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Abstract. A few years ago, the optimization field introduced classes
of relatively smooth [2], relatively continuous, and relatively strongly
convex optimization problems [5I10]. These concepts have expanded the
class of problems to which optimal complexity estimates of gradient-type
methods in high-dimensional spaces can be applied. There are known
works on online optimization (regret minimization) problems for both
relatively Lipschitz and relatively strongly convex problems. In this work,
we consider the problem of strongly convex online optimization with con-
vex inequality constraints. A scheme with switching over productive and
non-productive steps is proposed for these problems. The convergence
rate of the proposed scheme is proven for the class of relatively Lipschitz
and strongly convex minimization problems. Moreover, analogously with
the [6] we study extensions of the considered Mirror Descent algorithms
that eliminate the need for a priori knowledge of the lower bound on the
(relative) strong convexity parameters of the observed functions. Some
numerical experiments were conducted to demonstrate the effectiveness
of one of the proposed algorithms with a comparison with another adap-
tive algorithm for convex online-optimization problems.
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Introduction

The development of numerical methods for solving non-smooth online optimiza-
tion problems presents a great interest nowadays due to the appearance of many
applied problems with the corresponding statement [BIGI7USITT]. Online optimiza-
tion plays a key role in solving machine learning, finance, networks, and other
problems. As some examples of such problems, we can mention multi-armed
bandits, job-shop scheduling and ski rental problems, search games, etc. One of
the most popular methods of solving online optimization problems is the Mir-
ror Descent method [I4]. Let us note, that Mirror Descent can be also applied
for solving online optimization problems in a stochastic setting [1/4], which al-
lows using an arbitrary, not necessarily 1-strongly convex, distance-generating
function (see (6)).

Remind, that the online optimization problem represents the problem of min-
imizing the sum (or the arithmetic mean) of T' functionals f; : Q — R (t = 1,7)
given on some closed convex set ) C R™

T
min 7 3" fule), st g(a) <0. (1)
t=1

The key feature of the problem statement consists in the possibility of calculating
the (sub)gradient V fi(z) of each functional f; only once.

Recently, in [I6] there were proposed some modifications of the Mirror De-
scent method for solving online optimization problems in the case, if all the
functions f;(z) and functional constraint g(z) satisfy Lipschitz condition, i.e.
there exists such a constant M > 0, that

l9(z) — g(y)|< M|z —yl, (2)
|fe(x) = fe(y)|< Mz —yll, Yt=1,T. (3)

In the case of non-negativity of regret

T T
Regretr := Z fr(xy) — ;nelgz fi(x), (4)
t=1 t=1

these methods are optimal for the considered class of problems accordingly to
[7], the number of non-productive steps during their work is O(T). In the case of
negative regret, the number of non-productive steps for the proposed methods
is O(T?).

Later, in [17] the smoothness class for the applicability of such approaches has
been extended by reducing the requirement of Lipschitz continuity of functions
to the recently proposed concept of relative Lipschitz continuity [9I12].

Definition 1. Let us call a convex function f : Q — R M -relatively Lipschitz-
continuous for some M > 0, if the following inequality holds

(Vf(z),y—x)+ M\/2V(y,z) >0, Va,yeQ. (5)
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This concept has been widely used in many applied problems and has also en-
abled the proposal of subgradient methods for both non-differentiable and non-
Lipschitz Support Vector Machine (SVM) and for problems of Intersection of
n Ellipsoids while maintaining optimal convergence rate estimates for the class
of simply Lipschitz-continuous functions. It is worth noting that the proposed
method also allowed the use of an imprecisely defined function (more exactly, a
function that admits a representation in a model form), nevertheless, the method
was also optimal.

Let h : Q@ — R be a distance-generating function (or prox-function) that is
continuously differentiable and convex. For all x,y € @ we consider the corre-
sponding Bregman divergence

V(y,x) = h(y) — h(z) = (Vh(z),y — ). (6)

In this paper, we improve existing estimates of the convergence rate by con-
sidering a class of strongly convex functions and generalize the obtained problem
statement to the case of problems with functional constraints.

Definition 2. A function f over a convex set Q) is called p-strongly convex with
respect to a convex function h if

f(@) = fy) +(Vf(y),z—y) +uV(z,y), Ve,yeQ,

More precisely, we present a novel theorem that provides a tighter bound
on regret, in terms of the number of productive steps taken by the algorithm.
Specifically, the theorem proves that if the algorithm completes exactly T pro-
ductive steps and has a non-negative regret, then the number of non-productive
steps satisfies Ty < CT, where C'is a constant. This result significantly improves
existing convergence rate estimates for the Mirror Descent method with func-
tional constraints. In addition, we obtain the complexity of the bound in terms
of T" and some other problem parameters. This corollary allows us to determine
the number of productive steps needed to achieve the desired accuracy of regret
in practice.

We also consider some modifications of the Mirror Descent method for solving
non-smooth online optimization problems [6]. Specifically, the paper introduces
two algorithms for solving strongly convex minimization problems with and with-
out regularization. The first algorithm, called General-Norm Online Gradient
Descent: Relatively Strongly Convex and Relatively Lipschitz-Continuous Case,
is based on a convex function h and updates the solution iteratively using predic-
tions and observations of the objective function f;. The second algorithm, called
Adaptive General-Norm Online Gradient Descent with Regularization, extends
the first algorithm by introducing an adaptive regularization term that depends
on a function d that is both relatively Lipschitz continuous and relatively strongly
convex.

