calculating m marginals
pr(B(U)), k = 1,...,m of the m-dimensional tensor B(U),
the cost of this operation is O(mn™) and it dominates the
complexity of other operations in each iteration. This gives
the following theorem and the main result of the paper.

Theorem 8. The computational complexity of finding an e-
approximate solution for the non-regularized MOT problem
using Algorithm 3] is

5 <m3nm+1/2|0|30> .
€

We now discuss the scalability of the proposed algorithm.
As already mentioned, the most expensive operation on each
iteration is the calculation of m marginals py(B(U)) of the
m-dimensional tensor B(U). This operation can be organized
in parallel if we store this tensor in shared memory and allow
m workers to access it. Then, they can independently calculate
all the marginals. The total amount of arithmetic operations
remains the same, but the work time is now proportional to
n™ rather than mn™

Next, we compare our complexity results with the estimates
in the preprint [19]. By inspecting their Algorithm 2 and
Algorithm 5, we see that similarly to our algorithm, in each
iteration, they need to calculate all the marginals (which
they denote by r;(B(3))) to choose the block I, which will
be updated. The complexity of this operation dominates
the complexity of other operations in each step. Thus,
since each iteration in their algorithms and our algorithm
is the same, we compare the iteration complexity of the
algorithms. The iteration complexity of our algorithm is
O (m*n'/?|C|»/e). The iteration complexity of the mul-
timarginal Sinkhorn’s algorithm [19] is O (m3|C2 /e?),
which has worse dependence on £ and m than our bound. The
claimed iteration complexity of multimarginal RANDKHORN
algorithm in [19] is O (m8/3n1/SHC’H%3/{:‘>, which has worse
dependence on m and ||C|| than our bound. Moreover, the
multimarginal RANDKHORN is a randomized algorithm, and
its complexity is estimated on average, whereas our algorithm
and complexity are deterministic.

V. EXPERIMENTS

This section provides a numerical comparison of multi-
marginal Sinkhorn’s algorithm from [19] with our AAM
method. We performed experiments using randomly chosen
vectors p; € A, and tensor C € Rfﬁ We slightly modified
the smaller values of p; as described above to lower bound



their minimal value. We choose several values of accuracy
e € [0.25,0.0125], and run the methods until the stopping
criterion was reached. One can see that our AAM algorithm
outperforms multimarginal Sinkhorn’s algorithm from [19].
El Unfortunately, we were not able to implement the multi-
marginal RANDKHORN algorithm since its stopping criterion
E; > ¢’ depends on expected residual in the constraints given
in [19, Eq. (28)], which is unavailable in practice.
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Fig. 2. Performance comparison between multimarginal Sinkhorn’s
algorithm and Algorithm [3] (n = 15, m = 4).
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Fig. 3. Performance comparison between multimarginal Sinkhorn’s

algorithm and Algorithm [B] (m = 4, £ = 0.05).

VI. CONCLUSIONS

We provide a novel algorithm for the computation of
approximate solutions to the multimarginal optimal transport
problem. Our results are based on a new primal-dual analysis
of the entropy regularized optimal transport problem. We
show that the iteration complexity of our algorithm is better
than the state-of-the-art methods in a large set of problem
regimes to the number of distributions, dimension of the
distributions, and desired accuracy.

As a byproduct of our analysis, given that the Wasserstein
barycenter of a set of distributions can be recovered from
the optimal multimarginal transport plan [18], we provide
some evidence of an exponential complexity bound for the

2 The code available https://rb.gy/siirke

computation of the free-support barycenter which is known
to be a non-convex problem.

Future work will include the study of fully decentralized
approaches and extensive experimental results for applications
related to signal processing.
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