For each algorithm, we provide the theoretical justification of bounds on the
regret. These theorems guarantee upper bounds on the regret for each algorithm
and can be used to analyze the performance of the algorithms. Overall, the paper
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presents a comprehensive framework for solving non-smooth online optimization
problems with functional constraints, and the results have practical implications
for a broad range of applications.

The paper consists of an introduction and 4 main sections. In Sect. [1 we
consider the basic statement of the constrained online optimization problem
and propose a modification of the Mirror Descent method for minimizing the
arithmetic mean of relatively strongly convex and relatively Lipschitz-continuous
functionals, supposing that functional constraint satisfies the same conditions.
We also provide a theoretical justification for the convergence rate of the pro-
posed method. Sect. [2] is devoted to some modifications of the algorithms, pro-
posed in [6] for the corresponding class of problems with regularization. In Sect.
[| we combine the above-mentioned ideas and propose algorithms with switching
over productive and non-productive steps both with and without iterative regu-
larization during the work of algorithms. In Sect. [4] we present some numerical
experiments which demonstrate the effectiveness of one of the proposed algo-
rithms and a comparison with another adaptive algorithm for the considered
optimization problems.

To sum it up, the contributions of the paper can be stated as follows:

— We proposed an optimal method for solving a constrained online optimiza-
tion problem with relatively strongly convex and relatively Lipschitz-continu-
ous objective functionals and functional constraints. For the case of non-
negative regret, the number of non-productive steps is bounded by O(T).

— We proposed two algorithms for solving strongly convex minimization prob-
lems with and without regularization based on iteratively updating steps by
using some auxiliary functions. Similar to [6], we present extensions of Mir-
ror Descent that exclude the need for a priori knowledge of the lower bound
on the (relatively) strong convexity parameters of the observed functions.

— We provided the results of numerical experiments demonstrating the advan-
tages of using the proposed methods.

1 Mirror Descent for Relatively Strongly Convex and
Relatively Lipschitz-Continuous Online-optimization
Problems with Inequality Constraints

In this section, we present a scheme with switching over productive and non-
productive steps for relatively strongly convex and relatively Lipschitz-continuous
online optimization problems with inequality constraints. We consider the fol-
lowing strongly convex constrained optimization problem

T
miant(x), g(z) <0, (7)
zEQ

where f; : Q — R and g : Q — R. Let z* be a solution of @, ie.

T
x* = arg min x), z*) <0.
ngQ;ft() g(z*) <
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Let us denote the set of productive steps x; for which g(x;) < e by I, and
the set of non-productive steps by J. Let T' = |I|,Ty = |J|. Let us consider a
subgradient method with switching over productive and non-productive steps.

Algorithm 1 Constrained Online Optimization: Mirror Descent for Relatively
Lipschitz-Continuous and Relatively Strongly Convex Problems.
Require: ¢ > 0,u > 0,T,z1 € Q.

l:e:=1,t:=1;

2: repeat

3:  if g(x¢) < e then

4: M= s

5 Ze+1 := Pro{xe — miVfi(xe)};  7productive step”
6: =1+ 1

7 t:=t+1;

8 else

9: M= s

10: Zi41 := Pro{ze — m:Vg(ze)};  “non-productive step”
11: t:=1t+1;

12: end if

13: until: =T + 1.

Theorem 1. Suppose that, for each t, f; is an My-relatively Lipschitz continu-
ous and p-strongly convex function with respect to the proz-function h. Let g(x)
be Mgy-relatively Lipschitz continuous and p-strongly convex function with respect
to h. Suppose that Algorithm[1] for

_%21+1nT
€= . —

where M = max{My, M}, works exactly T productive steps and Regretr > 0.
Then there exists a constant C € (2;3) such that the number of non-productive
steps satisfies Ty < CT, moreover, the following inequality holds:

T T 2
Regrety := Z fr(xy) — ;rgngt(x) < " (1 +1In ((C + 1)T>> = O(Te),

t=1

where g(xy) < e foranyt =1,T.

Proof. Let us check the auxiliary inequality
M2
I

> filay) _ggngt(x) < —QA+W(T+Ty))—eTy. (8)
t=1 t=1
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1. Taking into account the M -relative Lipschitz-continuity of the function f;
for each productive step we have

me(fiwe) = fla®)) < m((Vhoa—a7) = pV (@, 20))
< nfMJ% +V(z*,z) = V(2" 1) — meuV (2", 2).

Hence, after dividing both sides of the above inequality by n; we get

fular) = fla®) < F + - (Vi) = V' 0i0)) = iV (0 0)

+ptV (2, we) — pV (2", me) — ptV(z*, e41) (9

2
i
ut

2
—tf +ut -1V (", x) — ptV(z™, xeq1).

2. Similarly, taking into account the Mg -relative Lipschitz-continuity of g for
each non-productive step we have g(z;) > € and

nee < ne(g(xe) — g(2*)) < ne (Vg 2 — 2%) — pV (2™, 1))
SmEMF+ V(@) = V(e z) — mpV (2", @)
Dividing both sides of the last inequality by 7;, we get:
e < glw) — gla")

1
< neM7 + " (V(l‘*,ft) - V(x*,fﬂtﬂ)) — pV(z*, )
t
M2
= M—;’ + ptV(x* xp) — pVi(ax* @) — ptV(z"™, x441)

2
i TS DV 3 =tV (@7 ).

(10)

3. Summing up inequalities (9], over productive and non-productive steps,
for M = max{M, My}, we get

> (£l = £i@) + X (9(a) - g(a)

tel teJ
T+T; 2

< — 4+ ut =DV (z* xy) — ptV(z™, x

S (G e V)~V )
M2

< TID(T“FTJ) - /L(T+ TJ)V(I'*,.TT+TJ)

M2
< —Wn(T+Ty).
M

Using the fact, that for non-productive steps

g(w) — g(x™) > g(xt) > ¢,
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we get an estimate for the sum of the objective functionals:

5 (e = ) < 2o +25) = 3 (9600) — gt0))

tel teJ

IN

IN

M? M?
— T+ 1) - Y e=—I(T+1Ty)—<T).
teJ

. According to the assumption of non-negativity of the regret, we find

T

T T
0 < Regrety =Y (filae) = fi(a") = 3 folar) ~ min >~ fi(a)
t=1 t=1 t=1
2
< MT (1 +In(T + TJ)) Ty,

M M?1+4InT

Hence eT; < — (1 —Hn(T—i—TJ)) and € = T Therefore, we have
I

1+InT
lTJ <1+ In(T +Ty),

Ty _ 1+W(T+Ty)
T = 14T

Moreover, taking into account

T T
In(T'+Ty)=In (T <1+TI>> =InT +1n <1+1{>,

T; 1+WnT+n(1+%) T
-J < <l4+n{l4+—=).
T = T +IT R R

Since the linear function grows faster than the logarithmic one, it is obvious,

we get

T
that for a sufficiently large T';, the above inequality does not hold, thus ?‘I

is bounded. Therefore, we proved that Ty = O(T), i.e. there exists C' > 0
such that T; < CT or T—TJ <C:

Ty Ty

— <1l+hn(l+=]).

7 = +In ( + T >
Equality in the latter inequality is achieved when

T;
— =~ 2,146.
T )

5. Further, we note that by the definition of &, we have

M?1+InT M? +M2 InT
E=——=— .
W T wl w T
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Since T is the number of productive steps and T; < CT is the number
of non-productive steps, the total number of steps is T+ T, < (C + 1)T
Therefore

M +%21n(T+TJ)< M? M?In(C+1)T
T uwTH+Ty) T p TH+T; —wCH+DT T p (CH+L)T

This allows us to bound the regret as follows:

T
Regrety = th(a:t manft < —(1 +In(C+1) )

t=1

This shows that the bound on the regret, given by the last inequality holds,
which finishes the proof.

Remark 1. Let us show that our algorithm will necessarily make at least one
productive steps. Indeed, suppose, that the number of productive steps equals

zero, then
Ty M2
€Ty < Z (g(mt) - 9(93*)) < 7(1 + 1HTJ>-
t=1

It is obviously, that for a sufficiently large Ty, the above inequality does not
hold. Thus, for a sufficiently large number of non-productive steps, there will be
at least one productive step.

Let us find out how many non-productive steps need to be taken to achieve
inequality:

TyM?1+InT N M?

T; = InT
ely T M(+n 7),
1+1nT> 1+InTy

T T,

Then T; < CT, where C' is a constant, which proves that the number of
non-productive steps is bounded until at least one productive step is made.

2 Online Mirror Descent with Regularization

In this section, we propose some modifications of the algorithms proposed in
[6] for relatively strongly convex and relatively Lipschitz online optimization
problems and provide theoretical estimates of the quality of the solution.

We consider the following strongly convex minimization problem

mmet (11)

¢
where f; : Q — R. Define p1.4 := > s, where pg is the parameter of relative
s=1
strong convexity of the function fs. Let p1.0 = 0.
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Algorithm 2 General-Norm Online Gradient Descent: Relatively Strongly Con-
vex and Relatively Lipschitz-Continuous Case.

1: Input: convex function h.

: Initialize x; arbitrarily.

:fort=1,...,T do

Predict x+, observe f;.

Compute 7:41 and let y:11 be such that Vh(ys+1) = Vh(zt) — met1 V fe(xe).
Let x¢41 = arg 225 V(x,yi+1) be the projection of y¢4+1 onto Q.

N oo

end for

Theorem 2. Suppose that, for each t, f; is an M;-relatively Lipschitz-continuous
and pg-strongly convex function with respect to proz-function h. Applying the Al-
gom’thm@ with N1 = ﬁ, we have

T
M2
Regretr < —_t
—1 M1t

Proof. The proof is given in Appendix A.

Let’s now consider an analogue of Algorithm [2] for relatively strongly convex
and relatively Lipschitz-continuous problems with iterative regularization. Define

t
A1:¢ := D> As. The proposed algorithm is listed as Algorithm below.
s=1

Algorithm 3 Adaptive General-Norm Online Gradient Descent with Regular-
ization.

1: Input: convex function h.
2: Initialize z; arbitrarily.
3: fort=1,...,T do

4:  Predict x¢, observe f;.
5

6

Compute A\; = % (\/(uu + Arie—1)2 + 8MZ /(A% +2M3) — (past + Al:tfl)) :
Compute 141 and let y;4+1 be such that

Vh(ye+1) = Vh(zt) — ne1 (Ve(ze) + AeVd(xe)) .

I~

Let x¢41 = arg mig V(x,ys+1) be the projection of y:41 onto Q.
T€
8: end for

For Algorithm [3| we have the following result.

Theorem 3. Suppose that, for each t, fi is M;-relatively Lipschitz-continuous
and p¢-relatively strongly convex function with respect to the proz-function h.
Let d : Q@ — R be My-relatively Lipschitz-continuous and 1-strongly convex
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function with respect to h. Suppose that d(z) > 0, Vz € Q and A? = sup d(x).
zeEQ

Applying Algorithm@ with Ney1 = m, the following inequalities hold
T
My + A\ Mg)?
Regretr < A\.7A% + (M, + M Ma)”
g T=anr Z H1:t + >\1:t

t=1

and .
. My + \f Mg)?
Regretr <2 inf A% £ 2MAN .+ (—t .
gretr Nz (( 4T ; [ + N,

Proof. The proof is given in Appendix B.

3 The Case of Online Optimization Problems with
Functional Constraints

In this section, we consider a scheme with switching over productive and non-
productive steps both with and without iterative regularization for a relatively
strongly convex and relatively Lipschitz-continuous constrained online optimiza-
tion problem.

Remind that we consider the following problem of strongly convex conditional
minimization

and

z* = arg min x), x*) <0,
smipd i) ale) <
where f; : Q@ — R and g : @ — R. Remind that the set of productive steps

is I, the set of non-productive steps is J and T = |I|,T; = |J|. Similarly to
t
Section , we define p1.4 := > us, where pg is the parameter of relative strong
s=1
convexity of the function f,; and let p1.0 = 0. If ¢ is the number of non-productive
step, then uy = ug, where g is the parameter of relative strong convexity of the

function g.

Theorem 4. Suppose that, for eacht, f; is an My-relatively Lipschitz-continuous
and p-strongly convex function with respect to the convex function h. Let g(x) be
Mg-relatively Lipschitz-continuous and pg-strongly convex function with respect
to h. If Algorithm[f) works ezactly T productive steps and Regretr > 0, then the
following inequality holds:

T+Ty 2
Regretr < — — Ty,
; Nl:t

where M = max{M,;, My} and g(x;) < e for anyt =1,T.
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Algorithm 4 Mirror Descent for Constrained Optimization Problems with Rel-
atively Lipschitz-Continuous and Relatively Strongly Convex Functions.

Require: ¢ > 0,7,z € Q.

1:s:=1,t:=1;

2: repeat

3:  if g(x¢) < e then

4: Ne = P‘i:t;

5: Zi41 := Pro{ze — eV fi(z)};  7productive step”
6: =1+ 1;

7 =t4+1;

8: else

9: ne = ﬁ,
10: Zi41 := Pro{ze — mVg(ze)};  “non-productive step”
11: t:=1t+1,;
12: end if

13: untili =T + 1.
14: Guaranteed accuracy:

Proof. 1. Taking into account that f; is M;-relative Lipschitz continuous, then
for every productive step, we have

m(filw) = file)) < m((Vhio, =) =V (a* o)
SEME 4+ V(2% m) = V(a*, @) — mepdV (2", 20).

Hence, after dividing both sides of the above inequality by 7;, we get

ft(xt) — ft(fE*) S ntMtQ + %(V(.T*,.’L't) — V(.’E*,.’Et+1)) — ,LLtV(l’*,[L't)
2

M * * *
= f + p1 V(x™ @) — eV I(a™, x) — paVI(a™, 2pp1)
1:t
2

M. N N
=L bVt o) — paaV(a", zeg).
M1t
(12)

2. Similarly, taking into account that g is Mjg-relative Lipschitz continuous,
then for every non-productive step, we have g(x;) > ¢, and

mie < m(glae) = 9(a")) < me((Vg,20 = 2) = eV (")
< 77t2Mg2 +V(x* xy) = V(a*, xeq1) — nepe V(2™ ).
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Dividing both sides of the last inequality by 7:, we get:
e < glae) — g(z”)

1
< neM; + Py (V(l‘*,ﬂ?t) - V(x*vxt-&-l)) — eV (2", )
t
2

= ,UT + p1 V(2™ xy) — Mtv(x o) — paV (2", zpg1)
it

2

= f + Ml:t—lv(x*amt) - Ml:tv(x*axt+1)~
1:t

3. Summing up inequalities , over productive and non-productive steps,
for M = max{M,, M,}, we get

3 (il = fle)) + 3 otr) — 9ta))

tel teJ
T+Ty 2

<> ( + pa—1 V(2" @) —Ml:tV(Q«"*,CUtH))
t—1 M1t
T+T; 2 T+T; 2

M M

< Z — — prryr, V(" zrgr,) < —.

1 M1t —1 M1t

Using the fact, that for non-productive steps

g(we) — g(x*) > g(wr) > ¢,

we get an estimate for the sum of the objective functionals:

* M *
> (Al = fuan) < 30 2 =3 (gl@) - g@)
tel = Pt o
T+T, 2 T+T; 2
M
< — = €= Z — =Ty
= M1t oy =1 H1:t
4. Thus, we get
T T
0 < Regretr Z (ft xt) ) Z fe(zy) mmet(x)
=1 et
T+Ty 2
M
<y
=1 ,ul:t

Corollary 1. Assume that all conditions of Theorem[{] hold and suppose
e > >0 foralll <t <T+Ty. If

B %2 14+InT
=7
then the bound on the regret of Algorithm[{]is O(InT).
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Proof.
T+Ty 2 T+T;y 2 M2
0 < Regretr < Z — =Ty < Z ——eT; < f(ln(T+TJ)+1) — Ty,
=1 Mt = ut o
M? M?1+InT
hence T,y < 7(1 +In(T + TJ))- Let e = 7—&—711 Then we have
1+InT
e <14 W(T+Ty),
and
Ty _14+Wn(T+T;) 1+InT+In(l+ %) T,
TS = <1+In(l+=2).
T~ 14+WT 1+InT <1+In(l+-7)

Since the linear function grows faster than the logarithmic one, it is obviously,
that with a sufficiently large T';, the above inequality does not hold, and then
T

?‘] is bounded. Thus we proved that there exists such a constant C' > 0, that
T; < CT. So, we have

Regrety < Af (1 +1In ((C’ + 1)T)> =0(InT) = O(Te).

Let’s consider an analogue of Algorithm {4 for relatively strongly convex and
relatively schitz—continuous problems with iterative regularization. Similarly

t
we define Aj.p := > As.

s=1

to Section

Theorem 5. Suppose that, for eacht, f; is an My-relatively Lipschitz-continuous
and pi-relatively strongly convexr function with respect to the proz-function h.
Let g(x) be Mg-relatively Lipschitz-continuous and pg-relatively strongly con-
vex function with respect to h. Let d : Q — R be Mgy-relatively Lipschitz-
continuous and 1-relatively strongly convex function with respect to h. Suppose
also that d(z) > 0, Vx € Q. If Algom'thm@ works exactly T productive steps and
Regretp > 0, then the following inequalities hold:

T+T;

Regretr < Airar, A”+ Y
t=1

(M + N\ My)?

- STJ
Hi:t + Alzt ’

and

T+Ty * 2

. M + X\ My)
Regretp <2 inf A% oML + § j (M + A Ma)” —eT.
gretr \r L <( 1) 1:T+Ty 2 [ + N, J

where A? = sup d(z), M = max{M;, M} and g(z;) <& for any t =1,T.
zeEQ
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Algorithm 5 Constrained Online Optimization: Mirror Descent for Relatively
Strongly Convex and Relatively Lipschitz-Continuous Problems with Regular-
ization.

Require: € > 0,21 € Q.

1:e:=1,t:=1;

2: repeat

3:  if g(z¢) < e then

4 =5 (Ve F )2 + 8M2J(AZ £ 2M3) - (i + Aver) )
5 e = Hl:zikl:t;

6: g1 = Pro{ze — ne(Vfe(ae) + AeVd(z:))};  7productive step”
7: =1+ 1;

8: t:=t+1;

9: else
10: At = % (\/(Mu + A1)+ 8M2 /(A% + 2M3) — (p1e + )\l:t—l))Q
L1 e = Ml:tikl:t;
12: zeq1 = Pro{ze — ne(Vg(ze) + AeVd(z:))};  "non-productive step”
13: t:=t+1;
14:  end if

15: until i =7+ 1.
16: Guaranteed accuracy:

T+T; 9
1 2 (M + AeMy)
6= — [ Aw A L Ty |
T( LT+T; AT+ ; i+ A ely

Proof. The proof is given in Appendix C.

We can formulate the following statement for concrete values of u;. Partially,
we can achieve intermediate rates for regret between T and logT .

Corollary 2. Assume that all conditions of Them"em@ hold and py = t= for
all1<t<T+Tjy.

1+InT
1. Ifa=0A=0V1<t<T+1Ty, and5:M2+7n, then the bound on

the regret of Algorithm E is O(InT).
2. Ifa>1/2 M =T +T;, =0 for1<t<T+Ty, and
A% +2(M32 + M?)
€= ,
VT

then the bound on the regret of Algorithmla is O(VT).
3 If0<a<1/2M =(T+T)* =0 VI<t<T+T; and

4M?
5:(A2+2M§+ - )Tc"l,

then the bound on the regret of Algorithm@ is O(T*).
Proof. The proof is given in Appendix D.



Online Optimization under Relative Lipschitz Conditions 15

4 Numerical Experiments

In this section, to demonstrate the performance of the proposed Algorithm [d] we
conduct some numerical experiments for the considered problem and make
a comparison with an adaptive Algorithm 2, proposed in [I6]. All experiments
were implemented in Python 3.4, on a computer fitted with Intel(R) Core(TM)
i7-8550U CPU @ 1.80GHz, 1992 Mhz, 4 Core(s), 8 Logical Processor(s). RAM
of the computer is 8 GB.

Let us consider the following function

T
1 i
1@ =73 (Ias2) - ol + 5 all3) (14)
i=1
where a; € R™, b; € R, u; > 0. Functional constraints are defined as follows
o(@) = max { (o 2) = B+ 2ol (15)
1<i<m (2l 7 2 2 (>

where o; € R, 8; € R, 1; > 0.

Function f is the arithmetic mean of the functions f;(z) = |{(a;, z) — b;| +
Eilz||3, ¢ = 1,T. Each of these functions is M;-Lipschitz-continuous and ;-
strongly convex. Also, function g is Mg-Lipschitz-continuous and ug4-strongly
convex. Coefficients a;,; € R™ and constants b;, 5; € R in and are
randomly generated from the uniform distribution over [0,1). Also, the strong
convexity parameters u; and fi; are randomly chosen in the interval (0, 1).

We choose a standard Euclidean proximal setup as a prox-function, starting
point xg = (ﬁ, ey ﬁ) € R™ and @ is the unit ball in R™.

We run Algorithm [4| and adaptive Algorithm 2 from [16] with n = 1000 and
m = 10 and different values of T with ¢ = 1/ VT. The results of the work of
these algorithms are represented in Fig. |1} below. These results demonstrate the
number of non-productive steps, the running time is given in seconds, the guar-
anteed accuracy 6 of the approximated solution (sequence {z; }+c; on productive
steps), and the values 7 ZiT:1 fi(x;), where z; is productive, as a function of 7.
The dotted curve represents the results of the proposed Algorithm [4] whereas
the dashed curve represents the results of the adaptive Algorithm 2 in [I6].

From the conducted experiments, we can see that the adaptive Algorithm 2
in [I6], works faster than Algorithm [4f with a smaller amount of non-productive
steps. But when increasing the number of functionals f; in , the guaranteed
accuracy 0 and values of the objective function at productive steps, produced
by Algorithm [4] is better.

Note that from Fig. |1} we can see that increasing of 7' (the number of func-
tionals f;) leads to an increasing of § (the accuracy of the solution). In other
words, increasing the number of functionals f; in the objective function ,
which in fact is increasing information about the objective function or actu-
ally enlarging data about the problem, leads to increasing the accuracy of the
solution.
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Fig. 1: The results of Algorithm |4| (dots) and adaptive Algorithm 2 in [I6] (dashed)
for the objective function with constraints .

Conclusions

In this paper, we considered relatively strongly convex and relatively Lipschitz-
continuous constrained online optimization problems. We proposed some meth-
ods with switching over productive and non-productive steps and provided cor-
responding estimates of the quality of the solution. We also presented analogues
of the methods proposed earlier in [6], for solving relatively strongly convex
and relatively Lipschitz-continuous online optimization problems with and with-
out regularization. Furthermore, for the problems with functional constraints,
we have proposed a scheme with switching over productive and non-productive
steps with adaptive regularization. We also proved that if the algorithm runs
exactly T productive steps and has a non-negative regret, then the number of
non-productive steps satisfies Ty < CT, where C is a constant. In particular, for
the proposed methods, we obtained some bounds on the algorithm’s regret in
terms of the number of productive steps made by the algorithm under specific
assumptions about the parameters of relative strong convexity and some other
parameters of the problem.

The key idea of the considered methods is that at each step of the algorithm
for each selected f;, we determine the corresponding parameter of the relative
strong convexity p:. Thus, it is possible to take into account the parameter of



Online Optimization under Relative Lipschitz Conditions 17

relative strong convexity of each of the functions f;. This is highly significant
because the functions are selected during the method’s working process, and it
would be a mistake to assume that some strong convexity can be set initially. It
is important to note, that if we consider the following functional constraint

g(x) = max {gi(z)},

where each g; is p;-relatively strongly convex function, then in the process of
working of the algorithm at this particular non-productive step t, it makes sense
to consider the first of the constraints g;(z) for which the condition g;(x;) < e
is violated and the corresponding parameter pu;, i.e. yu; = p;. We do not initially
know which constraint will be violated in the process of working of the method,
and it is logical to take into account its relative strong convexity parameter
instead of the global relative strong convexity one, which may turn out to be
much larger. We have analyzed the results of the given numerical experiments
and compared the effectiveness of one of the proposed algorithms with Algorithm
2 proposed in [16].
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Appendix A. The proof of Theorem

Proof. By the assumption on the functions f;, for z* = arg miél Zthl fi(x) we
xTE

have
fe(@e) = fula®) <V filz),xr — 2%) — V(2" 1),
By a well-known property of Bregman divergences, it holds that for any vectors
x? y7 Z?
(z —y,Vh(z) = Vh(y)) = V(z,y) = V(z,2) + V(y, 2).

Combining both observations,

fe(xe) = fe(@®) < (Vf(@e), 2 — ™) — V(2™ 2)
(Vh(yir1) — Vh(ze), 2* — 20) — eV (2™, 24)

Tt+1
1 * * *
= ﬁ [V(CC a‘rt) — V(2" yt41) + V(It,ytﬂﬂ — eV (", )
t+
1
< — V(" z¢) = V(2" wep1) + V(Te, Y1) — eV (2%, 24),
t+

where the last inequality follows from the Pythagorean Theorem for Bregman
divergences, as x¢y1 is the projection w.r.t the Bregman divergence of y;y; and
z* € (Q is in the convex set.

Summing over all iterations and recalling that 741 = ﬁ,

XT:V(@«*,@) ( L 1. ut) V@) (7712 _ m)

Tt+1 Nt

IN

Regretr

We procced to bound V (x4, yr+1). By the definition of Bregman divergence, and
the M;-relative Lipschitz-continuity,

Vi(@e, ye1) + V(yerr, @) = (VA(xi) = VA(y11), 0 = Yes1)
= M1 (Vfel@e), 20 — Yes1)
< N1 M/ 2V (Yeg1, 1)
= \/2Mt277t2+1v(yt+1;xt)
< My + V(Yo o).

Thus, we have
V(e ye1) < MEn7 .
Plugging back into we get

T

V(ze,yern) <Y myr - MP =) —+.
t=1 =1 Ht

T
Regretr < Z
=1 '+l
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Appendix B. The proof of Theorem [3|

At the first, let us mention the following auxiliary lemma, which was proposed
in [6].

Lemma 1. Define

C

T
Hr({\}) = Hr(M1, ..., A7) = A1 —
r({Ae}) (A1, AT) 1T+ ; I
where Cy > 0 does not depend on \g. If Ay satisfies Ay = u1~f€-t>\1-f fort=1,....T,
then S

Hr({(\}) <2 int Hr({N))

tS=
Now, let us prove Theorem
Proof. By assumption on the functions f; and d, for x* = arg Hliél ZtT:l fi(x) we
€

have
ft(SUt) - ft(iU*) < <vft(33t)7$t - 33*> - Htv($*7$t)7

and
d(zy) —d(z*) < (Vd(zy),xe — 2™) — V(a*, zy).

Summing these two inequalities, we have

(fe(xe) + Md(ze)) = (fe(2™) + Md(2™)) <AV felae) + AeVd(2e), 2 — 27)
= (e + AV (2, 21).

By a well-known property of Bregman divergences, it holds that for any
vectors z, vy, 2,

Combining both observations,

(fe(@e) + Aed(we)) — (fe(2") 4+ Aed(27))
S <Vft(xt) + )\tVd(CL't)7ZL't — il'*> — (/Lt =+ )\t)V(Z'*,CL't)

1
= (VA(yeg1) = VR(ze), 2" — x4) — (e + M)V (2™, 24)
Nt+1
1
= ot V(x* ze) = V(2" Y1) + V(@ yer1)] — (e + M)V (2™, 24)
t+
1
< — V(@*, @) = V(2" 2e41) + V@, yer1)] — (e + X))V (2™, 24),
t+

where the last inequality follows from the Pythagorean theorem for Bregman
divergences, as x¢y1 is the projection w.r.t the Bregman divergence of y;y; and
z* € (Q is in the convex set.
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Summing over all iterations and recalling that 41 = m,

D (felwe) + Med(@e) = > (frla®) + Med(2"))

=1

T 1 1 1

Z V", x ( __Mt_)\t> +V(l’*,$1)(—u1—/\1) (17)
— Me+1 Tt 72
T

~+

We proceed to bound V (z, yt+1). By the definition of Bregman divergence, and
the relative Lipschitz-continuity,

Vi@, yes1) + V(s @) = (VR(xt) — VR(Yet1), Tt — Ye41)
= N1 (V fi(xe) + M Vd(2g), 20 — yig1)
< N1 M/ 2V (Y1, o) + Nemepr Ma/ 2V (Yig1, 24)
= (M + MNeMa)\/ 202V (Y41, 24)

= 20+ N M2V (e, 20)
< (Mg + XeMa)*nfy + V(yeyr, o).

Thus, we have
V(g ye1) < (My+ A Ma)*n 4.

Plugging back into we get

T T

T
S (i) + M) = S (@) + Ad@) €3 V(i) <

t=1 t=1 'M+1

T T
My + M\ Mg)?
< Znt+1(Mt + A My)? = Z M.

Thus, we have
T T T
. My + A\ Myg)?
S (iler) + Ad(a)) < min <Z<ft< )+ Ad(z ))) oy et A M)
t=1 t=1
Dropping the d(z;) terms and bounding d(z*) < A2, we have

(M + N\ My)?
(z¢) < )+ A A%+ -
th t) th 1:T ; 1t + Mo
hence

(M; + /\th)
Regretr < A A% 4+ - 18
greir 1:T tz; Lt Mt ( )
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The following inequality allows us to remove the dependence on A; from the
numerator of the second sum in . We have

M )\M 2M2 22 M2
>\1TA2+Z o 4 M) <>\1TA2+Z( + e >

et M1t + vt M1t + Are pe + Ae—1 + Ay
M2
< (A% +2MHNyp + 2 _—t
<( )AL Zﬂlt+)\1t

(19)
By and Lemma we have

T

M2
Regretr < (A2 + 2Md))\1 T+2 Z

M1t + Are

M2
< inf 2(A% + 2MAHN Ly 4 4 _
< ot (20t i a3 M

<2 inf A% 1 2M3) +
< in (( M Z [ + AL,

(M, + \: My)? )
AT AL pot

provided the \; are chosen as solutions to

20?2
P+ Are—1 + A

(A? + 2MI)\ =

It is easy to verify that

1
3= 5 (Vb A+ SMICA +2003) = (s + da-))

is the non-negative root of the above quadratic equation.

Appendix C. The proof of Theorem

Proof. By assumption on the functions f; and d for every productive step we
have

Ne((fe(@e) + Med(0)) — (fe(z¥) + Med(27)))
<ne((Vfie(xe) + MeVd(xe), 20 — %) — (e + M)V (2", 21))
< (My 4 MMg)? + V(2™ 00) = V(2" meq1) — (i + M)V (2™, ).
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Hence, after dividing both sides of the above inequality by 7; we get
(fe(@e) + Med(ze)) — (fe(@") + Med(27))

1
< ne(My 4+ MMg)* + — (V(@*, @) — V(2 2041)) — (e + M)V (2%, 24)

m
M, + M\, M)? . .
= R A MM V() — (e AV ("2
H1:t + >\1:t

— (1t + M)V (@™, 2i41)
My + A\ Mg)? . .
= My + AMa)” + (pr:—1 + A=) V(@™ 20) — (1 + M) V(@™ 2441).
,Ltl;t + )\l:t

Similarly, taking into account the Mjg-relative Lipschitz-continuity of g and

the My-relative Lipschitz-continuity of d for every non-productive step we have
g(xs) > e, and

nee < ne((g(we) + Aed(2e)) — (9(27) + Aed(27)))
<ne ((Vg(@e) + AeVd(xe), w0 — %) — (e + M)V (2™, 24))
< n?(Mg + AN M)+ V(™ xy) — V(e we1) — s (e + M) V(x*, 2).

Dividing both sides of the last inequality by n:, we get:

€ < (g(x¢) + Med(s)) — (g(x™) + Aed(2™)
< (My + MM + — (V(a*20) — V(a 2i41)

Ui

M, + A My)? . .

= R AMA OV, ) — (e 2V (& )
M1t + )\lzt

— (1t + M)V (2™, 241)

M, + M\ My)? . .
= (My & AMa)” + (H1e—1 + A1)V (@™, 20) — (1 + M) V(2™ 2e41)-

,ul:t + /\1:t

— (e + A)V (2™, 2)

Summing up the inequalities for productive and non-productive steps, and
let M = max{M,, M,}, then

D ((fel@e) + Med(@)) = (fulz™) + Med(27))) + Y () + Med(w) — (9

tel teJ
T+T;

M + X\ My)? . .
< tz:; (W + (11 + A=) V(2" 20) — (pae + A1) V(e 753t+1)>

T+T, )
(M + A\ My) *
< Z m - (/~L1:T+TJ + >‘1:T+TJ)V(£E axT+TJ)

2") + Ad(z7)))

t=1

_NN (M4 M)
= Mzt + At
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Bounding d(z*) < A% and using the fact, that for non-productive steps

g(@e) —g(z") = g(z) > ¢,
we get an estimate for the sum of the objective functionals:

T

T T
Z(ft(xt) — fi(z")) = th(xt) - %%th(x)
- rer, .

< 3 BLEMMT S ga))

—1 M1t + )\1:t teJ
T+Ty T+Ty
+ 0 Ad(@t) = Y Ned(xy)
t=1 t=1
. T§J (M + A\ My)?

+ A1 A? —eTy.
M1t + >\1:t BT !

t=1
Thus, we get

T+T;
0 < Regrety < Z

t=1

Using inequality , we have

(M + \eMg)?

A1 A? — €Ty,
Mzt + A T AT =

T+T; 2
A, A2+ ; m e
4T, 902 202 M2
<A A ; (HM v L1 + >\t1:t—d1 + /\t> —eTy; (20
T4+T, 2
< (A% + 2M7)Arir, +2 ; e+ A o
By and Lemma [I]
TS a2
Regrety < (A* +2M7)Mrir, +2 Z e A -

t=1

T+Ty M2
< inf 2(A2% + 2MAH\: +4 — | =Ty
A A, ( ( a) LT+Ty ; it + ATy

T+T;
. M + \fMy)?
<2 inf A? 4+ 2M2NT + M+ AMa)" eTy.
N ;+TJ <( d) 1:T+T; tz:; Nl:t‘f')\it

provided the \; are chosen as solutions to

2M?
P+ M-t + A

(A% 4 2M)\, =
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It is easy to verify that

1
At = 3 (\/(ﬂl:t + Are-1)? +8M? /(A% + 2M7) — (pa:t + Al:t—l))

is the non-negative root of the above quadratic equation.

Appendix D. The proof of Corollary

Proof. 1. Indeed, if \; = 0 V1l < t < T + Ty, then the claimed statement
immediately follows from Corollary

2. Indeed, if Ay =T +Tjand \; =0 for 1 <t <T + Ty, then

T+T; 2
M+)\th)
0 < Regretr < 1. A+ (7—5T
gretr 1:T+Ty ; Lt + Aot J
T+Ty M2
< (A% 4+2MH\ 2 — —¢T
<@+ d) TATy Zﬂlt—F)\l-t <
Y
< (A2 4+ 2MHT + Ty +2 — — Ty
P} T+1Ty

= (A% +2(M7 + M?)) /T + Ty — €Ty,

A% 4+ 2(M2 + M?)
VT

. Then

hence €Ty < (AQ‘ +2(M?2 +M2)) VI +Tj. Let € =

we get
T, \/T+TJ \/ T,
= 1 —_—
T = T T

Since the linear function grows faster than the square root function, it is obvi-
ously, that with a sufficiently large T';, the above inequality does not hold, and

T
then ?‘] is bounded. Thus we proved that 3 C > 0: T; < C-T. So, we have

Regrety < (A2 +2( Md —|—M2 ) V(C+1
3. Let us assume Ay = (T +T5)*, A\ =0, V1 <t < T+ T;. Note that

t—1

e —Zus_/x—i—l)_adac:(1—04)_1(151_“—1).

0
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Hence

T+Ty (
0 < Regretr < Ai.rir, A* + Z
t=1

T+T, 2

< (A% 4+ 2M2H))\. +2 — T
o ( d) L tzzl Hi:t + )\l:t ’

T+Ty
< (A% 4 2MR) (T + Ty)* +2M>(1—a) >

t=1

< (A2 4 2M(T + Tp)* + 4AM?* —(T + T7)* + O(1) — £T7.

1
o

1

T
GV

Then we have eT; < (A% +2M2 + AM?L)(T + T,)®. Let & = (A% +2M3 +
TOC
ZLMQé)T7 then X

T
7TJ <(T+Ty)“,

Ty T+T5\“ T\

7= () - (e 7)
It is obviously, that with a sufficiently large Ty, the above inequality does not
hold, and then 3 C > 0: Tj; < C-T. Thus, we have

and

Regretr = O((T +T)%) = O(((C+1)T)%) = O(T*).
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